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A Modern Approach

The book offers an innovative view of the most important areas of study for a
newcomer in finance. The book aims to be a guide through the most common and
interesting topics of corporate finance, supported by a rich mathematical foundation
(from which the term “analytical” in the book title derives).

The focus of the book is on the life of the corporation, from the start to the
implementation of the most complex projects, and the many different ways financing
can be achieved. The new approach proposed by this book involves a strong
analytical insight into each topic to give students the tools to really understand the
effects of managerial decisions on the life of the corporation.

The vision of the book is to offer a guide to corporate finance, capable of helping
students and practitioners gain an introduction to the area, as well as giving interme-
diate users useful insights into and a deeper understanding of the analytics behind
each part.

The literature of books in corporate finance spans over a wide range of topics and
theories. The market is already full of (even good) textbooks facing the issue of the
corporation from many points of view.

However, the overall offer of corporate finance textbook lacks a rigorous mathe-
matical approach. All these books share the same business-related approach to the
topic, focusing more on the corporate aspects rather than the financial substance.

The aim of Analytical Corporate Finance is to turn the attention to the financial
aspects of the daily life of the corporation, with a robust mathematical setting, and
the explanation and derivation of the mostly popular models of the firm.

The potential of filling such a niche is evident if one thinks that a course in
corporate finance nowadays makes only sense if held at the very beginning of an
undergraduate course program in basic finance.

There is a demand for high-quality education at master’s level, including a more
advanced level of corporate finance courses, which is not fulfilled nowadays and
definitely requires a good textbook as a guide for such advanced education in the
field.

Vii



viii Preface to the First Edition

Corporate finance is the first area of knowledge in an ideal sequence of studies in
finance. It contains, in fact, reference to many topics in finance, which are subject to
deeper understanding in subsequent modules: risk management, derivatives pricing,
asset pricing, etc.

It is therefore very important to address each single topic in the most comprehen-
sive way, giving a complete description of the main aspects of the topic and leaving
the need for further knowledge to the curiosity of the student.

As an area, corporate finance can be thought of as an introductory aggregation of
all the main topics that constitute the object of a deeper knowledge when studying
other areas of finance.

It does not mean knowledge can be superficial or merely introductory. The
purpose of a good textbook in corporate finance is therefore to include all necessary
knowledge without missing any crucial information, but also avoiding useless
widening of the explanation beyond what can really satisfy students’ needs.

The structure of the book corresponds to the above rationale, giving a complete
view of the various topics that make up the corporate finance area, and offering a
good quantitative basis, which helps students understand the topics.

An Innovative Pedagogy

The book stands on a double pillar of theory and analytics, which merge in a way that
makes it easy for students to understand the exact meaning of the concepts and their
representation and applicability in real-world contexts. Examples are given through-
out the chapters in order to clarify the most intricate aspects; where needed, there are
appendices at the end of chapters that give more mathematical insights about specific
topics.

The duality stands at the basis of a complete learning experience, and students
may get the most out of the book if they have a prior solid background in economic
theory and an introductory level of financial mathematics. Indeed, students facing
financial topics for the first time may benefit from using the book as a medium-level
introduction to some aspects of financial theory and practice.

Due to the recent growth in knowledge demand by the private sector, practitioners
can also benefit from the chapters in the book to fill a gap between university and
industry, which stood prior to the crisis. The book provides useful information for
managers who want to increase their knowledge about risk management and under-
stand what may have been lacking in their own systems.

A Selected Audience

The book is meant for third-year undergraduate students of business finance, quanti-
tative finance, and financial mathematics, as well as first-year postgraduate (master)
students. Most universities offer the type of training in mathematics and statistics
that would be prerequisite for the successful completion of a course using Analytical
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Corporate Finance. Potential users include students of universities, technical
schools, and business schools offering courses in financial risk management.

The book represents a unique and innovative approach to the field of corporate
finance. Competitors, in fact, focus on the business side of the story, centering the
discussion on corporate aspects only. There is no challenge or criticism of the
markets side, and there is no drive to understand the mathematical foundations of
theory in a critical sense. That is exactly what Analytical Corporate Finance wants
to offer instead.

A quantitative approach incorporates a more critical view, contributing to a
description of theory that does not blindly rely on numbers, indices, and ratios, but
takes into account the variety of (sometimes unpredictable) situations that character-
ize financial markets.

Certainly, it is not the typical corporate finance book, but it is a book that never
gives up on the reader. Even in the most complicated parts, which are anyway at an
intermediate level, students are guided through the processes and given the tools
they need; nothing is cryptic.

Although the market for books in corporate finance is heavily crowded, Analyti-
cal Corporate Finance aims to distinguish itself through the higher level of mathe-
matics involved, compared to the competition.

Moreover, the links to real industry examples are much more updated than other
texts can offer at the moment. Therefore, a niche in the market can be envisioned for
a book that challenges students on a more analytical than business-related level.

The book is totally comprehensive (at least for a large part of the relevant topics)
and represents a standard in introductory and mid-level study of corporate finance. In
a single book, the features that singularly belong to the most challenging competitors
now on the market are summarized and critiqued.

A Reliable Partner for Instructors

Analytic Corporate Finance is mostly tailored for in-class lectures, yielding the best
learning experience when combined with good quality lectures. The overall flexibil-
ity of the book, in 12 chapters, and the straightforward structure also make it a good
reference for online learning. However, the medium-high level of difficulty of the
book suggests the need for a closer relation with the instructor and the chance of
in-person explanations.

The structure of the book is such that a typical module of six ECTS and
approximately 30 h of front teaching would suit it. The 14 chapters fit a course
design of about 14—16 lectures of 1.5 hours of effective teaching. The structure also
fits the international standard of a course with two lectures per week spanned over a
2-month teaching term. The overall contents of the book can fill approximately 40—
60 hours of teaching.

Every chapter follows a precise structure, with the full-text body of most sections
complemented by snapshots relating to cutting-edge research and up-to-date news.
At the end of each chapter, there is an exercise section consisting of different types of
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tasks. Each chapter is supplemented with a list of references and appendices which
are meant to analyze, in a deeper form, some of the mathematical issues presented in
the chapter.

Value for Students and Instructors

The rigorous mathematical approach is supported by an appropriate amount of
graphical and explanatory support, in the parts where this is needed. Overall, the
book is rich in contents of every kind.

In particular, it is convenient to summarize some statistics. The book comprises:

— 14 chapters

— 70 major learning outcomes

— 126 specific learning outcomes
— 83 numerical examples

— 203 in-text examples

— 45 figures

— 11 tables

The above contents offer the support to the body of the text and the equations that
help to clarify all the major aspects of the topics touched in the book chapters. The
work is a valid partner for instructors and students, who can find a lot of material to
learn the theory about corporate finance and practice about it with problems and
exercises.

Dubai, UAE Angelo Corelli



This second Edition of Analytical Corporate Finance introduces meaningful and
significant additions to the previous edition, making the textbook a more reliable
source for students and instructors of courses like corporate finance, financial
management, and principles of finance.

The addition of case studies and the thorough revisiting of all the text in order to
correct mistakes and improve the narration of some topics enrich the learning
experience by shedding a clearer light on the major points of discussion.

The innovations in this edition can be summarized, by chapter, as:

Chapter 1.

* Improved Analysis of Financial Ratios

* Pro-Forma Analysis of Financial Statement
e Case Study: Pro-Forma Statements

Chapter 2:
¢ Case Study: Time Value of Money

Chapter 3:
* Snapshot: Risk and Return in Excel
¢ Case Study: Risk and Return

Chapter 4:
* Improved Coverage of Capital Budgeting Decision Rules
e Case Study: Net Present Value

Chapter 6:
¢ Relative Valuation Models

Chapter 7:
* Case Study: Capital Structure

Chapter 8:
e Case Study: Company Valuation

Xi
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Chapter 10:
e PO Underpricing

Chapter 11:

¢ Conversion Cycles

¢ Cash and Liquidity Management
e Case Study: Conversion Cycles

Addendum to the Preface
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The core of corporate finance is the company and its life cycle. The focus is on the
analysis of how the company finances itself, how it spends the money acquired, and
what the sources of income derived from projects are.

The objective of every company should be the maximization of its value through
processing the capital raised by employing it in projects related to the core business,
in view of capitalizing a positive outcome.

The road to profitability includes an understanding of the tools and processes that
govern the daily life of the corporation and is based on the analysis of the
opportunities offered by the market and the appropriate choice of the relevant ones.

Knowledge about the financials of the company must be crossed with the
understanding of the dynamics of financial markets, in order to give a fair and robust
valuation of the business, as a whole, as well as of single projects.

Before going into detail, it is necessary to give a robust introduction about the
corporation. A company can take many organizational forms, and there are several
issues involved in proper financial management.

Moreover, there are basic concepts of financial theory that cannot be ignored
when being introduced to the world of corporate finance and company valuation,
since they have a crucial impact overall learning experience.

After studying this chapter, you will be able to answer the following questions,
among others:

. What is a corporation?

. What legal forms can a business take?

. What is the importance of the financial statement of the firm?

. How can pro forma financial statements be used to forecast the financing needs of
the company?

5. How can arbitrage be used to understand financial markets?
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2 1 Basic Concepts

The first section of the chapter is an introduction to the organizational forms a
company can take, their main features, and the differences among them. The second
section focuses on the analysis of the financial statement of the firm, which is made
of the balance sheet, the income statement, and the cash flow statement. The third
section deals with introducing the concept of arbitrage on financial markets, a
foundation of modern financial economics. The law of one price is described, as
well as the Brownian motion for stock prices and the market price of risk, in its
analytical form.

1.1 The Corporation
Learning Outcomes

— Analyze and comment on the corporate organizational forms.
— Understand the objectives of a business.
— Become familiar with the role of financial management.

1.1.1 Organizational Forms

A business can be organized in several ways. The main issue is about legal liability
associated with the business, which will change according to what corporate form is
chosen.

What follows is a comprehensive analysis of the most common forms of corpo-
rate organization, and the impact of their structure on the responsibilities assigned to
the ownership and management.

Sole proprietorship is represented by a company owned by just one person, and it
is the simplest type of business organization and consequently the least regulated by
commercial and financial laws (Allen and Sherer 1995).

In many places in the world, the start of a sole proprietorship is subject to getting a
business license to begin operations. Given the ease of start-up, this form of organi-
zation is the most developed.

In general, most of the world’s businesses that have become big enterprises had a
start as small sole proprietorships, evolving during time. These companies benefited
from an easy start while growing progressively to become big and fully regulated
corporations.

Example 1.1 Bookkeeping, home healthcare, landscaper, computer repair services,
catering company, and housecleaning service are typical examples of business that
are normally structured in the form of sole proprietorship.

All profits of a sole proprietorship go to the owner, with the disadvantage that the
owner is unlimitedly liable for the business obligations. Creditors can bypass the
business and get to the personal wealth of the owner.
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The distinction between personal and business income is not defined, and all
income is taxed through personal income tax. The life of the business coincides with
the life of the owner, with a limit in equity that can be raised equal to the personal
wealth of the sole owner.

That limitation hinders the possibility to exploit business opportunities and limits
the growth of the business, due to insufficient capital. That is why the ownership of a
sole proprietorship is difficult to transfer, given that it represents a transfer of the
whole business to another person.

The option of being a sole proprietor involves much less paperwork than other
organizational forms, and the business is structured so that legal documents are not
required to determine the allocation of profit sharing from business operations.

The sole proprietorship links the owner and the business very strictly, with no
distinction. However, it does not preclude the use of a business name, brand, and
denomination that is different from the owner’s name. The income of the proprietor
is taxed as self-employment income.

Sole proprietorship is not the right organizational form for high-risk business in
that personal assets are put at risk. The need for a high amount of debt for business
start-ups and a history of trouble with personal debt in the past may be a reason to
choose a different legal structure, in order to protect the personal assets.

Examples of risky business are those involving human care, the manufacturing of
food, the repairing of valuable items, and the alcohol-related business. In addition to
these examples, many other activities can make your business high risk.

In case there are some risks involved in the business, but they are not very high, it
is still feasible to choose the sole proprietorship; insurance policies are right to cover
the basic risks associated with the business operations.

Another form of business is partnership. It is a simple organizational form, which
allows two or more partners to be owners of the company. The partners share gains
and losses from the business, with unlimited liabilities on partnership obligations.

A partnership agreement describes all the conditions of the enterprise including
how profits and losses are divided among partners. Such an agreement can be
informal and oral, or a formal written document, depending on jurisdictions
(Arrow 1974).

In summary, there are three possible forms of partnership, namely, the general
partnership (GP), the limited partnerships (LP), and limited liability partnerships
(LLP).

A limited partnership is characterized by the presence of both general partners
and limited partners. General partners have unlimited liability and run the company
on behalf of limited partners, whose liability is limited to the amount that they
contribute to the partnership. Maybe arrange these with limited partnerships first, so
they match the order in which they are introduced.

The advantages and disadvantages of a partnership are the same as those of a
proprietorship. Partnerships based on a relatively informal agreement are easy and
inexpensive to form.



4 1 Basic Concepts

Example 1.2 Companies like medical, legal, real estate, and creative are normally
structured as partnerships.

The partnership for general partners terminates at the death of a partner or transfer
of quotes. The partners are taxed by personal income tax, and the amount of equity
that can be raised is limited to the partners’ combined wealth.

The ownership of a general partnership is particularly hard to transfer, because it
involves the formation of a new partnership. The limited partners can instead transfer
the property of their shares without dissolving the partnership, but finding a buyer
may be very difficult.

It is very important to get a written agreement when forming a partnership. In fact,
a partner in general partnership can be held responsible for all business liabilities,
making it very uncomfortable to not have all rights and duties spelt out from the
beginning.

The limited partners are by logic not deeply involved in important decisions for
the company, given that they are not personally liable for those. When things go bad,
limited partnerships act as a shield against creditors, unless the partner has turned
into a general partner for some reason.

The disadvantages of the partnership are the same as sole proprietorship and can
be summarized as unlimited liability for business debts, limited life of the business,
and difficulty of transferring the shares.

The growth of the business is seriously hindered by its own intrinsic features and
can be seriously limited by an inability to raise cash for investment, due to the legal
structure.

Limited partnerships are widely used by professionals such as doctors and
lawyers, and the structure protects partners in these types of jobs that involve serious
responsibilities. Different countries have varying regulations regarding these
establishments of which business owners must take note.

Partnerships must file information returns with the fiscal agencies, but they do not
file separate tax returns. For tax purposes, the partnership’s profits or losses pass
through to its owners, so a partnership’s income is taxed at the individual level.

The limited liability company structure allows for separation between a
company’s liabilities and the owner’s personal assets. In this way, the owner is not
responsible for the company debt with his own wealth.

Special cases also entail personal responsibilities for the limited partnership
owner, but they are limited to those cases where the partner intentionally does
something fraudulent, reckless, or illegal or fails to adequately separate the activities
of the LLC from personal affairs.

Depending on the location of the business, the rules governing the LLC can
change considerably. Some countries or states, for example, do not allow banks,
insurance companies, or nonprofit organizations to be LLCs.

In some federate countries like the United States, for example, the LLC is a state
structure, with no special federal tax duties. It can take the form of individual,
partnership, or corporation, and once the paperwork is filed and all fees are paid,
the business can be started.
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Some regulatory systems require simple documents to be filed, like articles of
organization and the operating agreement containing information about each
owner’s percentage interest in the business, responsibilities, and voting power, as
well, as how profits and losses will be shared and what happens if an owner wants to
sell her interest in the business. In some cases, a notice in some local newspaper
stating that you are forming an LLC should be published as well.

Similar to the LLC, the corporation form of organization separates the business
entity from its owner, thus reducing the exposure to liabilities. The main difference
resides in the taxation, accounting standards, record keeping, and paperwork
requirements.

Corporation is not the most logical form of business for a start-up, unless required
by circumstances, and the LLC is a much better choice in terms of accounting
standards and regulatory issues.

In order to establish a corporation, many of the same steps of founding a LLC
must be followed, including choosing a business name, appointing directors, filing
articles of incorporation, paying filing fees, and following any other specific
requirements.

Corporations may take different subforms. For example, in the United States,
there are two types of corporations, namely, the C corporations and the S
corporations. They differ in terms of management and legal and fiscal duties.

The C corporations have separate tax duties and file their own tax and income
papers, with the income being retained as equity in the corporation until paid out as
salaries and other benefits to the officers and employees.

Given that corporate tax is usually lower than personal income tax, in most cases
it is preferable to leave the income in the company rather than take it out for personal
wealth increase.

When the corporate income is just enough to support the owner’s private
expenses is of course a separate issue, and in this case, there is no way that money
can be left in the company, since the owner needs it as cash.

In case of shareholders, the issue of double taxations arises in that the income
earned by the corporation is taxed and dividends distributed to shareholders are
taxed. However, provisions stand so that the owner of a one-person corporation does
not have to worry about double taxation.

As opposed to C corporations, the S corporations are intermediary entities, and
their income, losses, deductions, and credits pass through the company and become
the direct responsibility of the company’s shareholders.

It is the responsibility of the shareholders to report all the items associated with
the corporate activities on their personal income tax returns; thus, S corps avoid the
income double taxation that is associated with C corps.

In some countries, all shareholders must sign specific forms to make the business
an S corporation for tax purposes. The authorities often require S corporations to
meet the following requirements:
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* Be a domestic corporation.

e Have only allowable shareholders, including individuals, certain trusts, and
estates.

¢ Not include partnerships, corporations, or nonresident alien shareholders.

¢ Have no more than a certain number of shareholders.

¢ Have one class of stock.

* Be an eligible corporation.

Regardless of the way a business is structured, its owners will have the same
overarching goals when it comes to the company’s financial management.

1.1.2 The Corporate Objective

Corporate finance is the discipline that studies the relationship between the business
and financial decision of the management, and their impact on the value of the
business, by looking at how the capital is raised and how the value is generated.

The theory of corporate finance is led by a unifying objective, so that all models
of the theory are built around it. The objective in conventional corporate financial
theory when making decisions is to maximize the value of the business or firm
(Coase 1937).

The main issue with the theory is that it is entirely built on that one objective,
making the connection so strong that to the degree that this objective is flawed, it can
be argued that the theory built on it is flawed as well.

The main disagreement between corporate finance theorists and practitioners is in
fact the view they have about the real objective of the firm. Some critics of corporate
finance argue that firms should have multiple objectives, in order to satisfy multiple
interests (stockholders, labor, and customers).

Other experts suggest that companies should focus on what they view as simpler
and more direct objectives, such as market share or profitability, regardless of the
actual value the company has.

In order to fully understand the reasons to choose one objective among the
abovementioned manys, it is crucial to understand the reasons behind the choice of
corporate finance to focus on corporate value.

Claiming that the objective of the firm is profit and value maximization is
equivalent to saying that what stockholders do in their own self-interest is also in
the best interests of the firm.

On the other hand, criticism points out that the goal is considered dependent on
the existence of efficient markets, and it is often blind to the social costs associated
with value maximization.

In this framework, the role of the financial managers in making decisions on
behalf of the shareholders is crucial. The list of possible goals for a financial manager
can be very long and diversified.

What really matters is the definition of a good financial management decision
from the point of view of the shareholders. If we assume that stockholders buy stock
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because they seek to gain financially, then the obvious definition is that good
decisions increase the value of the stock, and poor decisions decrease the value of
the stock.

It follows that the appropriate goal for the financial manager is to make decisions
that increase the value of the stock, therefore maximizing the current value per share
of the existing shares.

Having such a target helps in overcoming the difficulties implicit in assuming a
complicated list of many different goals. The criterion is not ambiguous, and there is
no short-run versus long-run issue.

The concept of value maximization as the core objective of the firm is justified by
considering the shareholder as residual owner. This means that after having paid for
the employees, suppliers, creditors, and taxes, what is left belongs to the shareholder.

If any of the above obligations (or any other arising from the corporate activities)
are not met, the shareholder gets nothing. Therefore, if the shareholders are getting a
positive income from the corporation, it means that everyone else has also been
satisfied.

The core of the financial manager’s activity is therefore to identify the
investments and financing arrangements that have a favorable impact on the profit-
ability of the company and its overall value consequently.

Although the following chapters are dedicated to the corporation, the basic idea
applies to all forms of business, with slight differences. Some considerations even
apply to nonprofit organizations, which are beyond the scope of the book.

It is also true that the objective should be reached by avoiding illegal or unethical
actions in the hope of increasing the value of the equity in the firm. Therefore, the
financial manager best serves the owners of the business by identifying goods and
services that add value to the firm because they are valued in the free marketplace.

In corporations where there are many shareholders, and the property is heavily
diluted, the manager gets effective control of the firm and may not necessarily act in
the best interest of the shareholders.

Put another way, the management might be tempted to pursue its own objectives,
of salary maximization through incentives, and job securing, at the stockholders’
expense. These considerations must be taken into account when exploring financial
management.

The relationship between stockholders and management is called an agency
relationship. It is established when an owner or group of owners hires an agent to
manage the corporation.

As mentioned above, there is an agency problem whenever the interest of the
company’s manager differs from that of the shareholders. For example, consider a
new investment providing a high value at the cost of relatively high risk.

The owners of the firm will wish to take the investment (because the stock value
will rise), but management may not because there is the possibility that things will
turn out badly and managerial jobs will be lost.

So one choice is to not pursue the project, but on the other hand, the shareholders
may lose value from that decision, involving an agency costs. Agency models are the
focus of Chap. 7.
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The scope of this section is to introduce the topic, in light of managerial issues.
The agency costs can be indirect, when they translate in a lost opportunity for the
business, or they can be direct.

Direct costs get two possible forms. The first type is a corporate expenditure that
benefits management but costs the stockholders. The second type of direct agency
cost is an expense that arises from the need to monitor management actions.

Some experts argue that letting managers decide by themselves would result in
them trying to maximize the amount of resources over which they have control or,
more generally, corporate power or wealth.

Managers typically will act in the interest of their job position first, and the risk is
that they will try to demonstrate corporate power or even increase the nominal value
of the business by, for example, overbuying other companies.

There are two factors at the basis of the behavior of the management toward the
interest of the shareholders. First, the owners of the company should make sure that
their goals are aligned to those of the managers. The alignment of goals can be done
in various ways, for example, through a well-structured compensation plan.

Managerial compensation management acts in defense of shareholder rights by
tying incentives to the financial performance of the firm, thus aligning the objective
of the manager to that of the ownership.

For example, managers are frequently given the option to buy stock at a bargain
price. The more the stock is worth, the more valuable is this option. In fact, options
are increasingly being used to motivate employees of all types, not just top
management.

Another factor is the job prospect, in the sense that better performances are
rewarded with promotions and longevity of managerial contracts. Managers who
are successful in pursuing stockholder goals will be in greater demand in the labor
market and thus command higher salaries (Fama and Jensen 1983).

Executive compensations are public information and can be easily retrieved on
the websites or papers of any public company (see Table 1.1), together with all the
other pieces of financial information.

A particular form of defense for shareholders against an unwanted manager is
called a proxy fight, which allows some of the shareholders to vote on behalf of
someone else’s stock.

This particular situation happens when a group solicits proxies in order to replace
the existing board and thereby replace existing management. The mechanism is that
of shareholders trying to put their nominees on the board and let them fire the
management on their behalf.

One of the main tools companies use for value maximization is cost control. By
controlling costs, they can manage and reduce their business expenses in order to
maximize the profit from operations.

A crucial duty of a financial manager is to identify and evaluate all of the
business’s expenses, to determine whether those costs are reasonable and affordable,
and reject them if useless or superfluous (Winton 1993).

Financial management deals with costs on a daily basis, by looking at ways to
reduce them through various methods. Cutting back, moving expenses in time, or
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Table 1.1 10 Highest paid CEOs in the United States in 2016 (total compensation)

Name Company Approx. salary ($)
Tom Rutledge Charter Communications 98,000,000
Les Moonves CBS Corp 68,600,000
Bob Iger Walt Disney Co. 41,000,000
David Zaslav Discovery Communications 37,200,000
Robert Kotick Activision Blizzard Inc. 33,100,000
Brian Roberts Comcast Corp. 33,000,000
Jeff Bewkes Time Warner Inc. 32,600,000
Ginni Rometty IBM 32,300,000
Leonard Schleifer Regeneron Pharmaceuticals 28,300,000
Steve Wynn Wynn Resorts 28,200,000

Source: Business Insider: http://www.businessinsider.com/highest-paid-ceos-2016-2017-5

changing suppliers are some of the tricks a manager can adopt in order to reduce
costs.

The task seems to be very complicated if one thinks about how many different
expenses a company incurs during daily activities, from energy to phone, Internet
and various utilities, employees’ salaries, outsourced services, and more.

When costs are too high, profit margins shrink, and it becomes difficult for a
company to be successful against competitors. For a public company, high costs
involve a decrease in the shares’ value and difficulty in attracting investors.

Another possible goal of the corporation is the market share maximization.
Market share is the ratio between the total sales of the company and the total sales
of the industry over the same period.

The measure gives the size of the company relative to the market and competitors,
defining the position of the firm in the industry sector of reference. That is why
companies are always looking to expand their share of the market. On top of that, it is
common practice to grow the size of the total market by appealing to larger
demographics and lowering prices or through advertising.

When market share increases, a company gets the opportunity to expand its
business by growing the scale of the operations and improving profitability. The
market size itself is not fixed, but it varies according to it being mature or growing.

The market share of a firm is a good indicator of the competitiveness of its
products and services in the industry sector of pertinence. As the total market for a
product or service grows, a company that is maintaining its market share is growing
revenues at the same rate as the total market (Williamson 1981).

A consistent growth in market share will be reflected in a growth of the firm’s
revenues, at a rate much faster than nongrowing competitors. Growth markets are
typical of technology sectors; consumer goods companies generally operate in a
mature market.

Start-ups and small companies usually experience higher growth rates than well-
established mature ones. This is because a company that has already achieved a large
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market share will grow its sales more difficultly as the potential customers decrease
in number.

It seems appropriate at this stage to dedicate a final consideration to companies
that are not publicly traded. In this case, the objective has to be defined as a more
general goal, given that corporations are not the only type of business in the
economy.

A difference can be made between companies that have traded stocks and
companies that do not. Corporations are certainly not the only type of business,
and the stock in many corporations rarely changes hands, so it is difficult to say what
the value per share is at any given time.

Anyway, no big modifications are needed when dealing with for-profit
organizations. The total value of the company can be seen in fact as the value of
the equity in the hands of the owners.

The corporate objective can then be stated in more general terms as to maximize
the market value of the existing owners’ equity. With this in mind, it does not matter
whether the business is a proprietorship, a partnership, or a corporation.

1.2 Financial Statement Analysis
Learning Outcomes

* Learn how to analyze the financial statements of the corporation.
e Learn how to calculate and interpret financial ratios.
* Learn how to build and analyze pro forma financial statements.

1.2.1 Balance Sheet

Financial accounting takes care of the papers of the company and the numbers
generated by the business. In the very general case, the papers take the form of a
balance sheet, an income statement, and a cash flow statement.

The simplest forms of business are allowed by law to keep record in a very
simplified form, thus not recognizable in the above definition of financial account-
ing, applying instead to limited liability ventures and corporations.

A standard balance sheet is the only part that applies to a single point in time of a
business’ calendar year. It is structured in three parts: assets, liabilities, and owner-
ship equity.

Assets are listed in order of liquidity, with main categories being first in the list.
After the assets, the liabilities are listed. The difference between the assets and the
liabilities is known as equity.

The equity of a firm is also known as the net assets or the net worth or capital of
the company, and it is straightforward from the accounting equation that the net
worth must equal assets minus liabilities.
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The sense of the balance sheet equation is that equity and liabilities finance the
assets of the corporation. The financing happens either by borrowing money (liabil-
ity) or by using the owner’s money (owner or shareholders’ equity).

This is why the layout of the balance sheet is such that it is usually presented with
assets in one section and liabilities and equity in the other section, so that the
algebraic sum of the two sections equates.

The simplest forms of business that operate only in cash can simply check the
bank balance at the end of the observation period and sum up the cash in hand, in
order to get the financial picture of the business.

However, most businesses, and corporations especially, operate through debit
and credit, meaning that they do not pay their obligations immediately, nor are paid
for the goods and services they supply, immediately.

Corporations build up inventories of goods, and they acquire buildings and
equipment, so that they have assets that they cannot, even if they want to, immedi-
ately turn into cash at the end of each period.

As opposed to the other parts of the financial statement, a balance sheet is a static
snapshot of the firm at the end of each fiscal year. It organizes and summarizes the
assets and liabilities to create a picture of what the firm owns and what it owes.

Assets usually are put on the right-hand side of the balance sheet, and their first
classification of assets is between current and noncurrent. Current assets are cash,
receivables, and any other assets that can be easily converted to cash within a short
time (usually 1 year) or whose life is shorter than that time.

The current assets convert to cash in less than 12 months, thus including the
inventories that are processed into final products and sold in a short time, or accounts
receivable (credits) to be cashed in a short time. Examples of current assets are:

— Cash: it includes the accounts used by the business to receive customer payments
and pay business expenses, or any quick-access account, which keeps a fixed
amount of cash in it.

— Accounts receivable: it shows all credits that the firm has toward customers to get
to a completed sales transaction. It is money not yet received, but expected
supposed to flow in the near future.

— Inventory: it includes the goods available for sale, after completing the production
process, or also products on shelf for a distribution store. For a manufacturing
company, the definition also includes the raw materials used for production.

— Prepaid expenses: these are expenses paid for in advance, such as rent, insurance,
office supplies, postage, travel expense, or advances to employees. If they carry
benefits in the 12-month period, they qualify for inclusion in current assets.

Noncurrent assets have a relatively long life and cannot be easily turned into cash
in a reasonably short time. There can be tangible noncurrent assets (usually
buildings, equipment, vehicles, and more) and non-tangible assets (trademark,
patents, brand, and more) which are not physically consistent but represent a value
to the company. Examples of noncurrent assets are:
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1. Long-term assets: these are supposed to be held by the company for more than
1 year. The category includes investments and property, plant, and equipment
currently in use by the company in day-to-day operations.

2. Fixed assets: it includes the company’s physical assets like property, plant, and
equipment. The account also includes long-lived assets, such as a car, land,
buildings, office equipment, and computers.

3. Long-term investments: these investments are financial assets held by the com-
pany, such as bonds, stocks, or notes.

4. Intangible assets: the category includes assets that are not physical but still have a
value to the company, like patents, trademarks, and goodwill. They all classify as
noncurrent assets.

The right-hand side of the balance sheet incorporates liabilities and shareholders’
equity.

Liabilities are obligations of the firm that have to be paid in cash within a
stipulated period. In most cases, the obligation implies the payment of some capital
plus the interest accrued over time.

First, liabilities are listed, and as for the assets, it is possible to differentiate
between current liabilities and noncurrent liabilities.

Current liabilities are listed before the noncurrent liabilities in the balance sheet.
They are obligations due for payment within 12 months, with the same life span of
current assets.

The settlement of current liabilities is done by using current assets, mostly cash,
or current sales of inventory. In some cases, it is also possible to swap out one current
liability for another.

Examples of current liabilities are:

* Short-term notes payable: these are notes due in less than 12 months after being
registered in the balance sheet. A working capital loan, issued by banks with the
expectation that it will be paid back from collecting accounts receivable or the
sale of inventory, is an example.

* Accounts payable: this account shows the amount of money the company owes to
its vendors, for having acquired supplies or services.

* Dividends payable: payments due to shareholders of record after the date of
dividend declaration.

* Payroll liabilities: as it is typical for a company to owe the payroll and related
taxes, having not paid them yet, it is typical for companies to accrue them in the
balance sheet.

e Current portion of long-term notes payable: when the company has a long-term
note on payment (due after a 12-month period). The portion of that note that is
paid at registration must be showed on the balance sheet as a current liability.

¢ Unearned revenue: this category includes money the company collects from
customers that it hasn’t yet earned by doing the complete job for the customers
but that it anticipates earning within 12 months of the date of the balance sheet.
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Debts with maturity longer than 12 months are commonly classified as noncurrent
liabilities. Firms borrow long-term funds from a variety of sources. Common
terminology use in finance is to use the terms debt and debt holders to refer to the
amount owed and to whom it is owed, respectively.

Examples of noncurrent liabilities are:

* Bonds payable: the term indicates long-term lending agreements between
borrowers and lenders. It is an alternative way to raise capital for a company,
besides selling stocks.

* Long-term leases: capital lease is recorded on the balance sheet as an asset, rather
than in the income statement as an expense. The related lease obligation must be
recorded as a liability.

* Product warranties: the repairing and replacing obligations on products sold by
the company that extend beyond 12 months are registered in the balance sheet as
long-term liability.

As mentioned above, the shareholders’ equity, which closes the right-hand side of
the balance sheet, is calculated as the difference between the total value of assets and
the total value of liabilities.

The equity of shareholders is a claim against the firm’s asset, residual after
payment of all the debt. The debt holder has the first claim on the company value,
when borrowing is put in place.

Thus, the equity can be calculated as a difference between the total value of
corporate assets and the amount of liabilities in the balance sheet, with the formula

Assets — Liabilities = Equity

This feature of the balance sheet is intended to reflect the fact that, in case the firm
would sell all of its assets and use the proceedings to pay off its debts, the eventual
residual value remaining belongs to the shareholders. Therefore, the value of the left-
hand side always equals the value of the right-hand side, giving the balance
(Table 1.2).

The accounting value (also named book value) of the equity is then dependent on
the level of assets and liabilities and increases when earnings are partly retained,
instead of being distributed as dividends.

The accounting value of a firm is generally recorded on a cost value base,
meaning they do not reflect the actual value of the assets, so to make almost
meaningful to call it book value.

Market value on the other hand is the price at which buyers would be willing to
trade the asset at present time. This value is usually different from accounting value,
and the management’s job is to create a value for the firm that is higher than its cost.

There are two major accounting standards that are used worldwide, namely,
Generally Accepted Accounting Principles (GAAP) and the International Financial
Reporting Standards (IFRS).
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Table 1.2 A balance sheet for a hypothetical company AAA

Balance sheet (€ 000s)

Basic Concepts

Company AAA
Current assets Current liabilities
Cash 1,330,000 Accounts payable 382,000
Short-term investments 250,000 Accrued interest 8000
Accounts receivable 320,000 Other current liabilities 350,000
Inventory 225,000 Total current liabilities 740,000
Other current assets 52,000
Total current assets 2,177,000
Fixed assets Long-term liabilities
Property, plant, and equipment 11,250,000 Notes payable 118,000
Accumulated depreciation (2,125,000) Mortgages 3,600,000
Total net fixed assets 9,125,000 Other long-term debt 1,224,000
Total long-term liabilities 4,942,000
Equity
Stocks 5,300,000
Retained earnings 320,000
Total equity 5,620,000
Total assets 11,302,000 Total liabilities and equity 11,302,000

The GAAP is the accounting standard used in the United States, while IFRS is
used in over 110 countries around the world. GAAP is considered more rule
oriented, while IFRS is more principles based.

The two systems have been progressively converging in the last years to a similar
standard, and the US Securities and Exchange Commission is looking to switch to
IFRS by 2015, meaning that GAAP will no longer be used in the future.

There are some key differences between the two standards. In general, due to its
principle-based nature, IFRS is supposed to represent and capture the economics of a
transaction better than US GAAP.

The main differences between GAAP and IFRS can be summarized as follows:

Intangibles: GAAP recognizes intangibles at their fair value, while IFRS only
recognizes them if the asset will have a future economic benefit and has measured
reliability.

Inventory costs: IFRS does not allow for the last-in, first-out (LIFO) method to be
used, while GAAP allows both LIFO and first-in, first-out (FIFO) standards to be
used for inventory accounting. Moreover, the IRFS allows revision of the write-
down of inventory in the future, according to some criteria being met, while
GAAP does not allow for any revision once the inventory has been written down.
Consolidation: in the IRFS, a control model is preferred, while in GAAP a risk-
reward model is used.

Extraordinary items: according to IFRS, extraordinary items are not segregated in
the income statement, while they are shown below net income in the GAAP.



1.2 Financial Statement Analysis 15

e Earnings per share: under IFRS, the earning-per-share calculation does not
average the individual interim period calculations, whereas under US GAAP,
the computation averages the individual interim period incremental shares.

* Development costs: these are considered expenses under GAAP standards, while
they are capitalized under IFRS only if they meet some specific criteria.

e Write-downs: IFRS uses a single-step method for impairment write-downs rather
than the two-step method used in US GAAP, making write-downs more likely.

In general, IFRS involves less paperwork, and it gives a detailed picture of the
corporate financials in a more synthetic way, making it a desirable standard world-
wide. That is probably the reason behind the shift to IFRS all over the world.

At present, most liabilities show up on the balance sheet at historic cost rather
than fair value. Moreover, as long as they are properly classified as current, there are
no requirements from GAAP for the order in which they appear on the balance sheet.

1.2.2 Income Statement

The income statement measures a company’s financial performance over a specific
accounting period. It summarizes the incomes and expenses incurred by the business
in the period considered, including both operating and nonoperating activities.

As a final result, it shows the profit or loss incurred in the specified period, so that
it can also be called profit and loss statement. The income statement is divided into
two parts: the operating items section and the nonoperating items section.

In the operating items, revenues and expenses coming as a result of the regular
business operations are listed, while the revenue and expense information about
activities that are not tied directly to a company’s regular operations are included in
the nonoperating section.

If a car producer sells cars, this is an operating activity that generates operating
revenue. In addition, when buying raw material for car construction, the producer
incurs an operating expense.

Assume instead that the car seller is selling some of the equipment previously
employed for production. In this case the operation is not related to the core business
and therefore leads to a nonoperating profit. The same reasoning works for buying
and losses (Needles and Crosson 2002).

The income statement is made of many entries that contribute in calculating the
profitability of the corporation. What follows is a list of the main entries with an
explanation:

Operating incomes can be listed as:

e Revenues: income earned or asset enhancement from delivering or producing
goods, rendering services, or other activities that constitute the entity’s ongoing
major operations, over the period considered. It is net of all discounts and
allowances and usually referred to as gross revenue or sales revenue.
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* Expenses: any incurrence in liabilities, as cash outflows or using up of assets or
incurrence of liabilities from the main activities for production and delivering of
goods, in the specified period.

¢ Cost of goods sold (COGS): all the direct cost related to the production of goods
and services, during the specified period, including material, labor, and overhead
costs. Operating costs, such as selling, administrative, advertising, or R&D, are
excluded.

* Operating expenses or selling, general, and administrative expenses (SG&A or
SGA): these include all payroll costs, and it usually represents a large share of
total costs for production. The category includes:

* Selling expenses: these are the costs incurred to sell products and include salaries
for sales agents, commissions, shipping, advertising, and depreciation of sales-
related assets, during the specified period.

* General and administrative (G&A) expenses relate to the management of the
business, including compensation of executives, professional fees, insurance,
utilities, and rent.

» Depreciation and amortization: the ratio of asset value capitalized on the balance
sheet for a specific accounting period. It is a systematic and rational allocation of
cost rather than the recognition of market value decrement. This section treats the
two separately, because normally depreciation refers to tangible assets, while
amortization refers to intangible assets. However, please note that in some cases
the two terms are considered equivalent in the literature.

* Research and development (R&D) expenses represent expenses included in
research and development.

Nonoperating incomes can be listed as:

— Other revenues or gains include the outcomes from activities that are not primary
business, like gained rents, income from patents, and goodwill. It also includes
unusual or infrequent gains, like the ones coming from sale of securities or from
disposal of fixed assets.

— Other expenses or losses are also not related to primary business operations and
include, for example, foreign exchange loss.

— Finance costs are the expenses incurred for borrowing from various creditors and
include interest paid and bank charges.

— Income tax expense is the sum of the amount of tax payable (or receivable) to
(from) tax authorities in the current reporting period and deferred tax liabilities
(or assets).

Incomes from irregular assets come from discontinued operations, which are the
most common type of irregular items. It refers to a segment of a company’s business
that has been sold, disposed of, or abandoned. It can range from a certain product line
to an entire line of business (Jensen and Meckling 1976).



1.2 Financial Statement Analysis 17

Table 1.3 A single-step Income statement: single step
income statement for a Company ABC

hypothetical company ABC

Sales 1,015,000 €
Interest earned 15,000
Total revenues 1,030,000
Cost of sales (500,000)
Depreciation (40,000)
Amortization (10,000)
Commissions paid (40,000)
Office supplies (8000)
Office equipment (10,000)
Advertising expenses (12,000)
Interest paid (3000)
Other operating expenses (2000)
Taxes (100,000)
Total expenses (725,000)
Net income 305,000 €

First of all, the operating income is calculated as difference between all revenues
and net of discounts, minus the expenses related to the production of the revenues.
The costs deducted from revenues are typically the cost of goods and the operating
expenses.

From the operating income, it is possible to calculate the recurring income by
summing up with the other income that is not operative but investment-related. To be
included in this category, these items must be recurring in nature.

As mentioned previously, the income statement can be presented in either a
single-step (see Table 1.3) form or a multiple-step form (see Table 1.4). Both
forms yield the same net income, besides showing different levels of details in the
calculation.

Single-step income statement is very common and easy given that it uses only one
mathematical passage to calculate net income. The formula is

Net Income = (Revenue + Gains) — (Expenses + Losses)

Based on this, and recalling the definitions for the statement entries given above, a
single-step income statement looks like

The multi-step statement is an alternative that slightly complicates the accounting
of revenues and costs because it uses multiple subtractions in computing the net
income shown on the bottom line.

It does by separating the operating revenues and operating expenses from the
nonoperating revenues, nonoperating expenses, gains, and losses. Gross profit is also
shown as net sales minus the cost of goods sold. Here is a sample income statement
in the multiple-step format:
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Table 1.4 A multiple-step  [pcome statement: multiple steps
income statement for a Company ABC

hypothetical company ABC

Sales 1,015,000 €
Cost of sales (500,000)
Gross profit 515,000
Advertising expenses (12,000)
Commissions paid (40,000)
Total selling expenses (52,000)
Office supplies (8000)
Office equipment (10,000)
Total administrative expenses (18,000)
Depreciation (40,000)
Amortization (10,000)
Other operating expenses (2000)
Total operating expenses (52,000)
Total expenses (122,000)
Operating income 393,000
Taxes (100,000)
Interest earned 15,000
Interest paid (3000)
Total nonoperating expenses (88,000)
Net income 305,000

The multiple-step income statement entails three fundamental steps for net
income calculation. First of all the gross profit is calculated, then operating expenses
are subtracted to get to the operating income, and finally the net position on
nonoperating items (separately calculated) is added or subtracted in order to get
the net income.

The use of multiple-step statement implies several benefits. First, it clearly states
and isolates the gross profit amount, which is very important due to many investors
being interested in the company’s gross margin.

The second benefit is that also the subtotal of operating income is separated,
which gives an indication of the profit earned by the company on its primary
activities. Finally, as the bottom line, the statement reports the net amount for all
the items on the income statement. If the net amount is positive, it is labeled as net
income. If the net amount is negative, it is labeled as net loss (Williams et al. 2002).

In corporate finance, when it comes to the calculation of cash flows, it is very
important to distinguish between expenses related to production and administration
and those due to the depreciation of assets and payment of interest.

This distinction is crucial for the right calculation of the free cash flows to the firm
and free cash flow to equity, as the basis for discounted cash flow valuation of the
company, which is the focus of Chap. 8 of the book. An example of corporate
finance income statement is shown in Table 1.5.
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Table 1.5 A corporate Income statement: Corporate Finance (€ 000s)

finance incom? statement Company ABC

i‘;rnf‘pzzgofgtcml Sales 1,015,000
Cost of sales (500,000)
Advertising expenses (12,000)
Commissions paid (40,000)
Office supplies (8000)
Office equipment (10,000)
Other operating expenses (2000)
EBITDA 443,000
Depreciation (40,000)
Amortization (10,000)
EBIT 393,000
Interest earned 15,000
Interest paid (3000)
Taxes paid (100,000)
Net income 305,000

It is clear from the above statements that EBIT and operating margin are the same,
and they are normally used as equivalent, for example, for calculating the profitabil-
ity ratios associated with them.

A very interesting feature of the combined use of income statement and balance
sheet, which is very appreciated by financial analysts, is the possibility it gives to
calculate ratios and margins that give a deeper sense of the financial strength of the
company.

In terms of importance and usage, profitability ratios are prominent in ratio and
investment analysis. These ratios indicate the margins realized by the company on
the sales over some specific period (quarter or year).

Bottom line, the profitability ratios give a measure of whether the company is able
to generate adequate return for the stakeholders. As for many other ratios, in order to
grasp the most of the informative power, they have to be compared with the industry
averages.

Margin and ratios in fact normally vary across different industries, with some
industries being typically low-margin types of business (easily available
commodities, replicable products, and services, among others) and other industries
being high-margin types of business (i.e., non-replicable and exclusive products and
services, among others).

The gross profit margin (GPM), for example, indicates what profit a company
makes on the cost of goods so to uncover how efficiently the various resources
(included labor) are used in the production process.

The margin is calculated as
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(Sales — Cost of sales)
Sales

Gross Profit Margin =

Example 1.3 Suppose that a company has 1,000,000 € in sales and the cost of its
labor and materials amounts to 600,000 €. Its gross margin rate would be

(1,000,000 — 600, 000)

= 0.40 = 4
1,000, 000 040 = 40%

Gross Profit Margin =

The GPM indicates how efficiently raw materials, labor force, and production-
related fixed assets are used to generate income. A higher margin percentage is a
favorable profit indicator.

There are differences in the GPM according to the type of business the company
is running and what industry it belongs to. For instance, the airline industry has a
gross margin of about 5%, while the software industry has a gross margin of about
90%.

The operating profit margin (OPM) is another interesting metrics, showing how
successful a company’s management has been at generating income from the
operation of the business. It is calculated as

Operating income _ EBIT

Operating Profit Margin = =
perating Profit Margin Sales Sales

Example 1.4 If EBIT amounted to 200,000 € and sales were 1,000,000 €, the
operating profit margin would be

200, 000

——=020=2
1,000, 000 0-20 0%

Operating Profit Margin =

Measuring how much EBIT is generated for every euro of sales, the OPM
measures roughly what operating leverage the company can achieve by running its
core business (operational).

The higher the margin, the better, indicating that sales growth is faster than costs.
Moreover, positive and negative trends in this ratio are, for the most part, directly
attributable to management decisions.

The net profit margin (NPM) is a measure of the margins generated by the
business, when taxes are also taken into account. It compares net income with
sales in order to give a measure of how effectively managers run the business.

It is calculated as
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Net i
Net Profit Margin = —¢ fcome
Sales

Example 1.5 If a company generates after-tax earnings of 100,000 € on its
1,000,000 € of sales, then its net margin amounts to

100, 000

Net Profit Margin =

The NPM is the key index for understanding company profitability, so it is widely
used in financial management and for investment analysis. It also varies between
industries, and by comparing a company’s gross and net margins, one can see the
non-production and non-direct costs like administration, finance, and marketing costs.

A higher NPM means the company has an advantage compared to its competitors,
and it is capable of increasing its market share during hard times, in order to benefit
when the upturn is back.

Other ratios based on the profitability of the company (called profitability ratios)
are (Table 1.6):

Activity ratios measure the efficiency of usage of the corporate assets, by
comparing them (current and fixed assets) to different financial measures, so to
describe the overall operational efficiency of the business.

All the activity ratios come in a form of turnover ratio, and they are calculated
based on financial entries that are calculated on average over the reference period.
All of the activity ratios measure the rate of turnover of the corporate assets and
liabilities.

As a number, they can be reinterpreted as the number of times that the reference
indicators (inventory, receivables, payables) are replenished over the reference
period, in order to cover the other relevant reference financial sales, COGS, etc.
(Table 1.7).

Table 1.6 Profitability

! Profitability ratios
ratios

Return on asset (ROA) = ¥§:ain;s($1t:
Return on equity (ROE) — Ne]tE (illl';?g,me

Table 1.7 Activity ratios Activity ratios

Inventory turnover _ Cost of goods sold
Average inventory

Receivables turnover — ___Net income
Average receivables

Payables turnover __ Cost of goods sold
Average payables

Asset turnover _ Net income
Total assets
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Table 1.8 Liquidity ratios Liquidity ratios

Current ratio — _Current assets
Current liabilities
Quick ratio __ Current assets—Inventory

Average receivables

. _ Cash
Cash ratio = Current liabilities

Table 1.9 Solvency ratios Solvency ratios

Debt to asset ratio _ Total liabilities
Total assets
Debt to capital ratio — __ Long-term liabilities
Long-term liabilities+Equity
Cash ratio __ Long-term liabilities
- Equity
Interest coverage ratio = __EBIT _
Interest paid

Liquidity ratios are a reference measure to creditors in that they reveal the level of
liquidity generated and saved by the business. Consequently, they measure the
ability of the company to meet the short-term obligations and the ability to make
payments.

As for other ratios, liquidity ratios give full information when compared to
competitors and the industry, in that some types of business normally run on high
levels of liquidity, while others are not very liquid in assets. In addition, the
dynamics (trend) of the ratios over time are important (Table 1.8).

As oppose as liquidity ratios, solvency ratios measure the company’s ability to
meet the long-term obligations, by providing information on the corporate capital
structure, leverage, and level of cash flows generated.

It is therefore possible to understand, among other things, whether a company is
able to repay the interest on debt. Lack of cash flows may hinder the payments, and
the company could be at risk of default (Table 1.9).

1.2.3 Cash Flow Statement

The statement of cash flows is a report of the cash flows generated by the company’s
operations, in terms of operating, investing, and financial activities on cash flows
over an accounting period (see Table 1.10).

It is a synthetic method to deduce interesting information about the following
issues:

¢ How the firm obtains and spends cash

* Reasons for differences between net income and cash flows

 If the company generates enough cash from operation to sustain the business

» If the company generates enough cash to pay off existing debts as they mature

e If the company has enough cash to take advantage of new investment
opportunities
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Table 1.10 A cash flow Cash flow statement (€ 000s)
statement for e hypothetical Company XYZ

company XYZ

Net income 295,000 €
Depreciation 13,500
Adjustments (7200)
Changes in account receivable (4300)
Changes in liabilities 2600
Changes in inventories 68,000
Changes in other operating activities (65,000)
Net cash flow from operating expenses 7600
Capital expenditures (4500)
Investments (125,500)
Other cash flows from investing activities 2350

Net cash flow from financing expenses (127,650)
Dividends paid (10,250)
Change in shares outstanding 4750)
Change in debt 63,500
Other cash flows from financing activities 59,900
Net cash flow from financing expenses 108,400
Net change in cash and cash equivalents (11,650)

The statement of cash flows is made of three sections:

* Operating activities
* Investing activities
* Financing activities

Each section leads to the corresponding free cash flow through calculation. Cash
flow from operating activities (CFO) arises from normal operations such as revenues
and cash operating expenses net of taxes. Operative activities range from production
to sales and payments collected from customers. On the cost side, the list includes
production and sales costs, inventory, and advertising.

The cash flows related to production activities therefore can be listed as:

* Income from the sale of goods or services

* Income for the sale of financial assets in a trading portfolio

* Interest received

e Payments to suppliers

* Payments to employees

e Other payments

* Interest payments (can be reported under financing activities depending on the
accounting standard)

e Merchandise
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In order to go from income to cash flows, it is then important to add (or subtract)
back to the income some figures that have been subtracted (or added) previously to
the gross income but do not constitute a cash flow. These items are:

* Depreciation

e Deferred tax

* Amortization

* Income or loss from trading noncurrent assets
* Dividends

¢ Revenue from certain investing activities

Obviously some items are summed up, and others are subtracted as can be
described by the following example:

¢ (Cash inflow
— Income from the sale of goods or services
— Interest received
— Dividends
* Cash outflow
— Payments to suppliers
Payments to employees
— Payments to government
Payments to lenders
Payments for other expenses

The cash flow from investing activities (CFI) arises from investment activities
such as the acquisition or disposition of current and fixed assets:

* Purchase or sale of an asset (land, building, equipment, marketable, etc.)
* Loans made to suppliers or received from customers
¢ Payments related to mergers and acquisition

Items subtracted as described by the following example:

* Cash inflow
— Sale of property, plant, and equipment
— Sale of debt or equity securities (other entities)
— Collection of principal on loans to other entities
* Cash outflow
— Purchase of property, plant, and equipment
— Purchase of debt or equity securities (other entities)
— Lending to other entities



1.2 Financial Statement Analysis 25

The cash flow from financing activities (CFF) is built on the changes of cash due
to the modification of the company’s shares number or through short-term or long-
term debt for the company’s operations.

Financing activities are those generating inflow of cash from investors and
outflow of cash to shareholders, in the form of dividends, as the company generates
income. In general, all the activities which impact the long-term liabilities and equity
of the company are included, and the most important are:

* Dividends paid
¢ Sale or repurchase of the company’s stock
* Net borrowings
* Payment of dividend tax
* Repayment of debt principal, including capital leases
e Cash inflow
— Sale of equity securities
— Issuance of debt securities
* Cash outflow
— Dividends to shareholders
— Redemption of long-term debt
— Redemption of capital stock

1.2.4 Pro Forma Statements

Besides official documents following the international standards, sometimes
companies also prepare some statements that are adjusted to take into account the
forecasted change in the profitability of the business.

The so-called pro forma statements allow investors to have a clearer picture of the
operating results of the company, by setting some scenario under which the financial
outcome of the business is rather manipulated.

The core of pro forma calculation of earnings and balance sheet entries is based
on the concept of relevant cash flows. Given the variable set to create the desired
scenario, only the entries in the statements that are related to that variable are
adjusted in the pro forma version.

So onetime expenses are cut from the calculation in that they are normally not
included in the accounting of ordinary corporate operations. Onetime items do not
contribute to the company’s representative valuation.

Pro forma statements are somehow controversial in that the company may choose
to exclude selected financial entries in order to improve what is believed to be the
correct financial representation of the business, sometimes at the expenses of
accuracy.

While historical statements, based on either GAAP or IFRS statements, are an
official documentation that should drive the investor’s decision toward investing or
not in the company, some analysts may find it interesting to read and interpret the
forecasts the company gives in a pro forma manner.



26 1 Basic Concepts

Pro forma statements are normally based on the so-called percentage of sales
(POS) approach. The rationale of such approach is that, as mentioned above, sales
are normally considered to drive most changes in the balance sheet and income
statement.

It therefore makes sense to use sales as the key factor to build up the pro forma
statements.

By doing this, the accounting identity can be checked on pro forma basis from
forecasted assets, liabilities, and equity. When the two sides of the forecasted
balance sheet are not even, the external financing needed (EFN) can be calculated
as difference.

Normally a plug variable will be chosen, in order to rebalance the statement, by
acting on it. For example, an excess of assets compared to liabilities and equity could
be addressed by increasing the amount of long-term debt.

One important point is that not all items in the financial statements vary with
sales. It is therefore important to learn what financials increase or decrease when
transferred to the pro forma statements and what others stay unchanged.

Items that normally vary with sales are:

* Costs generally do change with sales in that the profit margin is supposed to stay
constant.

e Current assets generally do vary with sales, assuming that the increased costs are
related to additional inventory needed for extra production to support the increase
of sales. Same logic works for receivables and cash.

* Net fixed assets vary with sales only if the company is operating at full capacity. If
the company is operating below full capacity in fact, the extra assets are consid-
ered to be already in place, to support the increase in sales.

e Current liabilities also vary with sales for reasons similar to those applied to
current assets.

Items that normally vary with sales are:

» Depreciation does not vary with sales in that it is related to fixed assets.

 Interests paid are also not related in that they represent financial costs.

* Dividends depend on managerial decision. It is therefore opportune to not let
them vary with the sales.

* Long-term debt and notes payable do not vary with sales because it relates to the
capital structure decision.

* Equity does not vary for the same reasons as long-term debt.

This approach uses the cost of goods sold (COGS) as the overall cost related to
production before EBIT is calculated, so that only interest paid and taxes are left out.
The subtraction of the latter leads then to the net income.
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Example 1.6 Assume company LTD is willing to perform a pro forma analysis on
its financials, projecting figures forward by 1 year. The company has the following

financial statements:

Company LTD
Current income statement (€ 000s)
Current % of sales
Sales 25,000 100
COGS (15,000) 60
Interest paid ) 0
EBT 10,000 40
Taxes (3750) 15
Net income 6250 25
Dividends (payout ratio, 60%) 3750
Addition to retained earnings 2500
Company LTD
Current balance sheet (€ 000s)
‘ Current Current
Assets Liabilities and equity
Cash 3000 Accounts payable 2700
Accounts receivable 5300 Notes payable 8000
Inventory 3700 Long-term debt 9200
Other current assets 7500 Total liabilities 19,900
Total current assets 19,500
Net PPE 22,000 Common stocks 17,300
Net fixed assets 22,000 Retained earnings 4300
Total equity 21,600
Total assets 41,500 Total liabilities and equity 41,500

Sales are projected to increase by 10% next year, and the company has a current
payout ratio of 60%, which the company is planning to keep constant. The pro forma
income statement therefore looks like (with figures in dollar amounts and as per-

centage of sales):

Company LTD
Pro forma income statement at 10% projected sales growth (€ 000s)

Current % of sales Pro forma % of sales
Sales 25,000 100 27,500 100
COGS (15,000) 60 (16,500) 60
Interest paid 0) 0 0) 0
EBT 10,000 40 11,000 40
Taxes (3750) 15 (4125) 15
Net income 6250 25 6875 25
Dividends (payout ratio, 60%) 3750 4125
Addition to retained earnings 2500 2750
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It is also possible to build the pro forma balance sheet in case the company is
operating at full capacity. As already mentioned, some items vary, and some others
do not. Pro forma retained earnings are obtained by summing up to the current
retained earnings, the additional retained earnings, the latter being calculated as the
product of the retention ratio (1 minus payout ratio) and the projected net income, as
from the pro forma income statement.

Retained earningsp,,-poma = Retained earningscent
+ Retained earningspyyiecied Addition

The current and pro forma balance sheets then look like:

Company LTD
Pro forma balance sheet (full capacity) at 10% projected sales growth (€ 000s)
Current Pro forma Current Pro forma

Assets Liabilities and equity

Cash 3000 3300 Accounts payable 2700 2920

Accounts receivable 5300 5830 Notes payable 8000 8000

Inventory 7500 8250 Long-term debt 9200 9200

Other current assets 3700 4070 Total liabilities 19,900 20,120

Total current assets 19,500 21,450

Net PPE 22,000 24,200 Common stocks 17,300 17,300

Net fixed assets 22,000 24,200 Retained earnings 4300 7050
Total equity 21,600 24,350

Total assets 41,500 45,650 Total L and E 41,500 44,470

According to the pro forma balance sheet, the external financing needed is
EFN = 45,650,000 — 44,470,000 = 1, 180,000 €

meaning that the company will have to increase the right-hand side of the balance
sheet by an amount of 1,180,000 €. This could be done by increasing the long-term
debt or issuing more shares to increase the equity. Alternatively, the amount of
planned retained earnings could be increased by reducing the payout ratio.

As mentioned before, in case the company is not operating at full capacity, the
current and forecasted sales are based on partial usage of the potential of the
corporate assets. It is therefore opportune to not grow them in the pro forma balance
sheet in that the company is ready to face increase in production and sales without
additional fixed assets required.
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Example 1.7 Assume company LTD is operating below at full capacity. The pro
forma balance sheet will then look as follows:

Company LTD
Pro forma balance sheet below full capacity (€ 000s)
Current Pro forma Current Pro forma

Assets Liabilities and equity

Cash 3000 3300 Accounts payable 2700 2920

Accounts 5300 5830 Notes payable 8000 8000

Receivable 3700 4070 Long-term debt 9200 9200

Inventory 7500 8250 Total liabilities 19,900 20,620

Total current assets 19,500 21,450

Net PPE 22,000 22,000 Common stocks 17,300 17,300

Net fixed assets 22,000 22,000 Retained earnings 4300 7050
Total equity 21,600 24,350

Total assets 41,500 43,450 Total L and E 41,500 44,470

As can be noted, things change due to the invariance of the net fixed assets, and
the EFN becomes negative

EFN = 43,450,000 — 44,470,000 = —1, 020,000 €

meaning that in this case the management should try to reduce the liabilities and
equity by, for example, repaying back some of the debt or repurchasing some shares.
Another way to do it is to increase the payout ratio so to reduce the amount of
additional retained earnings.

Compared to GAAP and IFRS strict rules on reporting earnings, the pro forma
approach allows the freedom to guess hypothetical figures, obtained following an
estimation of the sales growth and adjusting the financial figures accordingly.

The pro forma earnings calculation is therefore something that is up to the
standards and criteria of the company and may not include all costs that by default
must be included when calculating current (effective) earnings as per accounting
standards.

The pro forma analysis of financial statements contributes to the thorough
understanding of the potential of the company and by the investors. Depending on
the industry of relevance, sometimes pro forma statement may end up being more
significant to the investors than current (official) ones.

Some of the ways a pro forma statement can differ from a standard one are the
absence of noncash expenses, thus giving an idea of the cash profitability of the
company and the absence of extraordinary expenses, when deemed irrelevant to the
potential future earnings power of the company.

After important operations like mergers and acquisitions, abnormal onetime
expenses are normally registered, but they do not affect the ordinary daily process
of the business, thus pushing down the figures of profitability compared to those that
can be recorded when the business runs smoothly.
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One should also consider that pro forma statements, even if not publicly accepted
and valid, are very often used as explanatory internal documents. They can be used
by the management of the company and other stakeholders to assess the quality of
the business and the potential future developments.

Analysts should pay attention when comparing pro forma statements of different
companies, from the same or different sectors. It is very possible in fact that the
discretion of the standards for compiling them can mislead the reader about the
actual comparison between different companies.

1.3  Arbitrage
Learning Outcomes

¢ Learn the law of one price and how to describe it.
* Describe the various forms of arbitrage.
* Give examples of arbitrage and deviations from equilibrium.

1.3.1 The Law of One Price

The law of one price (LOP) states that the same good or service must have the same
price, when traded in different markets, if it has the same features. In case of price
disparity in fact, one could take advantage of the mispricing.

Usually the price disparity would not last because people would start buying on
the cheaper market, and the prices on both markets would then adjust to match
supply and demand, causing the convergence of prices.

The structure imposed on prices by economic incentives is the same in financial
markets. Securities are the “same” if they produce the same outcomes in terms of
combination of returns and risk (Schachermayer 2008).

Similarly, equivalent combinations of assets providing the same outcomes should
sell for the same price, provided risk is taken into consideration. Therefore, the
equivalence among financial securities involves the comparability of expected
returns and risk.

If there is a mispricing for some asset sold on different markets, the LOP is
violated, and investors will exploit the price disparity through arbitrage. Thus, the
LOP imposes structure on asset prices through the discipline of the profit motive.
The LOP is also violated when assets with the same risk profile have different
expected returns.

For the LOP to hold, several assumptions must be made, about investors’
behavior and preferences, according to given constraints. Specifically, the analysis
of LOP assumes the following hold:

e The agents are utility maximizing and prefer more wealth, which considers
potential returns, risk, and constraints.
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* The agents chose their investment based on dominance, meaning the investment
with best outcomes would be chosen.

* An investment generating the same outcome in all possible future states of the
world is riskless and should therefore not earn more than the risk-free rate.

o Strategies that produce riskless returns but exceed the risk-free return on a
common benchmark, such as risk-free government bonds of some kind, must
involve mispriced investments.

In efficient financial markets, deviations from the LOP should not be persistent
but very rare and so small as to not be worth the transactions costs involved in
exploiting them.

If arbitrage opportunities show up, they will be exploited only by those traders
with very little transaction costs for whom the strategy is profitable. The LOP is
roughly a synonymous with equilibrium, which balances the forces of supply and
demand.

It is possible to give a formal presentation of the LOP by introducing some
straightforward math.

Consider an asset traded on two different markets (A and B):

— Transaction and transport costs from one market to another are observable.
— Prices are expressed in the same currency.

The equilibrium determined by the LOP with transaction and transport costs can
be formally expressed as

Py =Pg +cr = — =1
where:

P4 is the price in market A.
Py is the price in market A.
cr is the transaction and transportation costs.

The law of one price adjusted for transport and transaction therefore implies
a specific equilibrium, usually named the fundamental law of one price identity
(LPI).

The LPI is equal to one in absence of transaction costs, when the prices in the two
markets are identical. In case there are transaction and transport costs, the LPI will be
always lower than one.

If the difference of prices in the two markets is much lower than transaction and
transport costs, then it is not optimal to transfer the good, and the two economies are
both self-sufficient in wheat.



32 1 Basic Concepts

The analysis can be extended to the case of multiple markets, other than just two.
In this case, markets which do not trade with each other must be analyzed in terms of
common markets they trade with.

The price difference between each pair of two markets that do not trade with each
other can be determined as the minimum difference in transport and transaction costs
between the two markets to a market with which they both trade (Schachermayer
2008).

Long distances make two markets more unlikely to trade with each other and
more likely to need a common intermediate market. It is then often argued that the
difference between prices of a commodity in two markets increases monotonically
with distance.

Sometimes the LPI differs from one, making the market being not free of
arbitrage opportunities. As mentioned above, these differentials rapidly drop to
zero, setting the market back to equilibrium.

Therefore, the LOP is not a permanent state, but rather an evolving system, where
market forces act in order to restore equilibrium, when it has been subject to
whatsoever shock.

Perfectly efficient markets will allow for only sporadic and very short violations
of the LOP, depending on how strong the local shocks are and how fast the
information is diffused to other markets, including distortions (Bjork 2009).

The LOP can be conveniently analyzed from an econometric point of view, with
an error correction model, in which model equilibrium is estimated. If markets are
not well integrated, there is no immediate LPI but a long-run equilibrium. A
violation of the equilibrium between markets is called an innovation or shock and
needs to be corrected in order for the equilibrium price difference to be restored.

Assume at time ¢ the prices for market A and B are initially in equilibrium, and the
LOP holds. Consider a shock hitting market A, so that the price in the market plus
transport and transaction gets higher than in market B.

The demand shifts to the market where the price is lower, and that will cause the
price at time ¢ + 1 to increase in market B and decrease in market A, due to the shift
of demand.

To summarize, the logic behind the error correction model is that prices in both
markets will react if the price differential is larger or smaller than transport and
transaction costs. In this case, the prices will adjust such that the deviation from
equilibrium is decreasing. The error correction model is usually expressed in
differences of log prices, and it is given by:

APp 1 = apln <L> +éear
PB,z + cr;

P
AP, =oagln | ————— €
B,r+1 B (PB,t+CT,t> + €,

where:
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AP4 . 1 is the change of price in market A, from time 7 to 7 + 1 due to the shock.
a indicates the speed at what price in market A is adjusted.
€a, ;18 a standardized normally distributed error.

The market efficiency is indicated by the magnitude of the model parameters; the
higher they are, the faster will the LPI be restored and the more efficient markets are,
if the absolute values of the sum of the parameters should not exceed one.

As long as markets get more efficient, the magnitude of shocks tends to decrease,
so the adjustments have to be smaller, and in the last centuries, the speeds of
adjustments for markets like commodities decreased dramatically.

1.3.2 Forms of Arbitrage

As mentioned in the previous section, when the LOP is violated, arbitrage
opportunities arise, giving investors the chance to achieve positive outcomes without
any risk. Arbitrage can be therefore defined as the process of exploiting differences
in the price of an asset by simultaneously buying and selling it on different markets
and making a risk-free return out of it.

Example 1.8 Assume company WIZ’s stock trades on the market at $25.00 per
share on the NYSE and an equivalent of $25.40 on the LSE. An arbitrageur can
purchase the stock in the NYSE and sell it on the LSE profiting of a positive payoff
of $0.40.

In the example of equities, the price should be the same on both exchanges all the
time, but if they are not, arbitrage opportunities arise. Arbitrage is a riskless activity
because traders are simply buying and selling the same amount of the same asset at
the same time, and it is often referred to as “riskless profit.”

Another example of arbitrage opportunity is given by mergers and acquisitions.
When the market is favorable to that, they buy the shares of companies that
are targeted by acquisition, with the objective to cash the money coming from the
difference between trading price and the cash payment resulting from the merger.

Technically, such a strategy slightly differs from proper arbitrage in that it carries
a small risk that the actual merger will not happen after all, leaving the investor with
an amount of shares to be then sold back to the market, without any guarantee on the
selling price.

In practice, arbitrage opportunities are very small and quick at disappearing, and
only the very large institutional investors and hedge funds can fully exploit them,
given their high endowment.

They are capable of taking advantage of arbitrage opportunities because they are
able to trade large blocks of shares. Their investment scale is so big that they can gain
huge profits even if the spread between two security prices is very small.
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At the scale of the individual investor with limited resources, trading fees would
neutralize any possible profit, making it impossible to benefit from the very small
differences (usually just few cents) between prices that constitute arbitrage.

In the past arbitrage, opportunities were mainly created by the lack of real-time
price update in different markets. Nowadays, the introduction of modern technology
has decreased the number of arbitrage opportunities from that perspective.

There are several possible arbitrage strategies, depending on the type of activity
and the type of financial asset involved in the transaction. Recall that in its purest
form, arbitrage contains no element of risk (Schachermayer 2008).

Besides the standard, true form of arbitrage, which is unavailable to most traders,
there are other forms of advantage that can be achieved by appropriately trading on
assets to exploit riskless profit opportunities.

A popular form of arbitrage widely used in banking is the so-called inward
arbitrage. It consists in borrowing from the interbank market, usually characterized
by very low rates, and depositing the proceedings on a local currency deposit
account at a higher interest rate.

In this case, the profit is given by the spread (difference) between the low
interbank borrowing rate, and the much higher deposit rate, that is gained by the
bank, following the application of the strategy.

Outward arbitrage, on the other hand, involves depositing local currency in a
deposit account of some Eurobank. As oppose as inward arbitrage, the strategy
works when the interest rate will be higher in the interbank market, which will enable
the bank to earn more on the interest it receives for the use of its cash. It is also an
efficient way for the bank to optimize its use of the cash, by investing it abroad,
rather than in the local market, when more remunerative.

Example 1.9 Assume an American bank lends at the Eurodollar rate in the inter-
bank market. The money will be then transferred from the parent bank in the United
States to a foreign branch. The bank will earn revenues on the spread between the
two interest rates. The larger the spread, the more will be made.

Triangular arbitrage involves three currencies and consists in converting one
currency to another and then converting the resulting amount to a third currency
for final conversion back to the original currency.

If market conditions are favorable, the final amount of original currency obtained
could be higher than the initial amount in the same currency, making it possible to
benefit from a risk-free and easy profit.

Mismatches in currency exchange rates give the opportunity for such an arbitrage
to take place, but this does not happen very often, and opportunities only last for a
few seconds on the markets.

Example 1.10 Assume the following exchange rates are currently quoted on the
market: EUR/USD = 0.85, EUR/GBP = 1.35, and USD/GBP = 1.64. An arbitrage
opportunity would involve:
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— Sell $1,000,000 for EUR: 1, 000, 000 x 0.85 = 850, 000 €

~ Sell 850,000 € for GBP: 2200 — £629,629.30

— Sell £629,629.30 for USD: 629, 629.30 x 1.64 = $1, 032, 592.59

These transactions yield an arbitrage profit of $32,592.59 (assuming no transac-
tion costs or taxes).

Risk arbitrage is a form of speculation but still considered also a form of arbitrage
due to its features. The definition is controversial because there is some degree of
risk involved in the strategy, which is then not completely risk-free and true
arbitrage.

The most common type of risk arbitrage is the so-called takeover and merger
arbitrage, which takes place when there is an undervalued business that has been
targeted by another corporation for a takeover bid (Bjork 2009).

Usually the takeover bid raises the value of the share in the market, because it is
common for a buying company to offer a buying price, which is higher than current
market price, in order to give incentive to shareholders to sell their shares.

Therefore, once the takeover is announced, the market price rises to a level, which
is close to the offered takeover price. Arbitrageurs can identify a company targeted
for takeover and buy the stock at the pre-takeover price, to sell them after the
takeover has been completed.

In case the merger is successful in fact, the investors that bought the stock at the
pre-takeover price will benefit from significant profits, dependent on the post-
takeover price level, and the number of shares held.

In order for the strategy to be successful, timing is very important, and usually
traders entering this type of strategy benefit of access to streaming market news.
Within seconds of an announcement, they can act before regular retail traders.

The early trade, immediately after takeover bid announcement, raises the price to
an intermediate level, which is the starting level for the risk arbitrage to take place.
Trading at this price allows the investor to then wait for the final price to be reached
and close the position in order to benefit from the price differential.

Statistical arbitrage is a form of arbitrage that attempts at profiting from price
inefficiencies identified through analytical models. The investor attempts to profit
from the likelihood that prices will trend toward a historical norm.

The relative-value arbitrage is an uncommon type of arbitrage, which relies on a
strong correlation between two different securities. The strategy is to find pairs of
asset that are historically strongly correlated and invest on them in times of diver-
gence (temporary lower correlation).

If the strategy is successful, the correlation between the two assets will statisti-
cally be likely to turn back to a high level, and the pair will converge again to the
same performance, so that the investor can benefit from the change in correlation.

Liquidation arbitrage consists in identifying companies in liquidation process,
whose liquidation value is higher than market price. If this is the case, after liquida-
tion the market price of shares will converge toward the higher liquidation (book)
value.
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Fixed income arbitrage is about identification of violations of the historical
patterns for credit spreads, as well as deviations from the term structure relationships,
with the belief of a future reestablishment of convergence.

Another case is when on the markets, there is overcompensation for credit risk or
liquidity risk, creating another situation of potential profits after adjustments. Central
bank intervention in the markets often creates abnormalities that can be exploited.

As other weak forms of arbitrage, fixed income arbitrage is not totally risk-free,
and even when duration neutral strategies are adopted, still there is exposure to
various other market risks, including term structure shifts and foreign exchange risk.

A special form of arbitrage involves convertible bonds. As will be more clearly
explained in Chap. 5 about bond valuation, convertible bonds are issued with the
option to be returned by the investor to the issuing company in exchange for a
predetermined number of shares in the company.

The structure of a convertible bond is quite complicated in that it embeds a call
option on the stock. Therefore, arbitrageurs often rely on sophisticated quantitative
models in order to identify bonds that are trading cheap versus their theoretical value.

The three major factors affecting the price of a convertible bond are:

¢ Interest rate: when rates increase, the bond value of the convertible moves down
and the opposite for the embedded option (aggregate movement is lower).

* Stock price: the price of the bond rises when the underlying stock price increases
as well.

» Credit spread: when solvability of the issuer deteriorates, credit spread increases
leading the bond price to decrease, while the option part moves higher.

As described by Bjork in 2004, the convertible arbitrage consists of buying a
convertible bond and hedging (neutralizing) two of the three factors in order to gain
exposure to the third factor at a very attractive price (Bjork 2009).

As mentioned above, modern arbitrage is made of very rare and elusive
opportunities lasting the time of an eye beat. The price adjustment due to the shift
of demand from the more expensive to the cheaper market closes the opportunity
almost in real time.

The price convergence will be instant in a perfect market while taking a while in a
market with imperfections. The principle behind arbitrage applies to financial
instruments, which appear different but result in the same set of cash flows.

In summary, in order for a market to be free of arbitrage, none of the following
conditions must be violated:

* The same asset must trade at the same price on all markets.

* Two assets with identical cash flows must trade at the same price.

* The price today of an asset is equal to its future value (if known) discounted at the
risk-free rate.
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The transactions of buying in the cheapest market to sell in the most expensive
must happen simultaneously in order to avoid the market risk due to a sudden change
of prices in both markets before the whole strategy is completed.

Given that statement, it is important to stress again how, in practical terms, this is
almost impossible or only possible with securities and financial products which can
be traded electronically. Such risk-free trading is not available to everyone.

1.4  Summary

A company can take one of the several corporate forms available to start a business.
From the simple sole proprietorship to the more complex corporation, organizational
forms can accommodate all sizes of business.

The corporate objective is an important element that defines every business and
communicates to the outside world what the nature of a firm’s business is. Properly
identifying the corporate objective as the value maximization is the right start.

The life cycle of a company is an interesting topic involving the displacement of
the corporate activities from the early stage to the end of business. It is made of
several steps that constitute a cycle of alternate fast growth and steady state.

The financial statement of a corporation is the mirror of the financial outcome of
its activities. The balance sheet displays the assets of the firm on one side, opposing
it to the liabilities and equity on the other side of the book, with the two sides
equating.

While the balance sheet is a picture of the company at the time it is observed, the
income statement registers the results of the yearly activity of the firm, separating
revenues from expenses.

The cash flow statement is a record of the inflows and outflows involved in the
corporate operations. Cash flows must in fact be distinguished from corresponding
income statement operations in that they are not always synchronized to them.

Pro forma financial statements allow the company to report forecasts on revenues
based on selected figures that would not normally suffice for accounting standards.
In this way, the company can illustrate to the reader the relevant financial figures that
build up a forecast on future profitability. The percentage of sales approach is
normally used by projecting forward the numbers in the financial statements,
based on their connection with the sales growth (or decrease).

Arbitrage is a key concept in finance, which defines the conditions under which a
market is considered normal and efficient. The law of one price is at the basis of the
concept and allows the investors to define the conditions under which arbitrage
holds.

Arbitrage can take many forms, depending on the financial instrument involved in
the strategy or the type of market involved. Triangular arbitrage and currency
arbitrage are among the most common forms.

The understanding of market inefficiencies is crucial in order to define the
boundaries of efficiency of the most popular financial theories, including those
touching the field of corporate finance.
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Problems

— Explain the difference between unlimited liability and limited liability and how it
affects the wealth of the firm and its owners.

— Explain the main differences between a sole proprietorship and a general
partnership.

— What is a corporation? In what does it differ from a LLC?

— What is the structure of a balance sheet? How are the various entries reported
based on the source and employability of capital?

— List and explain the most important current assets in the balance sheet of a firm.
Do the same for the long-term assets.

— List and explain the most important current liabilities in the balance sheet of a
firm. Do the same for the long-term liabilities.

— Define the process of net income calculation through a multi-step income state-
ment. How does it differ from the single-step case?

— Suppose that a company has 1,300,000 € in sales and the cost of its labor and
materials amounts to 750,000 €. What is the gross income margin?

— Assume a company has an EBIT amount of 1,200,000 € and sales were
2,100,000 €. What is the operating profit margin?

— Calculate all ratios explained in the chapter, for company AAA, as from the
financial statements presented in the text.

— What is the net profit margin for the company in Exercise 8, if it generates after-
tax earnings of 300,000 €.

— Assume the following exchange rates are currently quoted on the market:
EUR/USD = 0.87, EUR/GBP = 1.33, and USD/GBP = 1.56. Is there an
arbitrage opportunity? How can it be exploited?

— True arbitrage opportunities are rare. When they are discovered, they do not last
long. So why is it important to explore arbitrage in detail?

Case Study: Pro Forma Statements
Projectcast Ltd

The Case

Nancy is a finance graduate, with specialization in finance. Last year she applied for
a job position in the finance team of Projectcast Ltd, a company active in the
production and sale of cooling systems for cars.

After going through several interviews, Nancy recently got hired by the company,
with a position in the team taking care of forecast and financial planning. Upon
hiring, Nancy is immediately faced with a forecasting task for a client company.

The task focuses on the analysis of the projected balance sheet of the company,
over 1 year, in view of some future increase of sales to be forecasted as well.

Basically the case involves the analysis of the company’s financials, the possible
future state of the world, and actions to be taken to restore potential imbalances in the
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Table 1.11 Income
statement of

Income statement

Projectcast Ltd. Sales 5,000,000
COGS 2,500,000
Taxes 40%
Payout ratio 30%

Table 1.12 Balance sheet of Projectcast Ltd.

Balance sheet

Assets Liabilities and equity

Cash 1,200,000 Accounts payable 1,000,000
Accounts receivable 3,000,000 Long-term debt 5,500,000
Inventory 2,500,000 Common stocks 6,500,000
Net PPE 8,500,000 Retained earnings 2,200,000

projected balance sheet. Nancy knows that she can apply the percentage of sales
approach to the analysis.

She also knows that the future state of the economy and the consequences on the
projected increase/decrease of sales can be described as follows:

* Booming with a probability of 10%, with sales increasing by 20%

* Growing slow with a probability of 25%, with sales increasing by 10%

* Steady with a probability of 40%, with sales increasing by 5%

* In moderate recession with a probability of 20%, with sales remaining unchanged
* In a severe crisis with a probability of 5%, with sales decreasing by 10%

After analyzing the sales growth rate, Nancy is ready to forecast the pro forma
balance sheet starting from the historical financial statements that look like in
Tables 1.11 and 1.12.

The company is currently operating below full capacity, and the payout policy
will remain unchanged in the next year.

Questions

— How would you calculate the internal growth rate of the company?

— How would you calculate the sustainable growth rate of the company?

— Determine the amount of external financing needed, according to the POS
approach.

— What recommendations would you then give to the client company, based on
your analysis?
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A financial market is an aggregation of possible investors, willing to buy or sell
financial assets. Financial valuation is a complex discipline, which involves many
tools and methods in order to correctly price the assets and the risks on financial
markets.

Corporate valuation is based on the correct valuation and time position of the cash
flows deriving from daily corporate activities, as well as the correct choice of tools to
evaluate the streams of cash flowing in and flowing out, on the other hand, perhaps
inflow and outflow.

The knowledge of the rules of time traveling and mastering the timeline are basic
skills that must be acquired in order to proceed to valuation at a later stage, as it is
most commonly said in the literature: “a dollar today is not equal to a dollar
tomorrow.”

Whether it is a revenue, or a cost of some type, or an amortization, or any type of
operative or non-operative item, basic tools for valuation allow investors to attach
the right value to each of the possible corporate balance sheet items.

On the other hand, beside the corporate side, valuation is also important to acquire
the price of openly traded assets on the financial market, which are functional to the
survival of the corporation.

After studying this chapter, you will be able to answer the following questions,
among others:

e What is the timeline, and how can it be used to position cash flows over time?

e What are the rules of time travel in financial valuation, and how do they affect the
valuation of cash flows?

* What types of interest rate can be described, and how can they be compounded at
different frequencies?

¢ What are the main drivers of interest rates?

e What are net present value and internal rate of return? How can the present value
of specific cash flows like annuities and perpetuities be calculated?
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The first section of the chapter is an introduction to the time value of money, with
insights on how the rules of time travel can be applied to valuate cash flow streams.
The second section deals with the many types of interest rates that can be calculated,
with focus on how the rates change at different compound frequencies and what are
the drivers of interest rates. The third section is about present value calculation and
the concepts of net present value and internal rate of return, at the basis of the theory
of financial valuation.

2.1 The Time Value of Money
Learning Outcomes

* Explain the rules of time travel and learn how to use the timeline.
e Learn how to valuate cash flows streams over time.
* Calculate the present value of annuities and perpetuities.

2.1.1 The Rules of Time Travel

A stream of cash flows can be defined as a series of many cash flows happening at
several points in time. The timeline is a linear representation of the timing and can be
used to graphically place the cash flows at their correct date.

In order to construct a timeline, consider a loan of amount L received today to be
repaid in the following 2 years, with payments of C every year. The timeline in this
case will look as in Fig. 2.1.

Example 2.1 Assume investor A borrows 1000 € from investor B today, and
ignoring any time value of money, the repayment will happen in two equal yearly
installments of 500 € in the next 2 years. The timeline is as in Fig. 2.2.

In the timeline, time O represents the present date. Date 1 is 1 year later and
represents the end of the first year. At time 1, one will receive the 500 € payment,
expressed by the cash flow at time 1.

Time 0
‘47 Yearl — » <«— Year2 —»‘

1 2
|
Cash Flow L C C

Fig. 2.1 Timeline of a series of cash flows when an amount L is paid at time 0 and an amount C is
received at time 1 and 2
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Time 0 1 2
‘4— Year] ——» ‘ <«——— Year?2 —y‘

Cash Flow - €1,000 €500 €500

Fig. 2.2 Timeline of a series of cash flows with sample numbers

Time 0 1 2 3

4
| | | | |
| | | | |

0

Cash Flow — €500 —€500 — €500 —€500

Fig. 2.3 Timeline of a series of a student loan payment

The same will happen at time 2, for the payment covering the period from time
1 to time 2, which generates the cash flow registered at the latter time, adding up
another 500 € to the sum of payments over time.

Each point in the timeline can be seen as a date, and the space between two dates
is the time between dates. As convention, remember that each point represents the
start of the period considered.

To differentiate between the two types of cash flows, we assign a different sign to
each. Cash outflows are represented on the timeline with a negative sign, while cash
inflows have a positive sign.

For example, if rent is paid each month, one could use a timeline like the one in
our first example to represent two rental payments, but the time label would represent
months instead of years (Bodie and Merton 2000).

Basic timelines are very simple and just relate to well-structured and easy-to-
understand cash flow streams, with a straightforward position on the timeline.
However, timelines that are more complicated exist.

However, assigning the right position of cash flows on the timeline can be a
difficult task, and it is a crucial step in making right financial decisions. It is then
recommended to always draw the timeline when approaching every task.

Example 2.2 A student must pay tuition fees for the next 4 years of his education at
some university. In this case, the money must be anticipated at time zero for the first
year, and so on, with no payment in the last year. The timeline is as of Fig. 2.3.

In order to make efficient financial decisions, sometimes one must compare cash
flows that occur at different points in time. However, the basic principle of compari-
son is that cash flows at different points in time cannot be compared.

Therefore, in order to make comparisons and sum up or subtract cash flows
belonging to a stream, it is necessary to move them backward or forward on the
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timeline toward a common point. There are three important rules that govern the
movement in time of cash flows.

The first rule asserts that only cash flow values at the same point in time can be
compared or combined, following the main principle mentioned above. In order to
compare or combine cash flows, it is necessary to reduce the analysis to a single time
point.

A euro today is not equivalent to a euro in 1 year, and that is why, the first rule is
so important. Money today is more valuable, given that it can be invested to earn
some interest rate.

It is therefore necessary to discount future cash flows and to account for their
equivalent (lower) present value and compound past cash flows, when moving
forward in time, in order to get to the higher value the money would get by investing
it in time.

The second rule explains how to move a cash flow forward in time and states that
in order to do so, the cash flow must be compounded. In order to do so, the interest
on the initial amount must be accrued according to the percentage interest rate of
reference.

Example 2.3 An investor has 10,000 € to invest for 1 year. In order to calculate the
amount he will receive after 1 year if the money is invested at an interest rate of 5%,
it is possible to move the cash flow forward in time (compound) by

(10,000) x (1 +0.05) = 10,500 €

In general, if the market interest rate for the year is r, then we multiply by the
interest rate factor (1 + r) to move the cash flow from the beginning to the end of
the year.

The compounding can be applied repeatedly and iteratively to move the amount
forward by more than one time step. There is no limit to how far we can get with the
compounding as long as we keep the coherence when accruing for the interest. The
value will of course grow more and more as we move further ahead in time.

Example 2.4 Assume the above investor wants to invest the 10,000 € for a 2-year
term. Assuming the interest rate is fixed at 5% for both years, calculation shows that
the amount due after 2 years is

(10,000) x (1 +0.05) x (1 +0.05) = 11,025 €

It is possible to represent the calculation on a timeline as in Fig. 2.4.

The two examples above show that for an interest rate of 5%, the amount
available in 1 year will be obtained by multiplying the initial amount by 1.05,
while the amount available in 2 years is obtained by multiplying the initial amount
by the same factor twice.

The point is that the interest accrued in 1 year also produces interests. Therefore,
in the second period, the amount will be augmented of the additional 5% on the
initial amount plus the 5% of the interest amount accrued in the first period.
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Time 0 1 2

Cash Flow  €10,000 ——>  €10,500 ———> €11,025
X 1.05 X 1.05

Fig. 2.4 Timeline for an interest-earning investment

The value of a cash flow that is moved forward in time is known as its future
value, and depending on whether only the notional amount is compounded or the
interest also matured in the previous period, the interest is defined as simple or
compounded, respectively.

Consider now a movement forward of more steps than just one or two. Using the
same approach, we compound the cash flow a third time, fourth time, and so on. The
approach can be extended too many consecutive periods or jumps of many periods.

Example 2.5 Assume the investor wants to invest the 10,000 € for a 3-year term.
Assuming the interest rate is fixed at 5% for all years, calculation shows that the
amount due after 3 years is

(10,000) x (1 40.05) x (1 +0.05) x (140.05) = 11,576.25 €

In general, if we have a cash flow now C, to compute its future value FV,, for
n periods into the future, we must compound it by the n intervening interest rate
factors. If the interest rate r is constant, this calculation yields

FV,=Cox (1+r)x (1+r)x...x(14+r)=Co(l+r)"

The third rule of time travel states that in order to move a cash flow backward in
time, it must be discounted at the relevant interest rate.

The third rule of time travel shows how to push the cash flows backward in time
to get a present value of some amount supposed to be paid or received at some point
in the future.

Example 2.6 Suppose one wants to calculate the value today of 10,000 € you
anticipate receiving in 1 year. If the current market interest rate is 5%, it is possible to
invert the compound relationship shown above to obtain that

10,000

= 9523.81
105 9523.8

To move the cash flow backward in time, one must divide it by the interest rate
factor (1 + r) where r is the interest rate—this is the same as multiplying by the

. 1
discount factor T
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Time 0 1 2

Cash Flow  €90,700 <+—— €95,238.1 <+— €10,000
+1.05 +1.05

Fig. 2.5 Timeline for the present value of a future amount

Time 0 1 2

Cash Flow €90.70 —>  €95.24 _— €100
x 1.05 x 1.05

Fig. 2.6 Timeline for the future value of a sum at present value

The process of moving a value or cash flow backward in time—finding the
equivalent value today of a future cash flow—is known as discounting.

Example 2.7 An investor knows he will receive an amount of 10,000 € in 2 years
from today rather than in 1 year. If the interest rate for both years is 5%, it is possible
to draw the timeline as in Fig. 2.5.

An interest rate of 5% makes 10,000 € in 2 years being equivalent to 95,238.1 € in
1 year and 90,700 € today. The amounts represent the same value in different units
(different points in time). The arrow points to the left to indicate that the value is
being moved backward in time or discounted. Note that the value decreases as we
moved the cash flow further back (Kaminsky 2003).

The same example can be again applied to moving forward cash flows and
compounding them. One just has to invert the timeline to obtain the one in Fig. 2.6.

An amount of 90,700 € invested today is equivalent to an amount of 95,238.1 € in
1 year and 10,000 € in 2 years. Again, further extension of the timeline is possible,
and for a 3-year period, it can be drawn as in Fig. 2.7.

That is, the present value today of a cash flow of 100 € in 3 years discounted at an
interest rate of 5% is given by 86,380 €.

In general, to compute the present value today (date 0) of a cash flow C, that
comes n periods from now, we must discount it by the n intervening interest rate
factors. If the interest rate r is constant, this yields

1 1 1 Cy

PVO:C"X(lJrr) axn 0 ax0
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Time 0 1 2 3

Cash Flow  €86.38 +———— €90.70 +———— €95.24 «——— €100

Fig. 2.7 Timeline for the present value of a future amount

Time 0 1 2

Cash Flow  €10,000 €10,000 €10,000

- W

Fig. 2.8 Undefined timeline for a saving plan
2.1.2 Valuation of Cash Flow Streams

Proper application of the rules of time travel allows the investor to compare and
combine cash flows occurring at different times. Based on the analysis of the cash
flows, it becomes straightforward to give valuations in terms of future value or
present value.

Example 2.8 A saving plan consists in saving 10,000 € for three times, including
current time and 2 further years. The investor wants to calculate how much money
will be available after a further year (therefore 3 years from today), if the interest rate
is fixed at 5% for all years.

In this case, the timeline is given in Fig. 2.8.

The rules of time travel again allow to calculate the value of every cash flow
depending on the time they belong to. Every single cash flow in this case will have to
move for the right amount of time steps, which is one in this case, and be summed up
to the correspondent cash flow for the time of arrival of the compounded cash flow.

First, the deposit at date O is moved forward to date 1. Because it is then in the
same time period as the date 1 deposit, the two amounts can be combined to find out
the total in the bank on date 1.

The new aggregate amount can then be moved forward to time 2 in the same way,
and compounded first, to be then summed up to the deposit at that time. The last step
is to push the overall amount to time 3 by a last compounding. The overall result is
shown by the timeline in Fig. 2.9.

There is another possible approach to the problem, consisting in calculating the
future value at year 3 of each cash flow separately. Once all the three amounts are in
year 3, it is possible to combine them (see Fig. 2.10).
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Time 0 1 2 3
| | | |
Cash Flow  €10,000 €10,000 + €10,000 + €33,101.25
%7 €10,500 = €21,525= /%,
44' 5%
€20,500 €31,525

Fig. 2.9 Timeline for a saving plan

Time 0 1 2 3
| | | |
Cash Flow €10,000 ——> - — > €11,576.25 +
5% 5% 5%
€10,000 —> — €11,025 +
5% 5%

€10,000 o, > €10,500 =

(]

€33,101.25

Fig. 2.10 Timeline for a saving plan with separate cash flow calculation

Obviously, both calculations lead to the same result. As long as the computation
is consistent with the rules of time travel, the amount obtained is the same in both
ways. The order of application of the rules has no role, and the chosen calculation
depends on which is more convenient for the problem at hand.

2.1.3 Annuities and Perpetuities

Some types of cash flows have very well-defined properties, so that they get specific
names and become easily identifiable. In particular, cash flows that involve equal
payments over regular time spans can be defined as annuities and perpetuities.

A regular perpetuity is a stream of equal cash flows that occur at constant time
intervals with infinite maturity (never stop). The attribute regular is used to distin-
guish it from the growing perpetuity, to be discussed later on. The timeline for a
perpetuity can be drawn as in Fig. 2.11.

Normally the first cash flow of a perpetuity arrives at the end of the first period
(time 1 on the usual timeline). This timing is sometimes referred to as payment in
arrears and is a standard convention that is adopted in literature and in this book
(Shapiro and Streiff 2001).
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Time 0

1
|
Cash Flow C C C

Fig. 2.11 Timeline for a perpetuity

The equation for the present value of a perpetuity is derived from the standard
present value calculation, where all cash flows and rates are constant and time steps
increase toward infinity, so that it can be simplified as

C C C n C
(l+r)+(1+r)2+(l+r)3+...:;m (2.1)

PV, =

Notice that C, = C in the present value equation because the cash flow for a
perpetuity is constant. Also, because the first cash flow is in one period Cy = 0.

The trick from the perpetuity present value calculation equation is that even the
sum of an infinite number of positive terms becomes finite. This is because the cash
flows in the future are discounted for an ever-increasing number of periods, so their
contribution to the sum eventually becomes negligible.

Equation (2.1) can therefore be further simplified in order to get a shortcut
formula, which simplifies the calculation. The shortcut is derived by calculating
the value of a perpetuity by creating our own perpetuity.

By the law of one price, once the calculated and the created perpetuity are taken
back at present values, those must be equal given that they come from the same cash
flow structure.

Example 2.9 An investor can invest 10,000 € in a bank account paying a 5%
interest forever. Every year you can then withdraw the money from the bank, keep
the interest part for yourself, and reinvest the initial capital again, at the same
conditions.

The situation can be then represented on the timeline in Fig. 2.12.

The strategy creates a perpetuity paying 500 € per year, on the assumption that the
bank will remain solvent and the interest rate will not change.

Recall that the law of one price tells us that the same good must have the same
price in every market. The bank allows creating the perpetuity for the initial cost of
10,000 €. The present value of the 500 € per year in perpetuity is the self-made
perpetuity, which costs 10,000 €.

Generalizing the argument, assume an investment in a bank of an amount P. It is
possible to withdraw the interest C = rP every year as per the example above and
leave the principal for another round of compounding (Taylor 1986).
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Time 0 1 2

Cash Flow — 10,000 — 10,500 — 10,500 —> 10, 500
—-10,000 —10,000 —10,000
=500 =500 =500

Fig. 2.12 Timeline for a perpetuity with calculations

Time 0

1 n
| |
| |
Cash Flow C C C

Fig. 2.13 Timeline for an annuity

The condition of present value of a perpetuity with discount rate r and constant
cash flows C, starting in one period, can be expressed mathematically as

C
PVp =—
r

By depositing the amount % today, we can withdraw an interest of

—xr=C
,

each period in perpetuity.

Similar to perpetuities, a regular annuity is a stream of a finite number of equal
cash flows coming at constant time intervals, for a period, which is not infinite. As
for the perpetuities, growing annuities are a special case, introduced later on.

The main difference between an annuity and a perpetuity is the absence of an
infinite time horizon and infinite cash flows paid. There are n payments that are
spanned over n time steps on the timeline. As for the perpetuity, the first cash flow
conventionally corresponds to time 1.

The timeline for representing an annuity looks like in Fig. 2.13.

The same convention of the first payment happening at time one, as for the
perpetuity, is adopted. The present value of an n-period annuity with payment
C and interest rate r is

C C C C < C
2

(1+r)+(1+r)2+(1+r)3+'“Jr -

PV, = -
A (+r)" = (1+r)
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Time 0 1 2 n
| | T |
Cash Flow 10,500 10,500 10,500
—10,000 —-10,000
=500 =500

Fig. 2.14 Timeline for an annuity derived from an investment

The derivation of the present value of an annuity is based on the same principles
adopted for the perpetuity. Obviously, the change to a finite maturity and finite
number of cash flows cuts some of the assumptions made in the previous case.

This is especially true in the second step of the derivation, when deriving the
shortcut formula, which in the case of an annuity is more complicated in that it
cannot benefit from the assumption of negligible cash flows made for the perpetuity.

The approach to be used to find the shortcut equation is nevertheless the same as
before and goes through the creation of an annuity and comparison of present value
with an equivalent one.

The process to artificially create an annuity is similar to the one used for building
up a perpetuity. Starting with an investment 10,000 € in a bank account paying a 5%
interest, after one year there will be 10,500 € in the bank.

By withholding the interest and reinvesting the principal further, one builds up the
cash flow system that generates an annuity. The only difference with the case of the
perpetuity is that the time is limited to n years and does not go to infinite. In that case,
the cash flows will look like in Fig. 2.14.

The artificially created annuity generates a positive payoff of 500 € per year for
20 years, and it is possible to get the present value of the annuity by applying the law
of one price, as in the case of the perpetuity.

Since it took an initial investment of 10,000 € to create the cash flows on the
timeline, the present value of these cash flows is 10,000 €, which is the sum of the
present value PV g of the n cash flows of 10,500 € and the present value PV 5 of the
n annuity cash flows of 500 €. It follows that

PVce + PV, = 10,000 €
The present value of the annuity can be therefore derived as

10,000
PV, =10,000 € — PV¢g = 10,000 — (420 = 10,000 — 3768.89 = 6231.10

1.05)

It follows that the present value of 500 € for 20 years is 6231.10 €. Intuitively, the
value of the annuity corresponds to the initial investment in the bank account minus
the present value of the principal still in the account after 20 years.

As for the perpetuity, the numerical example can be generalized in order to obtain
the general equation for the present value of a regular annuity.
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Generalizing the argument, assume an investment in a bank of an amount P. It is
possible to withdraw the interest C = rP every year as per the example above and
leave the principal for another round of compounding (Watson 1936).

For an initial investment of P, we will receive an n-period annuity of C per period,
plus we will get back our original P at the end. P is the total present value of the two
sets of cash flows. The present value of receiving C in annuity is therefore given by

By recalling that

~ 1A

it follows that

C 1
PVy=—(1———
A ( <1+r>”>

As opposed as for the perpetuity, an annuity also has a future timeFV,,, which
starts after the last payment made. It is then possible to calculate the future value,
through a simple equation for the future value.

In case one is interested in the future, value of an annuity in n periods forward on
the timeline, it is necessary to compound the present value for n periods at the
relevant interest rate 7.

FV"_f<1_(1+1r)n>(1+r)n_f[(l+r)n—1]

2.2 Interest Rates
Learning Outcomes

» Define the various types of interest rates.
* Learn how to use various compound frequencies.
¢ Explain what are the drivers of interest rates.

2.2.1 Types of Interest Rates

There are several types of interest rates that can be defined depending on the way
they are calculated. The easiest type of rate involves a simple loan, where a specific
amount of funds is borrowed, which must be repaid at maturity to the lender, along
with some additional amount, represented by the interest.
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Commercial loans are usually structured like that. As an example, consider a loan
of 10,000 € at 5% rate, implying that the borrower will have to repay 10,500 € in
1 year.

A fixed-payment loan is fully amortized and consists in borrowing an amount of
funds that will be repaid with the interest on top, through several fixed regular
payments, until maturity is reached (Brealey et al. 2006).

As an example consider the above loan of 10,000 € but given out as a mortgage.
This implies it will be repaid in yearly installments of 1260 € for 25 years, implying
an interest rate of 12%.

The yield to maturity (YTM) can be defined as the interest rate equating the
present value of payments received from a debt instrument to the price or value of
that debt instrument today (market value).

The YTM is sometimes also called the internal rate of return (IRR) of an
investment, and it is the most accurate and widely applicable measure of interest
rates, given that it allows to understand how much interest an investment is yielding
to the investor.

The above definitions lead to several types of calculations that can be performed
on the loan, according to how it is considered. For a simple loan, for example, the
yield to maturity associated to the loan, given the data above, must satisfy the
condition that

FV

PV =
1+r

so that
PV(1+r)=FV = r=D55" where:

PV is the present value of the loan.
FV is the future value of the loan at maturity.

Example 2.10 Consider calculating the yield on a payment of 10,500 € in 1 year,
whose present value today is 10,000 €. Calculation shows that

10,500 — 10,000

10,000 =0.05=5%

Thus, for simple loans, the yield to maturity equals the simple interest rate.

Example 2.11 In the case of a fixed-payment loan instead, recall the borrower pays
1260 € per year, for 25 years, to repay an initial loan of 10,000 €.

The yield to maturity » must satisfy
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1260 1260 1260 1260
+ -+ st
L+r (1+7) (1+r) (I+7)

10,000 =

The calculation for r cannot be performed analytically, but it requires a numerical
approach or the use of a financial calculator or spreadsheet. Calculation done via
computer or scientific calculator shows that the yield to maturity is equal to 0.1183 or
11.83%. More generally, for any fixed-payment loan, if

C C C C

PV = + + + 7
L+r (1+r)* (1+7r)° (1+7r)

where:

C is the amount of fixed annual payments.
n are the years to maturity.

In finance and corporate finance, the distinction between the nominal interest
rates and the actual return on a bond is very important, in that it affects the perception
of the profitability of the investment.

The rate of return on a bond in fact is a complex calculation that takes into
account not only any interest payments made by the bond but also any changes in the
market price of the bond itself, which also adds up.

Example 2.12 A coupon bond has face value of 100 € and a coupon of 5%, and it is
bought at par. If the interest rate falls over time, the bond price will increase. In case
the investor receives one coupon payment during the time span of the investment and
is then able to sell the bond after 1 year for 115 €, the total investment return includes
both capital gain and coupon. The total return on the investment will therefore be
given by
115—-100+5
PV = 100 =20%

Sometimes the strategy can lead to a loss, with the process working the other way
round. If the interest rates rise over the next year, so that the bond price falls to 80 €,
the gain from the coupon is completely offset by the capital loss. In this case, the
total return would be

80— 100+ 5

PV
100

= —15%
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2.2.2 Compounding Frequencies

When investing money in a deposit account in a bank or other financial institution,
some interest is paid on the sum, which is deposited. The same works when
borrowing money, in which case some interest is owed to the institution lending
the money.

In fact, the interest paid on deposited money is usually much lower than the
interest an individual has to pay to a bank when borrowing money. This is how
banks make profits from circulating the money in the financial system and that is
how the bank pays the salaries for all their employers, the cost of buying and
maintaining their premises, and the dividends paid to shareholders (Brigham 1992).

As mentioned in previous sections, a very important distinction when calculating
an interest is between simple and compound interest. Simple interest is paid every
term (year), but the interest is not reinvested, so it doesn’t attract extra interest if you
leave it in the bank.

Compound interest on the other hand implies that the interest payments are
reinvested in the same account, at the same interest rate, for the following periods,
generating new interest themselves, to add up to the interest generated by the capital
amount.

When shifting to compound interest, the issues that determine the right amount to
be repaid is how often the interest is calculated and added to the account. The
frequency of compounding determines the final amount of the loan plus interest.
Common practice for interest rate compounding is to have, for example, weekly,
monthly, yearly, etc.

The terminal value of a current amount L, invested for n years, at a rate R per
annum, is given by

L,=L(1+R)"

If the interest rate is compounded m times per year, the terminal value of the

investment can be written as
R nm
L.n=L (1 + —'”)
m

As the compounding frequency tends to infinity, the computation shifts in
continuous compounding, which gives the highest value for the terminal value and
can be written as

L. = Lefn

The relation between discrete and continuous compounding is given by
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Table 2.1 Example of

: di Compounding frequencies Interest rate
po o POunEIng Annual (m = 1) 10.0000%
requencies
Semiannual (m = 2) 10.2500%
Quarterly (m = 4) 10.3813%
Monthly (m = 12) 10.4713%
Weekly (m = 52) 10.5065%
Daily (m = 365) 10.5156%

Lefen = L(1 4 2™
= efen = ([ 4 Bu)™
= R,n= nm(elﬁ_f — 1)

= Ry = m(eh 1)

To show the effect of compounding frequency on an interest rate of 10% per
annum, it is possible to apply the above formulas, and the effective rates at different
compound frequencies are shown in Table 2.1.

2.2.3 The Drivers of Interest Rates

Interest rates, like any other financial variable, take their value from the balance of
supply and demand of credit. As the forces of supply and demand change, so do
interest rates to bring the credit markets back to equilibrium.

It is therefore interesting to analyze what are the drivers of interest rates, for
shorter and longer maturities, as well as for the demand and supply side. First,
consider the factors that affect long-term interest rate cycles on the demand side.

The risks involved in holding the asset of reference are at the basis of the driving
factors from the demand side. The risk perception of the investor may change
overtime and so does the valuation of the asset.

The debt holder holds the risk of insufficient funds available to repay for the
obligation, to make it difficult to repay the principal and interest when the maturity of
the loan approaches.

In case the debt is riskless, like investing in government securities of very
advanced countries, there is no risk related to the possibility of repayment, which
is guaranteed. For a treasury bond holder, the major risk to the investment is the
erosion of value of the coupon payments and the principal through price increases.

Inflation plays a role in valuation of future cash flows, in that an increase in prices
of goods and services in the domestic economy results in the decrease of the value of
future cash flows.

Given that coupon and nominal principal of a bond are fixed in case of fixed-rate
instrument, this translates into a decrease in the value of bond future cash flows, with
consequences on the overall valuation of the bond.
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The consequence in terms of risk and value is that investors will demand, in the
presence of a high inflation, higher interest rates to compensate for the possible loss
of value. Oppositely, in case deflation takes hold, the value of the future cash flows
actually increases, making the government bond more valuable.

In general, for a fixed income instrument like a bond with fixed rate, the risk is
mostly concentrated in the value of future cash flows, given that current coupon
payment is a small percentage of the total value (Copeland et al. 2003).

Therefore, it is the expectation of future inflation that is most relevant as a factor,
rather than the current rate. It follows that expectations of investors on inflation are a
driver of the demand for debt.

The inflation expectations are themselves driven by several factors, which an
investor may consider in order to assess the inflation risk in a fixed income
investment. There is a strong connection between the economic cycle and the
investor perception of inflation.

The actual dynamics behind that relationship are complex, and factors can
interact in different ways to form expectations. However, the basic logic entails a
few basic steps related to the state of the economy.

More precisely, when the economy starts growing, the companies increase
production to meet increasing demand. The increase in production corresponds to
a heavier utilization of current capacity.

Labor becomes a scarce resource and salaries increase in order to attract working
force. As a consequence, consumer prices increase as well, leading to a vicious circle
of salary/prices increase.

The chain reaction makes salaries increase further, and economic agents create
expectations of future rise in prices, which leads to building expectations of high
inflation in the near future, as well.

The opposite obviously works in times of economic downturn, when both salaries
and prices tend to decrease because of economic stagnation, and the expectations of
investors and economic agents are then formed based on deflation expectations.

Government expenditure is another important factor in expectation formation for
investors. When structural government spending and cyclical spending rise, the
economy tends to heat up.

It has the same effect of overproduction of corporation, with a powerful impact on
the private sector as well. As government spending rises, the increasing amount of
debt the government needs to take on also crowds out private sector debt, leading to
interest rate increases.

The aggregation of the overall demand for long-term funds by economic entities
can be referred to as the leverage cycle, where leverage is the term usually employed
in describing the amount of debt versus assets of either an individual or the economy
as an aggregate.

The most direct effect of leverage cycle on the long-term interest rates is direct,
with interest rates increasing as long as the demand for debt increases. However, it is
not that simple, and the process is mostly discontinuous, so that increasing amounts
of leverage do not necessarily lead to increases in interest rates as a steady line.
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An important role as a driving factor for the level of domestic interest rates is
played by the regulatory framework and the structure of banking system in an
economy. In fact, strict regulations preventing inflows and outflows of capital can
have a significant impact on domestic interest rates (Webster’s Dictionary 1992).

When foreign capitals are blocked to enter the domestic economy, interest rates
will tend to be higher than with an open economy, while the opposite occurs in a
framework of impossibility of outflows to abroad, with capital held captive
domestically.

Central banks worldwide control the cycles of interest rate movements, by
employing policy actions that interact with the economic data. Depending on the
country or regional area, the central banks take direct control of different types of
rates.

For example, in the United States, the Fed directly controls the overnight rate in
the United States, but its influence goes far beyond the short rate. This is because the
short end of the yield curve is not independent of longer maturities.

Economic data are an important factor driving changes and expectations on future
interest rates. Macroeconomic variables are crucial to follow for any financial market
but in particular for interest rates.

Every single piece of economic data can be analyzed in order to get important
information about the trades in the economy. Mostly, the evaluation of macroeco-
nomic data consists in looking at gross domestic production (GDP), employment
data, manufacturing data, and more.

Another important factor to consider when forming expectations on fixed income
securities is that such a class of instruments is exposed to interest rate risk. It stems
from fixed cash flows being received or paid, with these fixed cash flows made more
or less attractive by changes in the broader market interest rates. This change in
attractiveness translates into change in the price of the security.

Example 2.13 A bond pays a 5% coupon, and immediately after its purchase by an
investor, the average yield on similar investments raises to 7%. The investor can then
try to sell the 5% bond, which represents a poor investment, but he will have to do it
at a discount. This is because other investors can buy other bonds with higher interest
payment. The price of the bond will therefore go down therefore to the increase in
interest rates. An opposite argument explains why the 5% bond would gain in value
if interest rates on similar instruments fell to 3%.

The reference rate, to what the bond is sensitive to, I changed the too but do you
mean the bond is “also” sensitive to the reference rate. If so, then you can ignore my
correction. I was not sure about the rate offered in the market on similar assets.
Interest rates in the markets are highly correlated, making it crucial to track global
flows and developments to effectively manage the interest rate risk.

To summarize, there is a wide range of factors affecting interest rates, and all of
them are constantly in a state of flux, with some of them moving up or down in
importance according to the state of the economy at some specific time.
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More factors could emerge in time, due to the dynamic nature of interest rate
markets. In all cases, a logical approach is needed in order to take into account those
drivers whose horizons range from decades to days.

When approaching the interest rate markets, it is important to know the major
drivers on long and short time scales. At the same time, also being aware of new
factors that may arise from time to time, it is an important step in understanding
interest rate markets.

23 Present Value Calculation
Learning Outcomes

» Explain the concept of net present value.
* Learn how to calculate the internal rate of return.
* Apply the knowledge of time value to growing cash flows.

2.3.1 Net Present Value

The market of interest rates and credit market are characterized by various
instruments that give or require payment at different times. From simple loans to
coupon bonds, payments can happen only at maturity as well as at multiple times
until maturity.

The goal of this section is to describe a unified methodology to approach
measurement of interest rates on the various types of instruments available on the
market. Given such a framework, valuation of financial assets, projects, and invest-
ment opportunities becomes possible and straightforward.

The concept underlying the valuation of credit and interest rate instruments is the
present value that captures the idea that a dollar received in the future is less valuable
than a dollar received today.

Example 2.14 A bank issues a loan of 100,000 € with a 5000 € interest payment
over 1 year. This simple framework makes the interest payment a measure of the
interest rate as from

1 5000

where:
r is the simple interest rate.

I is the amount of interest paid.
L is the principal amount.
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Example 2.15 It is possible to reverse the previous example and calculate the total
amount available to the investor at the end of the investing period, given the interest
rate of 5% on the initial investment of 100,000 €. Calculation shows that

100,000 + (100,000 x r) = 100,000(1 + ) = 100,000(1.05) = 105,000 €

It is then possible to extend the investment for a further year by lending the
105,000 € out again for another year at the same simple interest rate of 5%, and you
get

105,000 + (105,000 x r) = 105,000(1.05) = 110,250 €
at the end of the second year. Equivalently, we can write
100,000 x (1 +r) x (1 4+ r) = 100,000(1 + r)2 = 100, 000(1.05)2 = 110,250 €

and so on for more years, if one wants.
It is possible to generalize the above examples into an equation for the
compounded value V of an amount L at an interest rate i for n years (periods).

V=L{1+r)"

By reworking the formula, it is also possible to express the present value L of a
future payment V, by the formula

2.3.2 Internal Rate of Return

The internal rate of return (IRR) in capital budgeting is a measure of profitability of
investments by comparison. According to the context of use, it is also called rate of
return (ROR) or effective interest rate.

The term internal refers to the fact that its calculation does not incorporate
environmental factors (e.g., the interest rate or inflation), but it only takes into
account the cash flows that are generated internally by the investment.

The IRR of an investment measures the annualized effective compounded return
rate that makes the NPV of any investment (sum of discounted positive and negative
cash flows) equal to zero.

Put another way, the IRR of an investment is the discount rate that makes the net
present value of costs (negative cash flows) of the investment equal to the net present
value of the benefits (positive cash flows) of the investment.

The budgeting IRR rule states that a higher a project’s internal rate of return
makes a project or investment to be more desirable. When comparing projects with
same up-front investment, the one with highest IRR should be prioritized.
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The rule of thumb for a firm should be to undertake all available projects where
the IRR exceeds the cost of capital, given the capital constraints and feasibility.
Investment in fact may be limited by availability of funds to the firm by the firm’s
ability to manage multiple projects.

Among other things, the IRR is an indicator of efficiency, quality, and yield of
investment, as oppose as NPV, which refers more to the value and magnitude of an
investment.

In a scenario where an investment is considered by a firm that has equity holders,
this threshold minimum rate corresponds to the cost of capital of the investment
(which in turn is determined by the risk-adjusted cost of capital of alternative
investments).

The above condition guarantees that equity holders support the investment, given
that for an IRR that exceeds the cost of capital, the corresponding investment is
profitable and adds value to the company.

The IRR can be calculated from pairs of time and cash flow involved in the
project. The NPV is set to zero, and the model is solved for the discount rate, which
in turn is the IRR, as an output.

Given pairs of period and cash flow, where n is a positive integer, the total
number of periods, and the NPV, the IRR is given by

N c,
NPV = ; ) (2.2)

The common standard is to calculate IRR in yearly term, but the calculation can
be made simpler if one considers the actual timing of the cash flows, which is usually
monthly, converting the result to a yearly period thereafter.

Example 2.16 Consider an investment represented by the cash flows in the below
table

Year Cash flow
0 —4000

1 1200

2 1410

3 1875

4 1050

The IRR is given by setting the NPV equal to zero, as

1200 1410 1875 1050

0 = —4000 + , . ; .
(1+IRR)' " (1+IRR)’>  (1+IRR)® (1 +IRR)

corresponding to
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IRR = 14.3%

Instead of the present time, it is also possible to perform the calculation based on
any other time, like an end of interval of an annuity, for example. In this case, the
value obtained is zero if the NPV is zero.

If cash flows are random, the expected values go in the Eq. (2.2) in place of the
actual nonrandom ones. The value of the IRR cannot be found analytically, and
numerical methods or graphical methods must be used.

There are numerical methods to solve the equation for the IRR. The secant
method, for example, gives the IRR of a period ¢ + 1 and can be written as

IRR, — IRR,_;
IRR,,; = IRR, — NPV,

NPV, — NPV,

where:
IRR; is considered the nth approximation of the IRR.

The IRR in the above way can be obtained with an arbitrary degree of accuracy.
An interesting case is where the stream of payments consists of a single outflow,
followed by multiple inflows occurring at equal periods. It can be written as

Co<0, Cop>0 for n>1

In this case, the NPV of the payment stream is a function of interest rate. There is
always a single unique solution for IRR given the convexity of the function. A more
accurate interpolation equation is given by

IRR, — IRR,_;
IRR,,; = IRR, — NPV,

NPV, — NPV,_;

NPV,_,
X [1—14x
NPV, — 3NPV, + 2Cy

This has been shown to be ten times more accurate than the standard secant
equation or a wide range of interest rates and initial guesses.

2.3.3 Growing Cash Flows

Regular cash flows are those which are not growing over time but stay constant. As
described above, such cash flows are the basis for the calculation of regular annuities
and perpetuities.

There is also the case where the cash flows are expected to grow at some
(constant) rate in each period. In this case, it is again possible to derive formulas
in order to calculate the present value of the associated perpetuity and annuity.
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A growing perpetuity is then a stream of cash flows occurring at regular intervals
over an infinite period, with an infinite number of payments. Payments grow at a
constant rate over time.

The usual convention of the first payment occurring at time 1 is adopted, so that
from the first payment to the last (occurring at time 7), there are only 7—1 periods of
growth between every ¢ periods, until infinite.

Following the same approach and substituting the so obtained timeline into the
general equation for present value of a stream of cash flows yields a summation that
simplifies the calculation

C Cll+g)  C1+ 2+.“:§:C(1+g)t_l

_ g)
PV_(1+r) (147> A+r ~  (1+7r)

It is important to note that when g > r cash flows grow faster than they are
discounted, the summation diverges, getting larger over time. The sum is then
infinite, meaning that it is impossible to reproduce the cash flows associated to the
growing perpetuity.

In fact, recall that the approach used to build the formulas for the regular
perpetuity is based on replication of cash flows, at a cost equal to the present value
of the perpetuity itself.

An infinite present value means that no matter how much money you start with, it
is impossible to reproduce those cash flows on your own. This type of perpetuities
cannot exist in practice because no one would be willing to offer one at any finite
price.

Nobody would ever offer a payment of an amount that grows faster than the
interest rate on it. Therefore, the only growing perpetuities that make sense are those
with a growing rate lower than the interest rate, so that each successive term in the
sum is less than the previous term and the overall sum is finite. It makes sense
therefore to assume that g < r for a growing perpetuity.

The equation for a growing perpetuity can be derived by following the same logic
applied to a regular perpetuity. Therefore, the amount needed to be deposited today
in order to create the perpetuity must be computed.

Recall that for the regular perpetuity, the trick was to create a constant payment
forever by withdrawing the interest earned each year and reinvesting the principal. In
the case of growing perpetuity, the amount that can be withdrawn each year must be
increased, and the principal reinvested each year must grow.

The method to implement such a strategy is to withdraw less than the full amount
of interest accrued between each two periods and use the remaining interest to
increase the principal amount.
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Example 2.17 Consider creating a perpetuity growing at a rate of 3%, by investing
1000 € into a bank account, at an interest rate of 5%. At the end of 1 year, the deposit
will be worth 1050 €. By withdrawing only 20 €, it is possible to reinvest 1030 €.
This amount will then grow in the following year to

1030 x 1.05 = 1081.5 €

It is now possible to withdraw an amount
20 x 1.03 =20.6 €
leaving a principal of
1081.5 —20.6 = 1060.9 €
By noting that
1030(1.03) = 1060.9 €

It is clear that both the principal and the withdrawals grow at the same rate. The
repeated withdrawals after initial investment is equivalent to creating a perpetuity
starting at 20 € and growing at a rate of 3% per year. This growing perpetuity must
have a present value equal to the cost of 1000 €.

As in previous cases, the argument can be generalized by recalling that in case of
aregular perpetuity, an amount C was deposited in an account and the corresponding
accrued interest was withdrawn each year.

In order to increase the withdrawn amount by the growth rate g to implement a
growing perpetuity, the principal deposited must grow at the same rate. It means that
instead of reinvesting C in the second year, we should reinvest

C(l+g)=C+gC
In order to increase our principal by gC, we can only withdraw
Chy=1rC—gC=C(r—g) (2.3)

It is possible to withdraw an amount C(r — g) after one period, keeping the
account balance and cash flow growing at a rate of g forever. Solving Eq. (2.3) gives
the present value PV of a growing perpetuity as

C
PVgp = ——

The intuition behind the equation of a growing perpetuity starts from the regular
one. In a regular perpetuity, enough money had to be put in an account in order to
ensure that the interest earned matched the cash flows of the regular perpetuity.

In a growing perpetuity, the amount to be put in the account must be larger in

order to finance the growth of cash flows. The additional amount is calculated by
difference between the interest rate and growth.
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Cash Flow C, Cy(1+g) Ci(1+g)™!

Time 0 1 2 n
|

Fig. 2.15 Timeline for a growing annuity

A growing annuity can be represented on a timeline, with initial cash flow, which
grows at a rate g in every period considered, until the maturity » of payments, which
is finite, as the number n of payments, as shown in Fig. 2.15.

When representing the growing annuity on a timeline, this looks equivalent to a
growing perpetuity where the payments from time n+1 onward are removed. The
removed cash flows can then be seen themselves as a growing perpetuity starting at n
+one.

It follows that in order to determine the present value of the growing annuity, the
present value of a growing perpetuity starting at time n+1 can be calculated and
subtracted to the value of a corresponding perpetuity starting at time 1.

The method translates into the following formulas:

C C, 1
_ bl

PVga =
GA r—g r—g (1+r)

where the first addendum identifies the present value of a growing perpetuity and the
second addendum identifies the present value of a growing perpetuity starting at time
n + 1. By substituting in

Cx(1+g)
for
Cui1
we get
PVga _rfg_er(i;g) X (1_ir)n

By collecting the terms and simplifying the calculation, the present value of a
growing annuity, with interest rate » and cash flows growing at a rate g, on a time
interval of n periods, is given by

PV = % [1 - (1 + gﬂ (2.4)

r 1+r

Recall that an annuity involves a finite number of payments, so that Eq. (2.4)
works for g > r.



66 2 Valuation Tools

The equation for the present value of a growing annuity is a general solution, and
all other formulas for calculation in this section can be directly derived from
it. Consider the case of a growing perpetuity, which is a special case for n = co. If
g < r, then

l+g
1+r

1 n
lim < +g> =0
n—oo \ 1 +r

It follows that the equation for a growing perpetuity is

= Sl () | =
r—g 1+r r—g
which is exactly the equation for a growing perpetuity. By letting the growth rate
equal to zero, it is finally possible to derive the present values of a regular annuity
and a regular perpetuity.

Starting then from a regular annuity, it is straightforward to derive a simple
equation for the future value of a growing annuity. The value n years in the future

is given by moving the present value n periods forward on the timeline, thus
compounding the present value for n periods at interest rate r as defined as

C 1 "
o= S 1= (7) |
r—g 1+r

<1

and

24  Summary

The valuation of cash flows implies the ability to move them backward and forward
in time in order to make them compatible to each other. This is why the rules of time
travel allow to discount and compound cash flows making them homogeneous
in time.

Cash flows streams can then be valued according to the amount they show once
the time travel is completed and appropriate compounding or discounting has been
applied. The overall value of the stream is the sum of the transformed value of each
cash flow.

Interest rates can be measured in different forms, and various types of rate are
classified, depending on the definition and the framework where the rate is applied.
The bottom line is that they all represent the percentage of gain-loss on an
investment.
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It is possible to compound and discount rates at different frequencies. Depending
on the frequency of recalculation of the interest on the interest, the overall amount of
interest and the effective rate applied vary according to the frequency.

The dynamics of interest rates is influenced by several drivers that affect the rates
and determine their value. Macroeconomic variables are the most important factors
that influence the level and shape of the interest rates.

The net present value is an important measure of the profitability of an invest-
ment, given by the sum of all its cash flows, appropriately moved in time. The
internal rate of return is the rate that makes the NPV of a cash flow stream equal
to zero.

Annuities and perpetuities are specific types of cash flow streams with well-
defined features that make them unique. An annuity is a stream of non-perpetual cash
flows, while the perpetuity has an infinite time horizon.

Both types of cash flows can also be calculated in the form of growing cash flows.
By adding a growth term, the formulas for the present value of both annuity and
perpetuity change considerably, allowing measuring the present value of growing
cash flows.

Problems

1. Arianna deposits money today in an account that pays 6.5% annual interest.
How long will it take to double her money?

2. Sonia has 42,180.53 € in a brokerage account and plans to deposit an additional
5000 € at the end of every future year until the account totals 250,000 €. The
account is expected to earn 12% annually on the account. How many years will
it take to reach the goal?

3. What is the future value of a 7%, 5-year ordinary annuity that pays 300 € each
year? If this were an annuity due, what would its future value be?

4. An investment will pay 100 € at the end of each of the next 3 years, 200 € at the
end of year 4, 300 € at the end of year 5, and 500 € at the end of year 6. If other
investments of equal risk earn 8% annually, what is its present value? Its future
value?

5. Cristina is paying 20,000 € of tuition fees to the university every year. Upon
successful completion of a certain amount of credits with high grade, she can get
a reimbursement of 20% of the fees every 2 years. Assuming Cristina is always
having a good performance, how does the timeline look like?

6. A mortgage of 100,000 € is issued to a company, with yearly repayment of
10,000 € including 7000 € capital and 3000 € interest, for 13 years. The
company decides to pay all the mortgage in one solution after 4 years of
payments. What is the timeline in this case?

7. Consider an investor depositing an amount of 20,000 € in a bank, for 5 years,
with an interest to be earned of 3% every year. How much will the investor have
at the end of the period?
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
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. Now assume the interest rate in exercise 7 starts at 3% and grows every year by

0.2% on top of the previous year. Repeat the calculation.

. Consider an investor who will receive an amount of 50,000 € in 5 years from

now. If the interest rate earned on the 5-year time is going to be 2.5% every year,
how much is the present value of the sum?

Now assume the interest rate in exercise 9 starts at 2.5% and grows every year
by 0.15% on top of the previous year. Repeat the calculation.

Mabhsa can invest 15,000 € in a bank account paying a 4% interest forever. Every
year she withdraws an amount equal to the 20% of the deposited money from the
bank and reinvests the remaining capital again, at the same conditions. How can
the situation be represented on the timeline?

Calculate the yield on a payment of 10,000 € in 3 years from now, whose present
value today is 9500 €.

A fixed-payment loan is paid in yearly instalments of 2450 €, for 15 years, to
repay an initial loan of 27,500 €. What is the yield to maturity of the loan?

A coupon bond has face value of 100 € and a coupon of 5%, and it is bought at
par. In case the investor receives four coupon payments during the time span of
the investment and is then able to sell the bond after 2 years for 118 €, what is the
total investment return? Can this be solved analytically?

Vittorio, manager of Furjan LTD, wants to sell on credit, giving customers
3 months payment deadline. However, the customer Clelia LTD will have to
borrow from her bank to carry the accounts payable. The bank will charge a
nominal 15% but with monthly compounding. The customer wants to quote a
nominal rate to customers that will exactly cover financing costs. What nominal
annual rate should Clelia LTD credit customers?

Fred wishes to accumulate 1,000,000 € by his retirement date, which is 25 years
from now. He will make 25 deposits in your bank, with the first occurring today.
The bank pays 8% interest, compounded annually. He expects to get an annual
raise of 3%, so he will let the amount he deposit each year also grow by 3%.
How much must your first deposit be to meet your goal?

Your parents make you the following offer. They will give you 10,000 € at the
end of every year for the next 5 years if you agree to pay them back 10,000 € at
the end of every year for the following 10 years (i.e., from year 6 on). Should
you accept this offer if your discount rate is 12% a year?

A rich entrepreneur would like to set up a foundation that will pay a scholarship
to one deserving student every year. The first such scholarship will pay 8000 €
and is to be awarded in 5 years from now. Then others will follow in perpetuity
every year after, and the amount will be indexed at 1.2% per year. How much
money should the entrepreneur put in the foundation’s account today if that
account earns 10% per year?

Elisa runs a construction firm. She has just won a contract to build a government
office building. Building it will take 1 year and requires an investment of
12,000,000 € today and 6,000,000 € in 1 year. The government will pay her
25,000,000 € upon the building’s completion. Suppose the cash flows and their
times of payment are certain and the risk-free rate is 5%.
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(a) What is the NPV of this opportunity?
(b) How can Elisa turn this NPV into cash today?

20. A firm is considering a project that will require an up-front investment of
10,000,000 € today and will produce 11,000,000 € in cash flow for the firm in
1 year without risk. One option is to pay the 9,000,000 € all cash, while another
option is to issue a security that will pay investors 5,600,000 € in 1 year. Risk-
free rate is 4%.

(a) Is the project a good investment paying all cash?
(b) Is the project a good investment issuing the new security?
(c) What can be concluded?

21. Suppose Guzeliya wishes to retire 40 years from today. She determines that she
needs 50,000 € per year once she retires, with the first retirement funds with-
drawn 1 year from the day of retirement. She estimates to earn 6% per year on
the retirement funds and that she will need funds up to including her 22nd
birthday after retirement.

(a) How much must she deposit in an account today so that there are enough
funds for retirement?

(b) How much must she deposit each year in an account, starting 1 year from
today, so that there are enough funds for retirement?

Case Study: Time Value of Money
Lottery in the United States

The Case

In the United States, lotteries are subject to the laws of and operated independently
by each jurisdiction. Even though there is no national lottery, organization
consortiums of state lotteries organize games spanning nationwide and carrying
larger jackpots. That is the case of Powerball, which is in turn one of the major
national lotteries.

For those who are not familiar with gambles, the Powerball is one the most
popular and richest in prizes lotteries in the country. As any other lottery, it can be
played by picking random numbers and a small monetary investment.

The winning of the jackpot is indeed a very unlikely task to accomplish given that
the chances of scoring the winning combination are approximately 1 in 300 million,
equivalent to looking for a microscopic needle in a gigantic haystack.

Clelia is a student of English Literature who recently won a jackpot of
$250,000,000 at Powerball, an event that is now changing her life and turning her
life upside down in some sense.

Jackpot winners have the option of receiving their prize in cash (lump sum) or as
an annuity paid in 30 yearly instalments, starting from year 1 (no payments at current
time). Each annuity payment is 2% higher than in the previous year to adjust for
inflation. The lump sum means taking the entire cash value at once, but there is a
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Table 2.2 Schedule of

retax payments, over Year AHHUity p ayment
%0 yeai,yof $250,000,000 ! 4,059,095
growing annuity 2 4,140,277
3 4,223,082
4 4,307,544
5 4,393,695
6 4,481,568
7 4,571,200
8 4,662,624
9 4,755,876
10 4,850,994
11 4,948,014
12 5,046,974
13 5,147,913
14 5,250,872
15 5,355,889
16 5,463,007
17 5,572,267
18 5,683,712
19 5,797,387
20 5,913,334
21 6,031,601
22 6,152,233
23 6,275,278
24 6,400,783
25 6,528,799
26 6,659,375
27 6,792,563
28 6,928,414
29 7,066,982
30 7,208,322
Payments increase by 2% per year, and interest rate is constant at 3%
per year

catch: the lump sum is less than the value of the total jackpot, namely, 56% of the
announced nominal amount.

Assume that federal taxes on lottery winnings are 25% of the nominal amount,
followed by a further 14.6% tax deduction during season (topping up to the
maximum US federal tax rate of 39.6%) which applies to both a lump sum and a
yearly annuity payment.

Clelia is currently challenged with making the decision of whether to cash the
lump-sum payment or to accept the annuity payments every year for the next
30 years, without loss in the nominal amount, besides taxes.

She is not much expert on financial matters, so she decides to ask her friend
Allison (a financial analyst in an important consulting firm) to help her with the
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decision. Winners of the Powerball have 60 days to decide which form of payment
they prefer.

Allison accepts to help her friend and decides to start a thorough analysis of both
the payment options, given some reasonable assumptions about the evolution of the
financial variables involved.

In particular, she wants to compare the future value of the sum obtained by
accepting the lump-sum payment to that obtained by accepting the annual annuity
payments to be reinvested at the reference interest rate (yield).

Assume that in case the annuity is chosen, the yearly payments can be reinvested
at the available interest rate in the economy, which in turn depends on the state of the
economy and is supposed to be constant at 3% for the next 30 years. Also, assume
returns to be taxed at the same 39.6% as for the lump-sum payment.

Questions

1. If you were Allison, which type of payment would you recommend to Clelia, in
case the before-tax return is 3%? Use Table 2.2 to start your analysis.

2. How does your answer to question 1 change in case the reinvestment rate is 6%?

3. Build up a scenario analysis and a graph to describe the relationship between the
future value of the lump-sum payment and the future value of the annuity, for
possible interest rates ranging from 1% to 5%.

4. Under which conditions is it, in general, convenient to accept the lump sum rather
than the annuity payments?

5. Beside the mere numbers and rates, which are other factor(s) to consider when
choosing a lump-sum payment instead of an annuity over the years?

6. What considerations would you put forward to the fact that most categories of
winners do prefer a lower lump-sum payment?

References

Bodie Z, Merton R (2000) Finance. Prentice Hall, Upper Saddle River, NJ

Brealey R, Myers S, Allen F (2006) Principles of corporate finance. McGraw-Hill Irwin, New York

Brigham EF (1992) Fundamentals of financial management, 6th edn. Harcourt Brace Jovanovich,
Orlando, FL

Copeland T, Weston F, Shastri K (2003) Financial theory and corporate policy, 4th edn. Addison-
Wesley, Reading, MA

Kaminsky K (2003) Financial literacy: introduction to the mathematics of interest, annuities, and
insurance. University Press of America, Lankham, MD

Shapiro D, Streiff T (2001) Annuities. Dearborn Financial Publishing, Chicago, IL

Taylor RW (1986) Future value of a growing annuity: a note. J Financ Educ Fall:17-21

Watson JD (1936) Annuities illustrated by diagrams. Account Rev 11(2):192-195

Webster’s Dictionary (1992) G&C Merriam Company. Springfield, MA



®

Check for
updates

The relationship between risk and return on the financial market is an issue of
primary importance in finance, and it spans all the fields of specialization, including
corporate finance.

In fact, one of the most important principles in financial markets states that
securities with higher risk are supposed to give a higher expected return in order
to be appealing for an investor.

On the other hand, securities with lower risk are those chosen by the investors
with lower risk appetite. They therefore offer a lower return and are more indicated
for conservative investment strategies.

The risk-return trade-off is at the foundation of modern finance, and finding the
right balance between return demand and risk exposure is at the basis of good
management of a business.

All the theory of financial risk and return has its roots in the work done in the
1950s about the Modern Portfolio Theory. Nowadays it is then possible to give a
mathematical interpretation to the relationship.

After that, the Capital Asset Pricing Model constitutes a further step in identifying
the elements of risk and return that optimize an investment in some specific asset and
describes the optimal portfolios.

After studying this chapter, you will be able to answer the following questions,
among others:

* How can return and risk in financial markets be represented?

e What are the basics of the relationship between risk and return?

* How can Portfolio Theory be used to select the efficient portfolios in the space of
return and volatility?

* What are the assumptions of the Capital Asset Pricing Model and how can it be
derived?

* How is it possible to determine the right expected return for an investment?
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The first part of the chapter is dedicated to the definition of expected return and
volatility as a measure of risk universally used in finance. The second section is
about the Modern Portfolio Theory and its implications for investment decisions and
asset pricing. The last section deals with the Capital Asset Pricing Model and its
application for determining the rate of return demanded by investors for a particular
level of risk.

3.1 Expected Return and Volatility
Learning Outcomes

e Understand the concept of portfolio return.
* Understand the concepts of portfolio volatility and correlation.
¢ Learn how to use Monte Carlo simulation methods.

3.1.1 The Portfolio Return

Financial returns are profits on an investment, including changes in value of the
assets held, or dividends coming from owning it, as well as other cash flows, which
the investor receives from the investment.

More appropriately, in general, financial returns are referred to as profits on an
investment as percentage of the amount invested, for investments made over a
specific period.

The period is typically a year, in which case the rate of return is referred to as an
annual return, but as mentioned for the interest rates compounding frequencies in
Chap. 2, other time periods can be assumed for calculation.

It is a measure of the profitability of an investment, and, by just inverting the
calculation, it allows to understand the time it will take to partially or fully recover an
amount invested in some project.

Example 3.1 Consider an investor holding 10,000 € and receiving 1200 € in the
first year of the investment. The rate of return is then 12%, and the investor will
recover the initial 10,000 € in almost 7 years. Different investors have different
required rates of return at different levels of risk.

There are several ways financial returns can be measured, which creates a
problem of transparency when financial institutions try to market their investment
opportunities or try to communicate with clients.

In an ideal world, clients would be updated annually with their portfolio’s rate of
return, enabling them to compare their performance to the appropriate benchmarks.
However, in reality, some advisors may not be providing these results to their clients.

Therefore, there is a question mark on what returns measurement should be used
and how the possible measurement methods differ from each other. Moreover, there
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Table 3.1 Market values of the portfolio

Date Market value (€) Cash flow (€) Net (€)
December 2014 350,000
January 2015 357,000
February 2015 365,000 +30,000 395,000
March 2015 401,000
April 2015 407,000
May 2015 412,000 —15,000 397,000
June 2015 403,000
July 2015 410,000

are issues related to the contributions and withdrawals from the portfolio, to compli-
cate the picture.

There are four common methodologies for return calculation, and they can
sometimes differ substantially from each other, depending mostly on the combina-
tion of the timing of cash flows, their size relative to the portfolio value, and the
volatility of the portfolio’s market value.

Example 3.2 An investor holds a portfolio with market value of 350,000 € in
December 2014. The following table shows the market values for the first quarter
of 2015, with contributions and withdrawals, as in Table 3.1.

The first methodology for return calculation is called money-weighted rate of
return, most commonly known as IRR, already described in Chap. 2. As from the
definition, the average return makes the net present value of the sum of all cash flows
(during the measurement period) equal to zero.

Assuming that all contributions to the portfolio are positive cash flows, while all
the withdrawals from the portfolio are negative cash flows, it is possible to use the
method for calculating the rate of return in the presence of relatively small cash
flows, compared to the portfolio value (Satchell 2007).

Assuming that all the cash flows earn the same rate of return when they are
invested, its return can differ substantially from the true time-weighted rate of return
when large cash flows occur during periods of significantly fluctuating portfolio
values.

The linked internal rate of return (LIR) is an approximate time-weighted rate of
return that can be calculated by performing a geometrical link of monthly money-
weighted rates of return.

When the time horizon is 1 year or less, geometric linking involves converting the
monthly money-weighted returns to relative form (1 + ryw;), multiplying them
together, and subtracting 1 from the result, as from the formula

ror = [(1 4+ rmw1) X (14 rmwz) X ..o X (14 rywa)] — 1

where:
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rvmwi1 1S the monthly money-weighted rate of return at time 1.

In case the external cash flows hitting the portfolio have not been large in
combination with volatile portfolio fluctuations during the monthly measurement
period, the measured LIR should be very close to the true time-weighted rate of
return.

The modified Dietz rate of return (MDR) is a method used by the Canadian
company PWL Capital, in order to calculate returns for their customers. The
approximation to a true time-weighted rate of return is achieved by weighting.

Each cash flow in fact is weighted by the proportion of the measurement period it
is present or absent from the portfolio. Monthly Modified Dietz rates of return are
usually calculated and geometrically linked together, similar to the LIR.

The MDR is based on monthly valuation of the portfolio; therefore, the rate it
yields can be widely different from the true time-weighted rate of return in the
presence of large external cash flows occurring during monthly measurement periods
characterized by high volatility.

Vmi — Vmo — CF
Vmo + Y CEiw;

'MD =

with

CF = Z CF;

where:

VMo is the full market value of the portfolio at the beginning of the period.
Vi is the full market value of the portfolio at the end of the period.

and

__ncp —np
ncp

where:

nep is the total number of days in the period.
np is the number of days from the beginning of the period that the CF; occurs.

All cash flows in the above formulas are assumed to occur at the end of the day.

The final and most relevant portfolio performance measurement tool is the time-
weighted rate of return (TRR). It is the most accurate return measure in most cases
but requires daily valuations of the portfolio, as soon as a cash flow occurs (Lettau
and Van 2008).
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Periods of return calculation are divided into subperiods, and for each of them, the
total return calculation is performed. These subperiod returns are then geometrically
linked together to obtain the TRR over the measurement period.

rrw = [(1 +)"l,1) X (1 +I‘Z,1) X ... X (1 Jrr,,,,)] —1
where

Vmi — Vo
g =—-
VMo

3.1.2 Volatility and Correlation

Many applications in finance require volatility as an input, including corporate
finance, for valuation. Knowing how to measure volatility and correlation is there-
fore crucial, as well as knowing what the economic drivers of volatility in financial
markets are.

A financial manager has the aim to understand what the determinants of volatility
on financial markets are. Moreover, it is important to highlight the connections
between volatility and the risk factors driving it.

Volatility can be measured in several ways, and many approaches are possible.
Historical volatility is the most commonly used method, while other methods are
implied volatility and econometric modeling.

Historical volatility can be measured as the standard deviation (square root of
variance) of the log changes in price, measured at regular time intervals. Estimating
volatility from historical data implies starting from the observation of market prices
at fixed time intervals (Connor et al. 2010).

The frequency of observation can range from daily to yearly, depending on the
nature and purpose of the analysis. There are several methods to scale the volatility
conveniently from one frequency to another.

The observation is set on n prices at some point in time, at the end of any time
interval i in the time range. First, the returns for each time interval must be
calculated, in order to compute the variance afterward.

Each return r; is calculated from a couple of prices, and therefore n + 1 prices are
needed in order to calculate n returns. Define

ri = In (S,) —1In (S,;])

Si
i=1,2,...,n

=In s
Sic1

where:

S; is the stock price at the end of i-th interval (time 7).
S; _ 1 is the stock price at the end of (i—1)-th interval (time i — 1).
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Volatility is measured according to the basic statistical properties of variance and
standard deviation. As a convention, it is convenient to define the sum of square
deviation from the mean d° as

n

d* = Z(ri—f)z

i=1

where 7 is the mean of the returns over time, calculated as

Once d? is defined, the standard deviation estimator can be derived as the square
root of the unbiased sample variance.

Basic knowledge of statistics is sufficient to recall that the estimator s is
actually biased, as opposed to s> which is an unbiased estimator for the population
variance o”.

One of the tricky points in the historical volatility estimation is the right choice of
n, which is not easy. In fact, choosing a high number of observation increases the
accuracy of the estimation but at the cost of including data that go too far back in
time which can bias the analysis since the far past may be irrelevant.

Recall that the frequency of observation can be of any kind, and it is possible to
scale the volatility to get the annualized value of it from the volatility measured at
other frequencies. The yearly estimate of standard deviation therefore is

6 = s;/m

where m is the number of reference periods in a year, so that m = 252 for daily
observations, m = 52 for weekly observations, m = 12 for monthly observations,
and so on. The standard error of the estimation is approximately equal to 6/ V2n.

If the volatility measures are high, it means there have been many fluctuations in
market price. A low volatility shows the price has been stable over time. It is also
possible to compare the volatility of one instrument with other instruments or
indices, in order to get a measure of the relative volatility.

In the short run, volatility changes over time, while in the long run, it is possible
to identify trends to almost fixed values, well contained in between narrow
boundaries.

In order to identify those trends, a technique is to measure volatility over different
time windows and average it (Esch et al. 2005).

Comparison between short-term volatility and long-term trend is very useful to
determine the trend of volatility over time. For example, a high short-period low
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volatility combined with a long-period high volatility means the stock has recently
calmed down in price fluctuations.

Implied volatility is another method for standard deviation measurement, widely
used in finance. It is the volatility implied by an analytical model for pricing financial
assets. In particular, it is the volatility implied by the Black-Scholes-Merton (BSM)
model for pricing financial derivatives.

The description and analysis of the analytical model are beyond the scope of the
chapter and are dealt with in Chap. 9. However, the concept of implied volatility is so
important in finance, that it is worthwhile to present it by using appropriate math.

The purpose of this part is to introduce the concept of implied volatility and
analyze the use of it in financial analysis. According to BSM model, the price of a
European call option written on a stock is given by

c=SN(d,) — Ke ""N(d>)

with
S o>
In|— — |A
() ()
! oV At
d, =d; — oV At
where:

S is the price of the stock, as observed in the market at the time of calculation.
K is the strike price, as specified in the option contract.

o is the volatility of the underlying stock.

r is the risk-free rate.

At is the time left until maturity of the option.

N(.) is the cumulative normal distribution.

The volatility parameter ¢ is a constant in the model. By inverting the BSM
model, one can achieve a measure of the volatility that is implied by the actual
market price of the option.

The problem is that the model is complicated so that it is not possible to be
inverted analytically. Therefore, numerical procedures are needed in order to invert
the model and get the value for o.

In the last year, financial mathematicians have worked on advanced financial
approximation formulas for the calculation of implied volatility. One of the most
popular approximation formulas has been developed by M. Brenner and
G. Subrahmanyam, who define implied volatility as

2nc
0=\o
SAt
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The above approximation works for the money options, namely, the options for
what the condition § = Ke "7 holds.

Another popular method of approximation was presented by Curtis and Carriker
in 1988, and it is called the Direct Implied Volatility Estimate (DIVE), whose
formula is given by

oA

The BSM formula then becomes

o) )
2
() - (-
v
2
Formula (3.1) can be inverted in order to get the implied volatility (Brenner and

Subrahmanyam 1988) as
2 c+S
6=——=N""
VAt ( 28 )

) e

where:
Nfl(.) is the inverse of the cumulative normal distribution.

Implied volatility is a good proxy of the market sentiment about the volatility of a
particular asset. Some investors calculate implied volatility on actively traded
options and then manipulate it in order to price less actively traded options on the
same underlying stock.

Another type of volatility is the one that is estimated through econometric
models, in particular the so-called Autoregressive Conditional Heteroscedasticity
(ARCH) and General ARCH (GARCH) models (Green 2011).

Econometric models like those allow to model variance in a framework of
autoregressive returns, dependent on historical values, and heteroscedasticity,
which is the condition of nonconstant conditional variance.

A convenient way to describe the relation between two variables is through
covariance, which describes the interdependence among the variables telling if it is
direct or inverse, and also to what degree the variables move in the same or opposite
direction.

Recall the variance of a random variable x with mean y is given by
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E
E
:f(x ) f(x)dx
ks

(e)dx — [[f (x)ee]”
= E(x*) — E*(x)

Using the integration method, it is then possible to describe the covariance
between two variables X and Y, which is given by

[x_'“x (y '”y)]
E(xy) E(x)E(y)
= [ [xyf(x,y)dxdy — ffxf X,y dxdyffyf y)dxdy]
= [ [xf (x,y)dxdy — | [ xf (x,y)dx [ yf,(x

where:

fix,y) is the joint density.
fu(x,y) and f(x,y) are the marginal densities.

Correlation is very similar to covariance in that it measures the relation between
two variables, but, as opposed to covariance, it also gives information about the
degree to which the two variables are related.

The correlation coefficient ranges from —1 to +1, making it a standardized
measure of the interdependence between two variables. A coefficient of +1
corresponds to positive perfect correlation. When the variables are not related at
all, the value of correlation is zero, and the perfect negative correlation corresponds
to a value of —1.

The correlation coefficient, denoted by p, ,, of random variables x and y is
defined to be

Oxy

px,y =
00y

where:
Oy is the covariance between x and y.

o, is the standard deviation of x.
oy is the standard deviation of y.

The coefficient is independent of the measurement unit and has the same sign of
covariance.
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Example The joint density of two random variables x and y is

_2x
_ )y x>0,0<y<1
floy) = {O otherwise

By integrating, the expected values are given as

o0

1
E(X): xfx(xvy)dx: cel ==
/ 2
1
0
oo 1
1
E(xy) = xXxyf (x,y)dxdy = ... = —
/] :

The covariance is given by the expectation of the product minus the product of the
expectations, as defined by the formula

Oxy = lE(xyl) — E(x)E(y)
6 12
1

12

The correlation between x and y is simply the expected product of the
corresponding standard scores as can be shown by

px,y = %&“‘;
_E{x— E@y ~EQ))

00y
o[
Oy oy

In finance, the measure of correlation between two financial assets is related to the

issue of portfolio diversification. Diversification is the practice of investing in many

different assets in order to reduce the overall portfolio volatility through correlation
effect.

The correlation coefficient can be expanded to give a measure of the correlation

between two assets, starting from the historical realized returns based on
n observations, as described by
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5., = n Ein:l Xiyi — Zln:1 Xi Zinzl Vi
x,y
2 2
\/[” Zinzlxiz - (Zinzlxi) } [” Zinzlyiz - (Zin:lyi) ]

which provides the sample correlation coefficient of the two assets rather than the
population coefficient.

Example 3.3 Consider the following table with five observations of the returns of
two assets x and y.

Stock n=1 2 3 4 5
X 13.2% —2.35% 4.53% 10.42% —3.44%
y 10.3% 3.45% —1.23% 8.33% 1.21%

Calculation yields

Xi Vi XiYi x’2 y,2
1 13.2% 10.3% 1.36% 1.74% 1.06%
2 —2.35% 3.45% —0.08% 0.06% 0.12%
3 4.53% —1.23% —0.06% 0.21% 0.02%
4 10.42% 8.33% 0.87% 1.09% 0.69%
5 —3.44% 1.21% —0.04% 0.12% 0.01%
so that

S x =2236%, Yo,y =22.06%, >, xiy; = 2.05%,
SR =321%, (0, %) =5.00%, S, 32 = 1.90%, (X0, v,) = 4.87%

and the sample correlation is given by

(5 x 2.05%) — (22.36% x 22.06%)

Dy = =0.7416
Y V(5 x 3.21%) — 5.00%][(5 x 1.90%) — 4.87%]

3.1.3 Maximum Likelihood Methods

In case of volatility from econometric models, those must be estimated in order to get
the parameters that explain the variance. Maximum likelihood estimation (MLE) is a
general method for estimating the parameters of an econometric model (McLeish
2005).

As the name suggests the method is based on the fit of the modeled calculated
variance to the real one, observable on the market. It involves a random variable with
some probability density whose form is known, but not the parameter vector.
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Consider a random variable x; = xy, x5, . . ., x,, with probability density function f
(x1,%2, ..., x,;6). As mentioned above MLE involves choosing the values of the
parameters that give the highest probability to match the observed data.

The trick behind MLE is to view the time series under analysis as a series of draws
from a probability distribution. Assuming there are n random variables conditional
on n parameters, the joint probability density function is given by

f(xlax27~~-7-xn;61a927'"7921) (32)

The usual interpretation of formula (3.2), as the function of the variable x, for
given parameters 6, in the case of MLE, is reversed. The aim now is to look at fas a
function of the parameter given the value of the variable.

The MLE can be used for both time series models and replicated experiments,
being its versatility in statistics.

For a variable x with n observations x, x,. . ., X,, and a joint probability density
given by

(X1, X)) = P (X, X))

which depends on a parameter 0, the likelihood function is the stochastic process

O—p,o(x1,... %)

The MLE for the parameter @ is the value maximizing the likelihood function.
It is now possible to condition repeatedly in order to represent the likelihood

appropriately. In fact, the likelihood corresponding to the observations x, ..., x,
as O py(xy,...,x,) can be decomposed as
O po(x1, ..., x,) = Ppo(x1) X pe(x2|x1) X oo X po(XnlXn—1, -, X1)

In case the variable under analysis is continuous, the analysis changes slightly.
The probability density function in fact can be written as

f(x;913027"~16k)

In addition, it depends on k unknown parameters 6, 0,, .. ., 6,.
Again, a draw of n independent observations x, X», . .., X, from an experiment
has an associated likelihood function that can be written as

L(x1, %2, %001, 02, .., 00) = [[f(xi:01,02,...,6k) (3.3)
i=1

The right-hand side of Eq. (3.3) is clearly very difficult to calculate, being an
iterated product of densities. A convenient way to solve the issue is to work with the
log of the likelihood, given that it is a monotone transformation that preserves the
concavity of the target function, leaving the maximization problem unchanged.

The log likelihood function is given by:
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E(x|¢9) = lnf(xl,xz, e ,xn‘el,@z, ce ,Gk)
= Zlnf(xi;01792a"';0k)
i=1

So, maximizing the log likelihood is much easier than the likelihood L, and the
MLEs of 64, 6,, .. ., 0, are given by the simultaneous solutions of k equations such
that

0€(x|0)

—0, j=1.2 ...k
20, /

MLE is a very good estimator for big samples, tending to infinite. For finite
samples, there are better tools.

In general, the MLE method is used to estimate parameters of well-known
distributions, as, for example, the normal distribution. In this case, the MLE distri-
bution for the parameters mean y and standard deviation ¢ for the normal distribution
can be derived by first introducing its probability density function

Fx) = Uy

= e
oV2rx

Assume the observations xi, x», ..., X, are realizations of a normally distributed
variable x. The likelihood function is given by

n L 2
L(x1,%2, ..., Xp|tt,0) = H[ ! e’%(x%:ﬂ) }

i=1

The log likelihood is

0(x]0) = _g In(27) —nlne _% i (xi —/4>2

o

i=1

The first-order conditions are defined by setting the partial derivatives with
respect to mean and standard deviation equal to zero.

a—#:— ()C,—/l):()

i=1
a(E)_ n 1 1 ] 2
To = ot imH =0

Solving the two equations simultaneously gives the solution
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The estimators are correct in the limit, meaning their accuracy increases with the

size of the sample. When the sample equals the whole population, the estimators are
true values. As for the general MLE, the above estimators have in-the-limit
properties, being unbiased, sufficient, consistent, and efficient.

Snapshot 3.1
Risk and Return in Excel

The calculation of risk and return of some particular assets starts from the
time series of the historical market prices of the asset, at any frequency (daily,
weekly, monthly, etc.). Let us consider the case of daily prices.

Date Price
Day,, P n

D aAYn — 1 P n— 1
Day,; P,

Note that here Day,, is the most recent day in the dataset, while Day is the

oldest.
One can then calculate the daily returns by using any the following

formulas:

Date Price Return or |Return or | Return

_ Pi=Py — P P
Day,, 18 Iy =5t rmn=p—1 rp = In (Pn:)

Y e ) S
Day, _ P, Fp1 == Pn,»_,n Tn—1 = P:—z 1 rp = In <P111)
Da P. = B-Py =& P
Y2 2 r P =g 1 rp = In i

Day, Py

It is clear that for n prices in the dataset, a total of n — 1 returns can be
calculated.

The return of the asset can be calculated as the average of daily returns
multiplied by the scaling factor 252 (number of days in a financial year) as

(continued)
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Snapshot 3.1 (continued)

= AVERAGE( Column of returns ) %252

The scaling factor depends on the frequency of the dataset and can be
adjusted accordingly. For weekly data, the factor is 52, for monthly data is
12, and so on.

The volatility of the returns can be calculated by using the command in
Excel for the calculation of the standard deviation of the population of data as

= STDEV.P( Column of returns ) x SQRT252

In this case, the scaling factor is square rooted because the standard devia-
tion is already the square root of the variance, which is scaled as the returns.

3.2  Modern Portfolio Theory
Learning Outcomes

* Understand the trade-off between risk and return on financial markets.
e Learn about market efficiency.
¢ Understand the main concepts of Modern Portfolio Theory.

3.2.1 The Risk/Return Trade-Off

Financial economist Harry Markowitz developed the Modern Portfolio Theory
(MPT) in the 1950s, claiming that the information given on the risk and return of
the single assets in a portfolio is not enough to conclude about the overall risk and
return.

In practice, MPT tries to give a mathematical description of how diversification
affects the portfolio risk and return by modeling the mathematical relationship
between risk and return of the assets in a normal market.

Standard deviation is the measure of risk in the MPT framework, and the model
aims at defining all the possible combination of risk and return available in the
market and then identifying the optimal portfolio.

MPT relies on assumptions on distribution of prices and returns. In particular,
they are assumed to follow a normal distribution. So in order to understand the
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relationship between risk and return, it is important to recall the basic properties of
the normal distribution.

¢ The distribution is symmetric and bell shaped.

It is continuous for all values of X between —oo and oo so that every interval of
real numbers has a non-null probability.

* The distribution is totally defined by two parameters, y and o, that determine the
shape of the distribution.

* The probability density function is

1 (=)

where:
4 is the mean of the distribution.
o is the standard deviation of the distribution.

e About % of all cases fall within one standard deviation from the mean, that is

Pr(py —o <x<u+o)=~0.68

e About 95% of cases lie within two standard deviations from the mean, that is
Pr(y — 20 < x < u+20) =~ 0.95

Recall from basic statistics that the normal distribution (Fig. 3.1) is completely
defined by the two parameters mean and standard deviation. In financial terms, if one
assumes that returns are normally distributed, the mean corresponds to the expected
return, and the standard deviation describes the volatility of returns (Figs. 3.2 and
3.3).

The intuition is that the relationship between the risk and the return of some
investment is given by the same corresponding relationship between the mean and
standard deviation of the distribution of the returns.

If prices or returns are supposed to be normally distributed, it is possible to infer
the properties of the normal distribution to them.

Example 3.4 If we have a time series of normally distributed financial returns, with
mean 0.04 and standard deviation 0.22, we can say that the asset associated with that
particular series of data has an expected return of 4% (over the time horizon
considered) and a volatility (risk) of 22%.
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Probability

-9% -6% -3% 0% 3% 6% 9%
Expected Return

Fig. 3.1 Financial returns of most securities are normally distributed. In this case, the graph shows
an average return of almost 3% for that particular security

Probability

9% -6% -3% 0% 3% 6% 9%
Expected Return

Fig. 3.2 Distribution of possible returns of two different investments. They both have the same
expected return, but one of them (dashed line) offers a wider spread of possible outcomes, making
other investments safer and more attractive for most of the investors

Given the distributional properties of returns that are normally distributed, it is
clear that the relationship between risk and return is direct, in order to get a.



20 3 The Relationship Between Risk and Return

Probability

-6% -4% 2% 0% 2% 4% 6%
Expected Return

Fig. 3.3 Two Normal distributions, with same standard deviation but different mean (expected
return)

Investment returns reflect the degree of risk carried by the investment, and
investors should be able to determine what level of return is appropriate for a
given level of risk.

Define the portfolio value as

where:

«; is the amount invested in asset i.
S;. o is the value of asset i at time 0.
S;. +1s the value of asset i at time ¢.

The expected return of a portfolio is straightforward to calculate, being the
weighted average of the expected returns of the assets composing it. Weights
assigned to the calculation reflect the proportion of each asset on the total portfolio
value.



3.2 Modern Portfolio Theory 91

Vi—Vig
Vi

e
E Wit
i=1

rp =

Il
—
»
~
=

where:

r; is the expected return on stock i.
n is the number of stocks in the portfolio.
w; is the weight (proportion) of asset 7 in the portfolio.

Example 3.5 Suppose stocks A and B have expected returns E(rp) = 12.5% and E
(rg) = 20%. The expected return of the portfolio composed of 75% of stock A and
25% of stock B is given by

E(rp) = 0.75 x 12.5% + 0.25 x 20% = 14.38%

The calculation of the standard deviation of a portfolio is trickier, in that it does
not only involve the volatility of the single assets in the portfolio but also their
covariance. The co-movements of the asset returns must be taken into account
through covariance and correlation measures (Merton 1972).

The combined analysis of the single volatilities and covariance among couples of
assets leads to the formula for the variance of the portfolio, which is given by

"g :E[(’p _E(rp))]z

(3.5)

n

n
E E W,‘WjGij

i—1 j£i=1

where:

o7 is the variance of the i-th asset.

w; is the weight of an asset i in the portfolio.
w; is the weight of an asset j in the portfolio.
o0 is the covariance between asset i and j.

Equation (3.5) can be written in matrix notation (Best 2010) as

0123 =w Zw

where:



92 3 The Relationship Between Risk and Return

w = (w1, Wy, ..., w,) is the vector of weights of assets in the portfolio.
2

61 PP 6],}'1

= : ' is the covariance matrix of the portfolio.

Ol 0-121

The covariance between any couple i,j of asset returns is given by

0 = E{[r; — E(r))][r; — E(r))]}

= E(r,-rj) — E(r,v)E(rj)

The calculation of the correlation coefficient between the returns on two stocks is
given by
O
Pij =
0i0j
where:

o, is the standard deviation of asset i.
o; is the standard deviation of asset j.

Example 3.6 Suppose stock A and stock B have expected returns E(rs) = 12.5%
and E(rg) = 20% respectively, and standard deviations o, = 5.12% and
op = 20.49%, correlation coefficient is pag = — 1. First, we compute the covariance
to be

1 = —0.0105

OAB = 00512 x 02049

The variance of a portfolio of 75% stock A and 25% stock B is

or = (0.75)*(0.0512)” + (0.25)*(0.2049)* + 2 x 0.75 x 0.25 x —0.0105
= 0.00016

3.2.2 Optimal Portfolios

The aim of a financial investor is to maximize the expected return on their invest-
ment, given an accepted level of risk. The MPT defines the analytics of the
relationship between risk and return in a complete market.

MPT says that the investors minimize the risk of the portfolio, hence its volatility,
for a given level of return. This is done by choosing the right amount of each security
to include in the portfolio, so that the total portfolio variance is minimized.



3.2 Modern Portfolio Theory 93

One must take into account not only how the single assets price changes,
according to the volatility, but also how the changes for all asset compare, so to
use covariance to quantify the diversification effect.

The approach of the theory is mathematical, and it is based on the construction of
the ideal portfolio that fits the needs of an investor minimizing the risk given some
fixed return. The relationship between risk and return is taken under consideration
for the analysis.

Each security carries its own risk, and mixing many securities in the same
portfolio should reduce the risk through diversification effect. The emphasis is in
fact on the power of covariance to reduce the overall risk.

The MPT resembles a series of mathematical procedures to identify the optimal
portfolio in the set of all possible portfolios and choose it in the context of wealth-
maximizing, risk-adverse investors.

The model can be represented on a graph in the risk-return space. Different
investors have different risk tolerance and return appetite. Taking into consideration
the utility function of the investors, the model identifies a set of feasible risk/return
combinations.

Securities can be combined in portfolios (and portfolios of portfolios) in a way to
minimize the risk for some level of return. The set of portfolios with minimum
variance for a given return is called efficient frontier.

Linear algebra is not sufficient to handle calculation when portfolios are very
large. It is much more convenient to use matrix algebra, in order to simplify the
problem. Matrix algebra formulas are faster to process and much easier to implement
on the computer (Fig. 3.4).

An optimization problem, for minimizing the variance, leads to the analytical
derivation of the efficient frontier. As mentioned above, it is better to show the
calculation in matrix algebra, for the sake of simplicity.

E(r)

Jo
3% )
v ] | | |

1%

2% 4% 6% 8% 10% 12% 14% c

Fig. 3.4 Efficient frontier for portfolio or risky assets. Various combinations of available assets
generate different portfolios, with different combinations of risk and return (dots). The portfolios
lying on the upper side of the curve are efficient
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The minimum variance portfolio with expected return u is the solution of the
following minimization program

1
min (5 TEW)

wil=1
wir = up

subject to

where:

w is the vector of weights assigned to each asset.

2 is the variance-covariance matrix of the asset returns.
r is the vector of the expected returns of the assets.

1 is a vector of ones.

up is the expected return of the portfolio.

It is possible to simplify the problem, for example, by reducing the amount of
constraints. Allowing for short selling in fact, weights can take any value, even
negative, removing one of the constraints.

The Lagrangian function of the problem is

wiZw

L=
2

+ 4 (,up — wTr) + /12(1 — WTI)

where:
A1 and 1, are the Lagrange multipliers.
with first-order conditions given by the partial derivatives of the Lagrangian function

with respect to the weights vector and the Lagrangian multipliers, which can be
written as

L
a—:Ew—Alr—/bl:O
5

T
- = — =0
oa W
oL
~—=1-w1=0
o W

Some straightforward calculation leads to the solution for the optimal weights,
which minimize the variance of the portfolio, as defined by

w* =2 (Z7'r) + L(Z"1) (3.6)
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It is very common in the literature to now simplify the notation by indicating the
following:

A=1"2"1r>0
B=r'X'r>0

(3.7)
c=1"="11>0

A=BC—-A*>>0

The popular Cauchy-Schwarz inequality shows that A > 0, due to the condition
that the covariance matrix is non-singular and not all assets have the same mean. It
follows that

r # k1
where:

k is some constant.

Following the result in Eq. (3.7) and given the constraint of the optimization
problem, the Lagrange multipliers are given by

Cup—A
n="2—"

B—-A
dy = AMP

The financial economist Merton (1972) shows that the equation of the minimum
variance portfolio, as a consequence of the optimization algorithm, is given by

, C A2+1
A" T¢) T

This is clearly a quadratic equation describing a parabola in the space of return
and volatility. The program can be implemented as an interesting application with
software and real data, in order to draw the efficient frontier of the market analyzed
and conclude about efficiency of single portfolios.

The last step is to substitute the explicit values of the Lagrange multipliers into
Eqg. (3.6) in order to get the explicit extended formulation of the vector of portfolio
weights as solution of the optimization problem, defined as

wh = <C”*’A_A> (= 'r) + <B_AA”"> (= "1

= %[ﬂp(czflr —AX 1) 4+ (B '1-AZ'1)]
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The representation shows a portfolio whose variance is minimized for some
specific value of expected return. It is possible to show that the minimum variance
portfolio is obtained for a value up corresponding to

A

ﬂP:E

so that the optimal portfolio is given by

Wit = % %(CZ’lr —AX'1) + (BE7'1 - AZ'r)

The derivation of the efficient frontier for a market with only risky assets can be
extended to the case when a risk-free asset is also present. Such an asset is like a
constant in the model, so that the following condition holds:

sz =o0ir =0
where:

o% is the variance of the risk-free asset.
o;r is the covariance between the risk-free and the risky asset.

First, consider a convex combination of two portfolios I1; and IT, that lie on the
efficient frontier, which is given by

Adl + (1 —a)ll, Ya, —oo<a< oo

Now consider the minimum variance portfolio (MVP) from the above derivation
in the space of return and risk, in a market with only risky assets, having expected
return 7, and variance 0[2).

In case a proportion a of the investor’s wealth is invested in the MVP and the
remaining (1 — @) is invested in the risk-free rate, the new combined portfolio IT has
new expected return and variance.

The expected return of the portfolio is defined as
E(rm) =aE(r) + (1 — a)r¢

where:
E(r;) is the expected return on the risky asset.

In addition, the variance can be written as

o =a*ox + (1 — a)zazf +2a(l —a)oa

— 252
=a‘oy
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The new equation leads to another frontier, for different values of a. The tangent
portfolio r,,, covers all the portfolios with expected return in the range between zero
and E(ry), for 0 < a < 1.

When a > 1, the frontier includes portfolio with an expected return higher than £
(rm)- It corresponds to leveraged portfolios, which are created by borrowing money
at r¢ and investing it into the tangent portfolio.

Now let us change notation and define a portfolio composed of a proportion wy of
the risk-free asset and a proportion w; = (1 — wy) of the risky asset. Since the two
assets are uncorrelated, the properties of variance hold, as defined by

6; = (1 —w¢)’6?

where aﬁ is the portfolio variance. Straightforward mathematics shows that the

portfolio weights can be expressed as

O

Wwg = -2

Oi
O,
W,‘:—p
Oi

Therefore, we can calculate the portfolio return as

E(rp) = <1 - Z—i’)rf + ((;—'Z)E(r,-)

The Capital Market Line takes the form

E(rp) =r¢+ (@> [E(ri) = ri]

Oi

The risk-free asset r¢ adds up in the previous optimization as a zero-risk element
in the market. Therefore, the efficient frontier expands, increasing the range of
investment opportunities (Fig. 3.5).

The model then turns from a curve (the efficient frontier) to a line, which is called
Capital Market Line (CML). It represents the capital allocation between the risk-free
security and the risky asset. The tangent point between the new linear frontier and
previous curve is the tangency portfolio, also known as the market portfolio.

The CML is the line that can be drawn between the risk-free rate, on the vertical
axis, and the tangency point. The new line is considered dominant to the efficient
frontier because the inclusion of a risk-free asset in the economy allows better
portfolios to be formed.

The line is the new frontier for efficient portfolios so that the investor can move
on it to choose the desired mix of return and risk. Introducing the risk-free rate allows
for borrowing and lending funds in order to leverage or deleverage the investment
portfolio.

The presence of the risk-free rate allows the investor to borrow funds at that rate
and invest them in the risky asset, in order to increase the leverage. On the other
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E(r)
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Fig. 3.5 Introducing a risk-free asset in the market allows choosing efficient portfolios on the
straight line. Combinations of risk-free assets and risky assets lead to different points on the line
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Fig.3.6 Lending and borrowing money are possible to leverage or deleverage the position over the
optimal portfolio

hand, it is also possible to save the proceedings from sale of risky asset at the risk-
free rate, so to reduce the riskiness.

The theory has important implications. For example, risk-averse investors want to
hold portfolios that are combinations of the risk-free asset and the tangency risky
portfolio, at appropriate balance.

The fact that all investors hold the same risky portfolio must be unique, and it
identifies like the market portfolio. The only choice left to risk-averse investors is the
proportion to put in the risk-free asset (Fig. 3.6).
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3.2.3 The Market Price of Risk

The market price of risk can be defined as the extra return on the risk-free rate,
required by an investor to compensate the risk bore on the market by investing in
some specific asset.

In derivatives, theory quantities are modeled as stochastic, and randomness leads
to risk. The purpose of financial analysis is to determine how much extra return an
investor should expect for taking risk (Renneborg 2006).

The abovementioned BSM derivative pricing model does not express the market
price of risk directly, since the risk in an option position, for example, can be hedged
away by taking a position on the underlying asset. This concept will be clearer after
Chap. 9, but this information is important for the continuation of this section.

The derivation of the market price of risk goes through considering two different
claims written on the same underlying variables. Consider the properties of
derivatives dependent on the value of a single variable 6, following the stochastic
process

d6 = py0dt + co0dW

where ug and oy are the expected growth rate and volatility of 6, respectively. It is
assumed that the parameters depend only on the variable itself and the time.

According to the Ito’s lemma, it is possible to define the process of any derivative
v; written on 6, as

ov; dv; 10%, ov;
dvi = | 20+ S04 2 Va§92>dt+ <—2696’>dW

0 ot 206 0
= m;dt + s;dW
Consider then the process for the variable transformation ¢; = In v;. The

application again of the Ito’s lemma leads to

1 1 1
dg; = (—m,- — —2siz>dt + <—m,-> dw
Vi 2v; Vi

= p;dt + o;dW
The next step is to consider the above process for two different derivatives

d¢; = udt + o1dW
dg, = u,dt + o2dW

and then form a portfolio V of the two, by including them with weights w, and w,
(summing up to unity), respectively. Letting IT denote the natural log of the portfolio
value, the process followed by dIl

dIl = (wipy + wapy)dt + (w01 + waos)dW

In order to investigate the risk premium, it is crucial to know under what
circumstances the above portfolio is riskless. Choosing values
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02
o1 — 02
(23]

Wy =———
01 — 02

The portfolio process becomes

c c c c
dll = ( ! oy — 2 ,ul>dt—|— < ! o) — 2 61>dW
o] — 02 o] — 02 o] — 02 o] — 02

It follows that the term in dW vanishes, meaning that the volatility of the process
is zero. Only the drift of the process is left, and in order for the portfolio to be
riskless, the drift must be equal to the risk-free rate, to comply with no arbitrage
conditions. It follows that

o1 02

Ha g
01 — 02 01 — 02
which implies

Mmi—r_H—r

A 3.8
o p (3:8)

The parameter A can be defined as the market price of risk of the underlying
variable 6, and it depends on the single derivatives. Moreover, it must be the same
for all the claims written on the same underlying variable.

The market price of risk is a measure of the trade-off between risk and return
associated to some variable. The product of the quantity of risk, ¢, and its price, 4,
gives the amount of corresponding return.

In investment finance, it is called Sharpe ratio, and it is mostly used to assess the
level of compensation obtained by the investor for the risk taken. It is especially
useful to compare two assets with different returns and volatility.

The higher the Sharpe ratio, the higher the expected return from an asset in
relation to the risk it carries. Therefore, good investment strategies consist in picking
the investment with the highest Sharpe ratio.

Based on the formula (3.8), it is now possible to explicitly define the relationship
between the risk premium demanded by investors, in terms of excess return, for
holding derivative i and the price of risk, as

H;—r =120

The risk premium is therefore the market price of risk A, multiplied by the amount
of risk derivative i holds, o;.

From basic stochastic calculus, the process followed by any derivative v can be
written as

dv = pvdt + ovdW
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In the traditional risk-neutral world, the leading assumption is that investors do not
demand any compensation for the risk taken, leaving the market price of risk equal to
zero. As a consequence u = r, and the process followed by r can be written as

dv = rvdt + ovdW

Other worlds can now be defined, based on the specific level of market risk
characterizing them. Generalizing the framework, the growth rate of the process drift
can be written as

u=r+Aio

so that

dv = (r + Ao)vdt + ovdW

The market price of risk of a variable determines the growth rates of all the
securities dependent on that variable.

Snapshot 3.2
Portfolio Optimization in Excel

In order to apply portfolio optimization in Excel, first it is necessary to
create a matrix of the n observed returns for the chosen m assets in the market
and the covariance matrix, as in the following example:

ER) (0178 0216 | ... (0.049 |VarR) 0178 |0216 |... |0.049

Using the formulas from Markowitz Portfolio Theory, the following step is
to calculate, from the expected return and variances of the m single assets, the
portfolio expected return and portfolio variance

R(P) 0.178 Var(P) 0.178

In order to set for the optimization, a line of weights of the assets in the
portfolio must be filled.

1 2 ... m
Weights 0.111 0.223 e 0.015

It is then possible to start the program, using the Solver Tool in Excel and
implementing the following steps:

1. Set your desired portfolio return.
2. Start the Excel Solver.

(continued)
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Snapshot 3.2 (continued)

3. Minimize the portfolio variance.

4. Change “By changing variable cells” to the range of cells containing the
portfolio allocation.

5. Set the constraints (the total portfolio allocation must add up to one, and the
portfolio return should be you desired value).

6. Click Solve.

Once the set of optimal weights are obtained, they can be used to build
efficient portfolios for different combinations of expected return and variance.
In order to get the efficient frontier, it is sufficient to plot the line crossing these
portfolios, using the graph function in Excel.

3.3  The Capital Asset Pricing Model

Learning Outcomes

* Understand the Capital Asset Pricing Model.
e Draw and describe the Capital Market Line and Security Market Line.
¢ Acquire introductory knowledge of advanced factor models for asset pricing.

3.3.1 Model Assumptions

The previous sections have been dedicated to developing the CML. Once the line is
generated, a further step consists in finding a way to measure systematic risk, given
that diversification can eliminate only a part of it.

Modern Portfolio Theory describes systematic risk and how it should be
compensated. After diversification takes out all asset-specific risk in fact, the sys-
tematic risk is the only one to be compensated.

A solution to the issue of risk measurement and compensation is given by the
Capital Asset Pricing Model (CAPM), a model describing and solving the issue
through mathematical modeling of systematic risk.

The CAPM framework starts with the risk-free rate as a benchmark for measuring
a risk premium that determines the expected return on some specific asset. The
premium is a compensation for the risk borne by the investor.

After the premium is calculated, the following step is to multiply it by a beta
coefficient, which is a measure of the riskiness of the asset in proportion to the
market risk. This is the link between expected return on the asset and the risk
premium in the market.
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Modern Portfolio Theory is then meant at determining the right expected return
on a portfolio of assets. One of the main defining points of the method is diversifica-
tion, toward elimination of all non-systematic risk.

Moreover, the investors hold combinations of just the risk-free asset and the
tangency portfolio. Finally, systematic risk of the asset is a proportion of the market
risk, and the risk premium of an asset is proportional to its systematic risk.

Recall that the CML describes the relationship between the excess return of an
asset and the excess return of the market, as a line in the risk-return space.

ri—r¢=p(rm—ry)
where:

rm 18 the return of the market.
p is the dependence factor between market and asset.

The CAPM identifies the tangency portfolio, lying on both the efficient frontier
and CML, as the market portfolio, and relating the price of any asset on the market to
the market itself.

Consider a model where there are n assets in the market. Each asseti =1, ...,
n has a market capitalization

MCpi = V,’I’l,‘

where:

V; is the price per share of asset i.
n; is the number of shares outstanding of asset i.

It follows that the total capitalization of the assets in the market is
Mcp,, = Z Mcp;
i=1

The weights for each asset are given by

Mcp;
w=—

~n
ZMCPf
i=1

- Mcp;
~ Mep,,

The CAPM result is based on the assumption that investors invest their money
between the risk-free and the tangency portfolio, which is held in same proportions
by all the investors.

The main assumptions underlying the derivation of CAPM are:
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e Markets are complete with price-taking investors.

* Markets are frictionless and transactions are free of costs.

* The holding period of the assets is the same for all investors.

* Investors optimize the investment in the risk-return space, as by MPT.

* Funds are lent and borrowed at the same risk-free rate.

* The market is characterized by homogeneous information for all investors.

The CAPM states that if an investor holds some amount of the market portfolio,
the risk compensation for single assets should be a consequence of how the single
asset behaves compared to the market (Sharpe 1964).

If the volatility of an asset is the same as another asset (or the market), then also
the expected return must be equal. By indicating the variance of the asset by o2, the
risk premium per unit of risk 4 can be written as

[E(rm) — 4]

2
m

Ap =

o

There is a direct relation between the risk premium and the excess return on the

market. The relation is instead inverse with the market risk, indicated as variance.

The right compensation for each asset is calculated according to the covariance
between the asset and the market.

The expected premium on asset i should be equal to the risk premium per each

unit of risk multiplied by the relationship of the asset with the market expressed in

the form of covariance.

[E(rm) — r+]

2
m

E(ri) —Trf =0Oim

o

In case of a null covariance with the market, the asset has no risk attached and can
only earn the risk-free rate, in normal market conditions. For a value of the
covariance equal to 1, the asset is perfectly related to the market, earning the market

return.
The formula of the CAPM can be simplified as

E(r) = ri+ 22 E(rm) — r4]

6’;“ called the beta f (beta) of the asset shows the proportionality of the
Gm

asset risk premium to the market risk premium. The resulting model is the CAPM
and is typically written as:

The factor

E(ri) = ri + BiE(rm) — i)
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Example 3.7 Suppose the covariance of some stock A with the market is 15% and
the variance of A is 12%. The market expected return is 11% and the risk-free rate is
5%. We can calculate then the expected return of A applying the CAPM
E =0.05 0 5011 0.05] =0.125
(a) =005+ 21 | |

The expected return for the stock is 12.5%.

The implementation of CAPM involves some practical issues related to the input
factors and their estimation. For example, the market portfolio is hard to proxy
because a portfolio of all assets in the market would be needed.

It is therefore necessary to find a good proxy for the market return, which is
usually represented by index funds. It is a sort of smaller portfolio representative of
the market, including all the most dominant assets, to capture the essence of it.

One of the most famous stock indices in the world is the Standard & Poor’s (S&P)
500 which resembles 500 representative stocks as a proxy of the market. In this
specific case, CAPM implementation goes through an elaborated model that applies
to reality. Consider estimating the beta coefficient for asset i = 1, 2, ..., m over a
discrete time horizon of n time points. For every k = 1, 2, . . ., n, the variable average
(expected) return for the asset i is defined by

1 m
ri = E Tik
=1

where:

7 ; is the average return of asset i.
7 1 the k-th sampled value of asset return.
rsp, « is the k-th sampled value of the S&P 500 index return.

For the index is

1

m
- g r'sp, k
k=1

The estimation of the index variance o3 is

\\)
3

m

(’SP— ~1 ”SPk_”SP
k=1

And the covariance osp; between asset i and the index is estimated by
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3

Ospi = rsp k— rSP (rik - ’fi)

=

The beta value estimation is finally given by
ﬁ Ggp
osp

3.3.2 The Security Market Line

The CAPM model applied to an asset gives the right discount rate for the future cash
flows generated by it. Such a rate depends on the riskiness of the asset compared to
the market, as defined by the beta.

The beta is in fact proportional to the riskiness of the asset. The higher the beta,
the higher the discount rate, and the lower the present value of the future cash flows,
with a resulting lower present value of the asset.

The opposite works for low-beta stocks, which are less sensitive to market
changes and less risky, yielding lower discount rate and higher present value for
the stock. Recall that one of the main findings of CAPM is the identification of the
market portfolio as the tangent portfolio (Schneeweis et al. 2010).

Moreover, the risk associated to an asset is dependent on its covariance with the
market portfolio. The market affects the asset in that the systematic risk is not
diversifiable and must be compensated, according to the relationship between excess
return of the asset and excess return of the market.

It is possible to derive the CAPM from decomposing a portfolio between an asset
and the market. Consider forming a portfolio p by investing an amount w; in a risky
asset / and an amount w,, = (1 — w;) in the market portfolio m. The expected return
of the portfolio is then given by

E(rp) = WnE(rm) + wiE(r;)

where:

E(ryy,) is the expected return of the market.
wm is the weight of the market in the portfolio.

Recall that the risk can be represented through the volatility (standard deviation),
which can be defined as

op = \/wmzofn + w2672 4 2WWinGim

where:
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o2 is the variance of the market.
o;m 18 the covariance between the market and the asset.

The analysis then deals with the slope of the efficient frontier and the slope of the
CML, with a focus on their tangency point. At that point, the slope of the CML is
given by

[E(rm) — 4]

Slopecyr. = pe

First of all, the slope of the efficient frontier (curve) at the tangency point can be
obtained by differentiating the expected portfolio return E(rp) with respect to
portfolio volatility op. The chain rule applies as

OE(rp)

OE(r, Ow:
p

aWi

The chain is solved piecewise, starting from the numerator of the expression at the

extreme right-hand side that can be written as
OE(rp)
p
=FE(r;) — E(r
S = E(r) — E(ra)

The denominator is the sensitivity of the portfolio volatility with respect to the

weight of asset i

0 1 1l
aUp = 5[wmzarzn + Wl-261-2 + 2w,-wm0'l~m} 2 % [—2Wm0'2m + 2w,~0i2 +2(1 — 2w,~)a,~m]
Wi
. [—Wm()'%n + W,'O'l-2 + (1 — 2W,’)O’im]

Op

The calculation in theory is very difficult. But the properties of the model at the
tangency point can be used to simplify it. At tangency point all investors choose the
market portfolio.

Therefore the proportion of asset i is zero, and the variance of the portfolio turns
into the variance of the market, the only variable left. Therefore, the derivative of the
variance wr to the weight w; becomes

aap Oim — O

5w,» wi = 0 Om
Op = Om

The chain rule leads to the expression for the slope of the efficient frontier as
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aE(’L))
Sl __ow;
OPCgrr = aap
aW,‘
_E(ri) — E(rm)
N Oim — orzn
Om
_[E(r) ~ E(r)lo
Gim — 02,

The equilibrium is defined by the equality of the two slopes at tangency point.
The market portfolio is the most efficient portfolio, and the equality is such that

[E(ri) = E(rm)lom _ [E(rm) = r+]

Oim — 02, Om
so that
E(I‘l') =Trr +ﬂ,[E(rm) - rf]
where
_ O
ﬂi - 6x211

The graph of the beta against the volatility is called Security Market Line (SML).
It is the line where all efficient portfolios lie.

If the utility function of the investors is concave, the findings of CAPM theory are
consistent with the direct relationship between the risk and the expected return of an
investment (Fig. 3.7).

A simple regression allows estimating the beta of an asset starting from the time
series of risk-free rate and market returns. The regression takes the form

it = Q¢ +ﬂ,"trm + Eit
g ~ N(0,6%)

where:
Bi. . is the beta of asset i at time .

The volatility of the return can then be expressed as
o] :ﬁ?ﬁm—i—ﬁg (3.9)

where:

o, is the volatility of the error term.
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E(r) A
m
E(r,) =
i
E(r;)
L E(rm)-rf
r, B
B,=0 B; p,=1 =Beta

Fig. 3.7 The CAPM relation identifies the Security Market Line (SML) on which all the efficient
combinations of expected return and asset betas lie. The slope of the curve identifies the relation
between asset and market excess return

The layout of formula (3.9) separates the variance of the market return from the
variance of the error term, and it is known as the variance decomposition of returns.
It highlights the systematic risk, related to the market, from the diversifiable risk,
related to the error term.

When the error term is close to zero, the portfolio is well diversified, and no more
action is needed in order to eliminate risk. Only systematic risk is left, and it is
rewarded by the market, according to the beta of the asset.

Equation (3.8) can be extended to an equally weighted portfolio of n assets as
defined by

1
) 2
op —ﬂpom—i—ﬁap

where:
By is the beta of the portfolio.

The term on the extreme right-hand side shows the diversification effect; with
portfolio, variance reduced when 7 is particularly high. The covariance between any
couple of assets i and j can be expressed as

0ij = cov|a; + Birm + &, a; + Birm+ &)

=B
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3.3.3 Beyond CAPM

After the development of CAPM as an asset-pricing model, its potential has been
increased by the development of other models that take inspiration from it and
extend the features of the original framework.

One example is the consumption-based CAPM (CCAPM), a model that expands
the analysis introducing a consumption factor for calculating the expected return on
an investment.

The CCAPM structure implies that the (expected) risk premium on the asset in
this case is proportional to the covariance between the asset return and the consump-
tion calculated for the analyzed period.

Consider a multi-period model with an infinitely lived representative household
and an expected lifetime utility function defined as

o0

Zd!‘u(cﬁ,«)] , 0<d<1

i=1

E(u;) = u(c;) + E

where:

¢, is the consumption at time .

u(c,) is the utility associated to consuming at time 7.

d is a discount function.

u(c; , ;) is the utility associated to consuming at time 7 + i.

The level of consumption c,, subject to a budget constraint, is chosen at time ¢. If
the price for a financial security is p,, the household can buy the security and redeem
later at ¢ + 1, to finance consumption at that time.

The first-order condition on the expected utility shows the optimal quantity of
financial asset demanded by the investor as

dE[cr1u (e41)] — u'(c)p, = 0 (3.10)

The result is the utility from consuming at r + 1 when financing through
settlement of a marginal unit of the asset, net of the marginal utility lost from not
consuming when purchasing the security.

Given that the one-period return on the asset can be written as

Equation (3.10) changes to
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dE[c i (cri1)] — ' (cr)p, = 0

= dE {%M/(CH,])] —u'(c;) =0
t

> dE[(1 + e )i (cr0)] — u(cr) = O
ul(ct+1) _
(c) } :

This is the CCAPM standard equation, showing that in equilibrium, the product
of 1 plus the expected value of asset return and the marginal rate of substitution of
the consuming utilities is equal to 1.

The model for all the securities, including the risk-free asset, in what case the
formula becomes

= dE|:(1 +rt+])

d(1 +ry)E [“l@’“)} =1

u'(cr)

It is then possible to express CCAPM in terms of excess returns, by subtraction of
the risk-free rate as described by

dE {(1 +r1) ”;(,E’C*t;)] —d(1 +r)E [”;(,E:)l)] =0
s ot -

The product of the expected excess rate and the marginal rate of substitution of
consumption is equal to zero.

Another popular variation of the CAPM was proposed by Eugene Fama and
Kenneth French in 1992. After years of empirical analysis of financial returns, they
found out that two classes of stock have the tendency of performing better than
average.

Small capitalization stocks and high book-to-value ratio stocks showed returns
higher than average of all classes of stocks. They therefore modified the standard
CAPM formula in order to capture the effect of three factors.

The Fama-French formula is exposed to factors related to the returns of small
minus big (SMB) capitalization stocks and high minus low (HML) book-to-value
stocks. The resulting model is a three-factor formula in the form

E(r;) = r¢+ BlE(rm) — re] + B; smupSMB + B; iy HML (3.11)

where:

SMB is the expected excess return on SMB factor.
HML is the expected excess return on HML factor.
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Bi. smp 1s the beta of small capitalization stock factor, for asset i.
Bi. amw 1s the beta of high-minus-low book-to-value factor, for asset i.

The model improves the CAPM by adding new information, and the dynamics of
the regression is pretty interesting, given that when returns increase with book-to-
value, stocks with high ratio must be more risky than average.

The strong points of the model are the great diversity of the factors included in
formula (3.11), based thus on heterogeneous variables. The indices weigh stocks
according to capitalization, meaning that factor actually defines the market portfolio
of reference.

Finally, it is interesting to have a look at another extension of the CAPM
developed by Stephen Ross in 1976, called the Arbitrage Pricing Theory (APT). It
is based on the idea that asset returns can be predicted by relating it to many common
risk factors.

ATP does not require homogeneous behavior among investors, nor does it claim
that the tangency portfolio is the only risky asset that will be held by the investors. It
assumes that expected returns on a security should be related to the security’s
covariance with the common factors.

Suppose that returns are driven by a set of factors Fy, F», ..., F,,. The model in
case of m factors can be expressed in the form

E(ri) = ri+ By [E(rey) = il + B p, [E(re) = ril + o+ Bip, [E(rr,) — ri]

where:

E(r,) is the expected return on factor ;.
ﬁiF ' is the beta of factor j, for asset i.

The parameters can be estimated by regressing the model, as for the CAPM, in the
form

ri =+ P p e+ Pip 7, o+ Bip TE, T E

m

ATP estimation is based on multivariate regression analysis.

34  Summary

The relationship between risk and return is of primary importance in financial
analysis and corporate finance. Through the interaction of profitability and risk of
all assets on the market, it is possible to determine the overall risk of portfolios.

Good understanding of the risk-return paradigm goes through the analysis of
variables like portfolio return, volatility, and correlation and the understanding of
techniques like maximum likelihood estimation.
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Modern Portfolio Theory is the result of the formalization of the risk-return
relationship in a framework of efficient markets and rational investors. The risk-
return trade-off is formalized through a parabola in the risk-return space, with the
upper part being the curve of the efficient portfolios in the market.

Optimal portfolios are those who lie on the upper side of the curve and represent
all the portfolios giving the maximum return for a given level of risk (volatility).
They therefore represent the optimal choices for each level of risk.

The formalization of the relationship also allows giving a representation of the
market price of risk, which can be defined as the unit price for each unit of risk an
investor is willing to bear.

The Capital Asset Pricing Model is the result of establishing a relationship
between the risk of some asset and the risk of the market. By introducing a risk-
free asset in the space of possible investment opportunities, it is possible to derive the
line of the optimal portfolio to invest in, tangent to the curve previously derived.

The beta measures the relationship between excess return of an asset and the
excess return of the market portfolio, giving the idea of the specific riskiness of each
asset and a price to the market risk taken by an investor.

Models that are more sophisticated expand the idea underlying the CAPM by
identifying specific factors that affect the relationship between the asset and the
market, therefore making the relationship more factor-specific.

Problems

1. Briefly explain the risk-return relationship, as from modern portfolio theory.

2. Why do some investors put a large portion of their portfolios into risky assets,
while others invest largely in the risk-free asset?

3. Explain why the following assumptions in particular are required for the Capital
Asset Pricing Model to hold:

(a) A single investor cannot impact the share price.
(b) Time horizon is the same for all investors.
(c) All assets are marketable and infinitely divisible.

4. Is it entirely correct, as an analyst recently commented, that market crashes are
never advertised in advance?

5. Recall that criticisms of EMH claim that the rate of return on small-cap stocks
tend to be higher than for large-cap.

(a) Is this compatible with CAPM?
(b) How could such a claim be tested?

6. Assume beta coefficients are estimated for a large number of assets, finding that
average rates of return of assets and their beta coefficients are not significantly
correlated.

(a) What does the result imply in terms of validity of the CAPM?
(b) Would it make sense to completely reject the CAPM on the basis of this
evidence?
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7. What happens to the riskiness of a portfolio if assets with very low or negative
correlations are combined?
8. Comparing diversifiable and non-diversifiable risk, which one do you think is
more important to financial managers in corporations?
9. Discuss financial risk from the perspective of the CAPM.
10. What features define the points on the efficient frontier? Do portfolios exist
above the frontier?
11. Explain the concept of beta, its calculation, and meaning.
12. What does the SML indicate? What are the main differences with the CML?
13. Derive the intermediate passages to solve Eq. (2.1) in the chapter.
14. Consider the following investments

Investment Expected return Standard deviation
A 6.2% 10.5%
B 8.1% 11.2%
C 7.2% 12.3%
D 6.5% 10.8%

Which investment would you prefer between the following pairs?
(a) A and D?
(b) B and C?
(¢) Cand D?

15. Derive the intermediate passages to solve Eq. (3.4) in the chapter.

16. Assume two assets A and B for which the following estimates have been
derived:

E(}’D) = 12%, op — 19%
E(VE) = 15%, OEF — 22%
Consider the portfolios that can be formed investing 50% of total wealth in A and

50% in B. What is the portfolio’s standard deviation if the assets are perfectly
positively correlated?

17. A portfolio that consists of the following assets:

Stock Investment (€) Beta

A 250,000 1.15
B 330,000 —0.65
C 570,000 1.18
D 1,150,000 0.78
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The market return is 13% and the risk-free rate is 2%.
(a) Calculate the beta of the portfolio.
(b) Calculate the required rate of return of this portfolio.

18.

19.

20.

IR IR

Assume the market portfolio has an expected return of 12% and a volatility of

28%. There is a risky asset i on which limited information is available. It is

known that the expected return of the asset is 9%, the volatility is bounded

between 18% and 32%, and the covariance between the asset and the market is

bounded between 0.014 and 0.026.

(a) Find the interval of possible values of p; y = Corr(r;, ny) and of j;.

(b) What range of values for the risk-free rate do you find realistic? Give an
interval in which the risk-free rate should be.

(c) Find the interval of risk-free rates implied by the CAPM in the above
system.

(d) How would you price an asset with the same risk characteristics as asset i?

Denote by X a stock and by M the market. The correlation coefficient pp, v

between the stock and the market is 0.80. The volatility of stock X is 25% and

the volatility of the market is 12%.

(a) Calculate the systematic variance, the unsystematic variance, and fp.

(b) Show that the beta of a portfolio equals the weighted average of the assets’
betas.

When estimating CAPM from data, a regression error must be taken into

account and the formula modified accordingly. The error is normally distributed.

Suppose there are three risky assets with the following betas and values of ai/ in

the CAPM.

ﬁ/ %

1.3 0.008
1.1 0.012
0.6 0.010

Suppose also that the market excess returns have a variance of 0.016.

(a) What is the beta of an equally weighted portfolio of these three assets?

(b) What is the variance of the excess return on the equally weighted portfolio?
(c) What proportion of the total risk of asset A is due to market risk?

21. Consider the following data for a one-factor economy. All portfolios are well
diversified.

Portfolio ER)) Beta

A 10% 1.0

B 4% 0

C 9% 2/3
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(a) Is there any arbitrage opportunity in the market?
(b) If so, what would the arbitrage strategy be?

22. The weight measurement of individuals picked in two different areas of the
world X and Y is given in the following table:

i X; Y,
1 73 67
2 58 59
3 56 62
4 69 53
5 73 75
6 75 52
7 63 61
8 67 58
9 72 64

10 69 59

11 66 62

(a) Calculate the sample correlation of the weight in the two areas of the world.

Appendix: Liquidity CAPM

A version of CAPM based on the liquidity effect was developed in 2000 by Jacoby
et al. The model can be described by the formula

E(ri—ci) =ri+ B E(rm — em) — 7]

where

g = cov(ri — ciyrm — M)
! var(ry — em)

The advantage of the revised model is to capture the impact of liquidity costs on
the systematic risk, quantified by the liquidity-adjusted beta f8;".

By manipulating the beta equation, it is possible to isolate and decompose the
covariance as shown by

«  cov(ri—ci,rm —cm)
ﬁ,‘ =
var(ry — ¢m)
cov(ri, rm) cov(ci, em) cov(ri,em) cov(ci, rm)

- var(ry —em)  var(ry —em)  var(ry —com)  var(rm — om)

The liquidity-CAPM equation can be then reformulated as
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E(r)) = ri +E(c)) + [E(ra — om — re) (B; + B — 2 — B2)]

where

cov(ri, rm)

i var(ry — ¢cm)

P cov(ci, em)
M-
var(ry — ¢cm)

2 — cov(ri,em)
L2 b
var(ry — ¢m)

3 _cov(ci,rm)

i var (r M — CM)
The four beta coefficients resulting from the decomposition can be commented as
follows:

— pP; is the classic beta of the CAPM formula, when liquidity issues are not
considered.

- ﬂi“, or cov(c;, cyp), represents the commonality in liquidity. Expected return
increases with the covariance between the asset’s illiquidity and the market
illiquidity, because investors demand a premium for holding a security that
becomes illiquid when their portfolio (market) becomes illiquid.

- ﬂiLz, or cov(r;, cv), measures the sensitivity of asset return to market liquidity.
This beta loads negatively with expected returns, because investors are willing to
give up return on an asset with a high return in times of market illiquidity.

- ﬁf3, or cov(c;, rvp), measures the sensitivity of asset liquidity to market return. This
beta also loads negatively with expected returns, because investors are willing to
give up return on a security that is liquid in a down market. When the market
declines, investors are poor, and the ability to easily sell becomes valuable.

Case Study: Risk and Return
Financo Ltd

The Case

Financo Ltd is a primary financial institution, managing the wealth of few selected
high-profile investors, with big amounts to invest. It is therefore crucial for the
company to manage the clients’ portfolios with the highest possible attention to
return and risk.
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Led by Mr. Edward, CEO and certified financial analyst, the company is currently
managing a total of $12 billion of assets, with a team of 50 skilled portfolio
managers.

Financo Ltd has a very good reputation among investors in the region, and it is
able to acquire new customers every semester. Most of their portfolios have survived
the financial crisis years with minimum losses while recovering immediately
afterward.

Mr. William is a young but wealthy investor who is seeking for new opportunities
to make his money grow and achieve good diversification. He is willing to invest an
initial amount of $25 million.

He therefore reaches the Financo headquarters and Mr. Edward welcomes him.
After a brief chat with the client and some introduction of the company, the CEO
decides to take care of this particular customer himself.

In fact, it is now few weeks that Mr. Edward is analyzing the markets, trying to
understand how the company can improve his services to the customers by
extending the range of assets to invest in.

In particular, Mr. William has a low-medium risk profile, with preference for
income-paying and noncomplex assets. He has been very clear in telling Mr. Edward
that he is not willing to consider investments in credit derivatives, as an example.

Even though the range of possibilities allowed by the customer is not extremely
wide, Mr. Edward knows he can offer to his customer a wide choice of financial
products to be included in the ideal portfolio. Given his recent time spent on learning
from the market, there are few types of assets that are interesting.

One possibility is to invest in the equity. Even though the equity market has been
subject to drawbacks in the last few months, this newly discovered company seems
to be appealing, in that it has been recently made public through an interesting IPO.

Since not much public financial information is available for such a company, the
analysis of the investment opportunity must be carried out by comparing the
company to the comparable firms in the high-tech sector.

Actually, the average correlation of the industry with the market return is 21.50%.
The volatility of the stock is 23.50%, and the volatility of the market is 21.50%. The
market return calculated on a 52-week basis is 10.50%, and the risk-free rate in the
economy is set at 2.21%, which corresponds to the yield to maturity of government
long-term bonds.

Another stock is available from the same market, representing equity of a major
well-established corporation. In this case, it is known that the correlation of the stock
return with the market return is 19.50%, while the volatility of the stock is 20.50%.

Mr. Edward recommends to focus on the two stocks and combine them in
different ways. He then asks Financo to start the analysis of such an investment
opportunity, in order to identify the best combination of the available stocks.

Questions

1. If you were to follow the Portfolio Theory like Mr. Edward, what would you do
first in order to measure the profitability of the idea?
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2. Use CAPM to calculate the expected return on each single asset.

3. What profitability measure can be used in order to assess the relative validity of
each single asset and combinations of them?

4. Calculate the return and risk associated with an equally weighted portfolio of the
two stocks.

5. Now repeat point 4 for a portfolio made of 80% of the first stock and 20% of the
second stock and another portfolio made of 20% of the first stock and 80% of the
second stock.

6. Concluding, what is the best combination of the two stocks in terms of relation-
ship between return and risk?
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Every business decision must start from an in-depth analysis of the potential
investment opportunities. In order to understand the right choice for project under-
taking, all possible choices must be analyzed.

Capital budgeting goes through the application of well-known rules that allow the
analyst to understand the potential of every investment opportunity, by setting
criteria to be used in order to make the best possible choice in terms of profitability.

Project valuation is then an important part of the corporate finance literature, in
that financial managers can use probabilistic approaches in order to value a project,
given possible future states of the world.

The definition of scenarios and simulations in fact allows to implement efficient
valuation practices and to obtain a fair valuation of the profitability of each invest-
ment opportunity through careful identification of the most likely outcomes.

Once good projects are identified, then it is very important to properly calculate
the cost of capital associated with financing a profitable investment opportunity, so
as to minimize the funding cost.

Cost of capital valuation can be done for both equity capital and debt capital and
involves applying a fairly simple mathematical tool to the valuation of financial
assets, so to realize what is the cost involved in fund raising.

After studying this chapter, you will be able to answer the following questions,
among others:

e What are the rules of capital budgeting, and how can they be implemented for
project selection?

* How is it possible to decide which rule is best to apply for any specific case?

* How can probabilistic approaches be used for project valuation?

* What are the models and procedures for debt and equity capital valuation?

e What is the difference between levered and unlevered capital?
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The first section of the chapter is about the rules of capital budgeting, how they
can be defined, and the differences between them in terms of application and final
output. The second section deals with the probabilistic approaches to project
valuations. The third section focuses on the cost of capital and how it can be
calculated for both debt capital and equity capital, with insight on the concept of
levered and unlevered capital, and how it impacts on valuation.

4.1 Capital Budgeting Decision Rules
Learning Outcomes

e Learn how to apply the net present value rule for capital budgeting.
* Learn how to apply the internal rate of return rule for capital budgeting.
e Learn how to apply other rules for capital budgeting.

4.1.1 The Net Present Value Rule

Capital budgeting is the process, also named investment appraisal, for determining
the feasibility (in terms of economic and financial convenience) of some long-term
investment and their worthiness to fund them through the firm’s capitalization
structure.

Capital can be input in the form of equity, such as retained earnings, or debt, and
the capital budgeting definition extends to the process of allocating resources for
major capital, or investment, expenditures.

As per theory of corporate finance, the capital budgeting of investments has the
primary goal to increase the value of the firm to the shareholders, and maximize it,
given the financial constraints (McNeil et al. 2005).

Long-term projects are expected to generate cash flows over several years,
making the choice of the right projects a crucial task. The decision to accept or
reject a capital budgeting project depends on an analysis of the cash flows generated
by the project and its cost.

In the financial theory of capital budgeting, two main rules apply for the decision
of acceptance or rejection of a project, namely:

* Net present value (NPV)
¢ Internal rate of return (IRR)

A capital budgeting decision rule should satisfy the following criteria:

* Consider all of the project’s cash flows.

¢ Consider the time value of money.

e Always lead to the correct decision when choosing among mutually exclusive
projects.
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In theory a firm should pursue all investment opportunities that enhance
shareholders’ value. The problem is that resources are not infinite; therefore, there
are constraints related to the amount of capital available for new projects, at any
point in time.

Before examining the various capital budgeting rules available to financial
analysts, it is important to have a look at the assumptions governing capital
budgeting in general, which are as follows:

e Decisions are based on cash flows, not income.

¢ Timing of cash flows is important.

e Cash flows are based on opportunity cost: cash flows that occur with an invest-
ment compared to what they would have been without the investment.

e Cash flows are analyzed on an after-tax basis.

* Financing costs are ignored because they are incorporated in the cost of capital.

There are some concepts in capital budgeting that are very common among
managers, who find them useful. Sunk costs, for example, are costs already incurred
by the firm, so that they do not affect the actual costs.

Opportunity costs are those related to the value of a resource that is used in some
way but could have been used for another purpose. Those costs should be considered
at the current market value of the asset in use.

The concept of incremental cash flow is also very important, and it focuses on the
cash flow that is generating by making some decision about the project and net of the
cash flow that could be realized without making the decision (Scott et al. 1999).

Externality is the effect of an investment on other things apart from the invest-
ment. Those effects hit the society or other external agents that are somehow
connected to the firm, and they can be positive or negative. Both should be
considered.

An example of externality is cannibalization, defined as the situation where an
investment takes customers and sales from another part of the company. They should
be considered in the analysis because they are incremental cash flows.

Decision criteria can be evaluated according to three main issues. First of all, one
must assess whether the decision rule adjusts for the time value of money. Second-
arily, it is important to understand whether the decision rule adjusts for risk. The final
issue is the informative power of the decision rule about whether value is being
created for the firm.

Recall that the NPV of a project indicates whether the impact of investing in it on
the value of the firm will be positive or negative. Specifically, projects with a
positive NPV are expected to increase the value of the firm.

Based on the above concepts, the NPV decision rule states that the company
should undertake the independent projects having a positive NPV. When projects are
mutually exclusive, the project with the largest NPV should be chosen.

Consider two different projects, A and B, available to the company. They can be
any investment opportunity involving some capital expense and producing an
outcome of some type and value.
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Financial constraints do not allow the company to invest in both projects, so an
analysis is needed to understand which project to undertake, if any. Two investments
that are alternative to each other but cannot be both undertaken are called mutually
exclusive.

Project A cash flows can be indicated as {Ca, o,Ca. 1.--, Ca, n}, While for
project B the cash flows are shown by the series {Cg, 0,Cs, 1. - -, CB, N}

Formally, the NPV rule states that project A is preferred to project B if

NPV, > NPVg

where:

NPV, is the net present value of project A.
NPVjy is the net present value of project B.

The present value of projects’ cash flows corresponds to the economic actual
value of the project, as

Ca,i Ca,i CanN X Cag
NPVA =Ca0 + — + — 4.+ — = :
A R ) (1+r)? 1+ ;(l—i-r)t
Given the right choice for r, the value is the price at what the project could be sold
at present in the market. The associated NPV represents the wealth increment
brought by the project, and then if NPV > 0 the project is augmenting the wealth.
The relationship can be then formalized as

N Ca N Cy
Cao+ > Co + i
A ; (+r~ 20 ; (1+r)

According to the NPV decision rule, a project should be accepted only if it has a
positive or null NPV. Projects with negative NPV should be rejected. In case
resources allow for only one project to be undertaken, when comparing two or
more exclusive projects having positive NPVs, accept the one with the highest NPV
(Khan 1993).

‘When cash flows are uneven, so not constant over time, the calculation is different
and can be summarized in the following example:

Example 4.1 Assume an initial investment on fixed assets of 832,000 €. It is
expected to generate cash inflows of 341,100 €, 407,000 €, 582,400 €, and
206,500 € at the end of the first, second, third, and fourth year, respectively. At
the end of the fourth year, the residual value of assets is 90,000 €. To calculate the
present value of the investment for a discount rate of 18%, it is necessary to first
calculate the PV factors associated with the 4 years. The rest of the problem can be
solved more efficiently in table format as shown below:
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Year 0 1 2 3 4

Net cash inflow 341,100 400,700 582,400 206,500
Salvage value 90,000
Total cash inflow 341,100 400,700 582,400 296,500
PV of cash flows 289,068 287,776 354,467 152,931
Total PV of cash inflows 1,084,242

Initial investment (—)832,000

Net present value 252,242

4.1.2 The Internal Rate of Return Rule

Another popular capital budgeting rule is based on the internal rate of return of the
project, therefore named the IRR rule. Recall that the IRR is defined as the discount
rate for which the NPV equals zero. It is the compound rate of return that you get
from a series of cash flows.

Suppose there is a project that generates cash flows {Cy, Cy, ..., Cy}. Consider
discounting the series of cash flows by the IRR of the project, so to get a null NPV, as
described by

of Cy Cy e
Co+ + +.ot——5=Co+ Y ——==0
*"(1+1RR) ' (1 + IRR) (1+RR)Y  ° ; (1+IRR)'

Assume now discounting the same series of cash flows by the appropriate
discount rate r for the project, given by the nature of the project itself and the market
conditions. The IRR rule states that the project should be accepted if its IRR > r and
rejected it if its IRR < r.

The logic behind that is that when r is lower than IRR, the project cash flows give
a positive NPV, therefore making the investment worthwhile. The IRR is the
compound return you get from the project. Since r is the project’s required rate of
return, it follows that if the IRR > r, the project gives more than required.

As for the NPV rule, the IRR rule also can be extended to set the criteria for the
choice between two or more projects. Consider trying to decide between two mutual
exclusive projects.

The IRR rule states that project A is preferred to project B if IRR, > IRRg. The
logic is clear if one thinks that the IRR is the project compound rate of return. When
choosing between two projects using the IRR rule, it is logic to prefer the higher
compound rate of return.

Both budgeting rules are logical and sound reasonable when applied to projects.
In most cases both NPV and IRR rule will give the same answer on whether it is
worth it to invest in a specific project or not.

There are some cases, however, where NPV and IRR give different answers. In
such cases, one should always use the NPV to decide between projects. The logic is
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that if individuals are interested in maximizing their wealth, they should use NPV,
which measures the incremental wealth from undertaking a project.

4.1.3 The Payback Rule

The length of time required to recover the initial amount invested in a project is
called payback period. The payback period (Pp) capital budgeting rule takes its name
from that concept.

In order to apply the rule, first of all the financial manager must establish the
maximum acceptable payback period length, indicated with Pp. The practice
suggests that common average payback period is around 3 years.

In determining whether to accept or reject a particular project, the payback period
decision rule is

Accept if Pp < 131:.
Reject if Pp > i)p.
Indifferent where Pp = Pp.

For mutually exclusive alternatives, accept the project with the lowest Pp if
Pp < Pp.

Example 4.2 Consider a firm that is offered two mutually exclusive projects, A
and B, where the firm’s required rate of return is 10% and the project cash flows are
given in the below table:

Time Project A cash flows (€) Project B cash flows (€)
Year 0 —10,000 10,000

Year 1 2000 6000

Year 2 8000 3000

Year 3 250 10,000

Pp 2.0 2.1

NPV —1380 5480

The payback rule suggests that project A should be accepted; however, the NPV
indicates that if A is accepted, the share price will fall. It appears that the payback
method is not consistent with the goal of shareholder wealth maximization.

Compared to other rules, the PP rule shows some major drawbacks. For example,
it ignores the time value of money and also does not account for the cash flows
occurring after the payback period. Moreover, it ignores the scale of the investment.

The rule is appealing in that it provides a measure of the actual money at risk for
the project. However, uncertainty increases for cash flows coming further in the
future, making the rule not the best tool to account for risk (Levy and Sarnat 1994).
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The advantage of implementing a measure like the payback rule is that it gives
some measure of the money at risk in the investment. At the beginning of the
investment, in fact there is a lot of uncertainty about future cash flows.

The economic environment and the cash flows from the project may be less
favorable than initially forecasted. The uncertainty would increase for those cash
flows in the more distant future.

But analyzing risk can be done more efficiently by using different methods than
the payback criterion. If the measure of risk is what one is interested in, more than
other pieces of information, there are two tools for analyzing the risk associated with
more distant cash flows.

Recall that the discount rate associated to a series of cash flows can be
decomposed in the risk-free part plus a risk premium on top, calculated as the reward
demanded by investors for taking the risk of the investment. The discount rate can be
therefore defined as

rpsc = r¢+4

where:

r¢ is the risk-free rate.
A is the risk premium.

It is interesting to analyze what the impact is of a higher discount factor on the
present value factor (discounted unit value). The discount rates relate to the time
horizon accordingly as can be indicated in the following table, containing a numeri-
cal example:

Discount factor Year 1 Year 2 Year 3 Year 4
10% 0.91 0.83 0.75 0.68
15% 0.87 0.76 0.66 0.57
Difference 3.95% 7.03% 9.38% 11.13%

The risk premium clearly reduces the value of one dollar in the future, to a lower
present value at current time. The reduction gets more substantial for longer periods,
and it increases for periods 2—4.

4.1.4 The Profitability Index Rule

Another capital budgeting technique that can be employed when the company has
limited supply of capital with which to invest in positive NPV projects is the
profitability ratio or profitability index (PI).

Capital rationing problem is the lack of funds that forces a company to target the
limited capital on just few projects, the ones that result in being the very best among
the range of possible investment choices.
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Given that the objective is to maximize shareholder wealth, the objective in the
capital rationing problem is to identify that subset of projects that collectively have
the highest aggregate net present value. In order to compute each project’s PI, the
formula to be implemented is

NPV

Pl =——
1

where:
I is the amount invested in the project.

Once all the Pls for the projects in analysis are calculated, they must be ranked
from the highest to the lowest, in order to select the appropriate investments from the
top to the last until the capital budget is exhausted.

The method is based on the underlying idea that the index can provide the subset
of projects that maximize the aggregate NPV. This is not always the case and in
some cases this information can be inaccurate.

In case the company has limited resources to spread over several projects, then the
profitability index cannot give complete information about the profitability of
combinations of project, since it focuses on the single projects and their comparison.

If it is already known that there is a limited available budget, then it is possible to
analyze the project(s) from the point of view of independent projects or
combinations (portfolios) of them, against the available budget. This is done by
calculating the weighted average profitability index (WAPI).

The formula for calculating the WAPI of a group of n projects is

WAPI = i %Al

i=1

where:

PI; is the profitability index of project i.
A; is the amount invested in project i.
L is the total budget to invest, available to the company.

Example 4.3 Consider a company that has the following projects on the table, and
decide in what project(s) to invest in, given a maximum total budget of 600,000 €.

Project NPV (€) Investment (€) PI

A 460,000 400,000 1.15
B 282,500 250,000 1.13
C 388,500 350,000 1.11
D 324,000 300,000 1.08
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It is clear that with the available budget, the company can only invest in either
project B and D together, project B and C together, or project A only. So to choose
which one is the right portfolio of projects, among the above three, one must
calculate the WAPI associated to each of them:

1.13 250  1.08 x 300  0.00 x 50
+ +

WAPIg p = —1.01
B.D 600 600 600
1.13 x 250 1.11 x 350
WAPI ¢ =~ = = = = 12
WAPL, — 115 x 400 000 X200 _ .

600 600

It is clear that given the assigned budget, the best way to invest the money is to
invest in the combination of projects B and C, which has the highest WAPI.

The choice of the right capital budgeting rule to apply for investment decisions
primarily relies on the nature and sequence of the cash flows generated by a project.
These can be in fact conventional or nonconventional.

Conventional cash flows are such that there are one of many outflows followed by
a series of inflows, and the change in sign occurs therefore only once. In general,
every series of cash flows can be considered conventional as long as it involves only
one change in sign in the whole series, either from plus to minus or from minus
to plus.

Nonconventional cash flows involve initial outflow(s) followed by a series of
both inflows and outflows, with more than one change in sign during the length of
the timeline.

Another important distinction for choosing the right rule to apply is between
independent versus mutually exclusive projects. Two projects are defined as inde-
pendent when cash flows from one project are independent from those of another
project.

It implies that there is no connection or overlap between projects, and all of them
are being evaluated and could potentially all be selected as long as their projected
cash flows will produce a positive NPV or generate an IRR greater than the firm’s
hurdle rate.

On the other hand, two projects are defined as mutually exclusive when they
directly compete with each other. This happens, for example, in the case when some
machinery or equipment in a factory must be changed.

Usually it happens that more than one supplier can make an offer on a brand new
piece of equipment to replace the old one, and only one of the many offers will be
accepted so that they are all in competition.

With regard to capital available, a distinction can be made between unlimited
funds and capital rationing. Recall that capital rationing exists when a company has
fixed amounts of funds to invest.
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The existence of capital constraints will lead to the existence of the capital
rationing issue, therefore not allowing the company to invest in more than just a
few selected projects.

Another important concept is project sequencing, a concept related to the situa-
tion where many projects are evaluated through time. It happens when investing in
one project gives the option to invest for other projects in the future. For example, an
investor can decide to open a restaurant this year and if the financial results are
positive after some years, a hotel could then be built next to the restaurant.

The conclusion is that the NPV criterion, with appropriately set discount rates,
already accounts for the fact that risk increases with the time horizon.

Moreover, there is much less information about the more distant future than the
immediate future, and if circumstances change in the future, the design of the project
would also change accordingly (Emery et al. 1998).

4.2  Project Valuation
Learning Outcomes

* Learn how to use scenario analysis for project valuation.
¢ Learn how to design decision trees for project valuation.
e Learn how to run simulations for project valuation.

4.2.1 Scenario Analysis

Standard rules for capital budgeting are based on assumptions about the knowledge
of the right amount of cash flows associated to a project and their valuation
according to some criteria.

In real life, most cases show that there is uncertainty in the future, and it is not
easy to predict future cash flows without using some specific tools. This section is
devoted to the definition and explanation of some of the probabilistic tools that can
be used for project valuation.

The first valuation tool that helps take into account the uncertainty under different
possible states of the world is the scenario analysis, evaluating the impact of
simultaneous changes in a number of sensitive variables (Dutta and Babbel 2013).

The simplest implementation of scenario analysis is called back testing, which
involves developing a specific asset in case history should repeat itself. It consists in
creating just one scenario of how the situation could evolve.

The actual real scenario analysis moves further in the analysis, by considering
more factors than the back testing, with a deeper view of the historical scenarios to
replicate. It takes a more in-depth look at the future while taking into account
historical data and economic knowledge.

There are four basic steps involved in general preparation of a scenario analysis.
They can be listed as follows:
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* Identification of the relevant factors to build the scenario around

* Choice of the number of scenarios to be analyzed for each selected factor
» Estimation of the outcomes for each possible scenario

¢ Determination of the probabilities to assign to each scenario

The usual representation of results of the analysis is through outcomes generated,
but if probabilities are assigned to each scenario, it is also possible to express the
outcomes as weighted averages (expected value) assuming probabilities for each
scenario can be estimated, in order to weigh the average accordingly.

Each factor gets assigned a value in order to depict a specific scenario. It is
common practice, for example, to simulate a best-case and worst-case scenario in
order to bound the range of possible outcomes from some possible investment
decision.

The analysis usually starts from historical analysis, by taking into account past
returns as a basis for the modeling of the scenario. In fact, on returns many variables
can be calculated as volatility and correlation.

After the scenario is completed and all the above points are fulfilled, the last step
is the use of the scenario result to plan strategies.

Example 4.4 Consider the following table summarizing three possible states of the
world:

Economy Probability Stock A return Stock B return
Boom 20% 15% 10%
Normal 60% 5% —5%
Recession 20% —10% 20%

It is possible to calculate expected returns as
U= in:lpix,- — pup = 4.0%, ug = 3.0%

and the standard deviations
6 =\/E(x?) — (E(x))* — oA = 8.0%, 05 = 10.3%

Once the first scenario is created, it is then possible to change the values assigned
to the probabilities in different states of the world, in order to generate new scenarios.
It is also possible to change the returns assigned to each state. The ultimate goal is to
generate extreme scenarios.

In terms of regulation, scenario analysis is included in the framework of the Basel
banking supervision accords issued by the Basel Committee on Banking Supervision
(BCBS).

According to the regulatory framework, the financial institutions subject to
regulation should use internal and external loss data in order to create scenarios,
together with some additional microeconomic factors.



132 4 Business Analysis

Criteria are loose in terms of the process of scenario formation, given the
information processed. Regulated inputs have to be used for regulatory capital
calculation in the Basel framework.

Once results are obtained, they can be used for internal purposes, for guiding the
business planning, as well as indicators of market functioning, chasing what might
happen to financial market returns, such as bonds, stocks, or cash, in each of those
economic scenarios.

4.2.2 Decision Trees

Decision trees are a popular tool for financial applications, and their use extends to
many activities in social science. The general main use of trees is to help with
making good choices, especially the ones involving high levels of risk.

Decision trees allow to compare many different alternatives in a visually efficient
graphical format, and compared to other methodologies, decision trees offer some
remarkable advantages:

» The graphical approach allows to visualize at a glance the various alternatives and
possible outcomes.

¢ The method allows for a high flexibility, depicting complex alternatives and being
easy to modify according to new information.

* A tree can be always split into sub-trees, allowing for almost infinite levels of
complexity in the analysis.

* They are not in contrast with other forms of decision methods but arise as a useful
complementary tool.

The decomposition of trees into multiple sub-trees allows for a deeper analysis of
some specific actions and outcomes. However, it is never too good to put too much
information on it, to not lose the intuition effect (Werner 2010).

The starting point for building a tree is the bottom of it, with backward analysis
over the branches, through stepping back. This is because sometimes the further
development of the tree discloses the need for changing the information in the
previous steps.

The tree is developed in nodes from which new branches depart, at any step.
There are two types of nodes. Chance nodes are indicated by a circle and are
followed by an event that is not under the control of the agent. Decision nodes
(squares) are the nodes followed by some decision (Fig. 4.1).

The purpose of decision tree analysis is to forecast future outcomes, assigning
probabilities to possible events. Bayesian probability models help to analyze the
problem when the analysis involves complex decisions.

Example 4.5 The expansion of a factory has a cost of 1,500,000 €. If the manage-
ment decides to not do anything, and the state of the economy is good, the expected
revenues are 3,000,000 €. If the economy is bad, revenues will only be 1,000,000 €.
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Scenario 1 Decision 1

Scenario 2 Decision 2

Fig. 4.1 Chance nodes (left) are defined as the nodes where some new information is expected
afterward. Decision nodes (right) are the nodes when it is requested to make a decision between the
following alternatives

Good economy

40% Profit: 6,000,000
Expand
Cost: 1,500,000 O
60% Bad economy
Profit: 2,000,000
Good economy
40% Profit: 3,000,000
Do not expand
Cost: 0 O
60% Bad economy

Profit: 1,000,000

Fig. 4.2 An example of a decision tree where decision nodes are alternate with information nodes,
whose output is subject to branching probabilities

If the expansion is approved, the firm will register revenues of 6,000,000 € and
2,000,000 € if the economy is bad. Assume there is a 40% probability of a good
economy and a 60% chance of a bad economy.

It is possible to represent the problem on a decision tree as in Fig. 4.2.
The net present values from expansion and no expansion are

NPVgx = 0.4 x 6,000,000 + 0.6 x 2,000,000 — 1,500,000 = 2,100,000 €
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Growth

40%
Invest Profit: 6,000,000
Cost: 1,500,000 .
Recession

60%
Profit: 2,000,000

Growth

40%
Not invest Profit: 3,000,000
Cost: 0
Recession

60%
Profit: 1,000,000

Available
Profit: 6,000,000

Resources 4@C
Not available
Delay Profit: 1,000,000
Cost: 0
Recession

Profit: 1,000,000

Fig. 4.3 Decision trees can be as complicated as the problem they represent. Also the availability
of resources can be an input to the tree

NPVng = 0.4 x 3,000,000 + 0.6 x 1,000,000 = 1,800,000 €

The NPV from expanding is higher; therefore, the factory should expand.

The final payoffs are determined by the expected outcome, given some forecasted
probabilities determined according to each possible future state of the world. Some-
times the probabilities are linked to dependent uncertainties among steps, which
increases the degree of complication in the analysis.

Example 4.6 Now consider an additional alternative to wait and see how the
economy goes, bearing the risk that there will not be enough resources available if
waiting. The tree becomes as in Fig. 4.3.

Backward induction on the tree gives a new NPV for the choice of waiting, as
NPV = 0.4(0.5 x 6 + 0.5 x 1)+ 0.6 x 1 = 2,000,000 €

The new NPV from waiting is higher than not expanding but still lower than in
the case of immediate expansion. This is an example of dependent uncertainties,
where the dependency is between the uncertainty about the state of the economy and
the one about the availability of resources.

4.2.3 Simulations

Simulations are a very useful tool in case distributional assumptions are available.
The method involves drawing one outcome from a distribution to generate a set of
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cash flows and values. The process is then repeated several times in order to derive a
distribution for the value.

The degree of accuracy of simulations is very high because, as opposed to other
probabilistic approaches, the number of variables to be changed and the potential
outcomes are not constrained to some limited number.

When past data are not available for a historical analysis, it is necessary to pick
some appropriate statistical distribution to capture the shape of the input variables
and estimate the parameters (Lea and Cohen 2004).

Correlation plays a major role in simulations, given the fact that most statistical
distributions carry statistical features that are hardly approximated by the actual
variables in the real world.

When simulation inputs are strongly correlated, the analyst must choose between
letting only one input vary, or embed the correlation in the simulation algorithm,
which makes the computation more cumbersome.

The number of inputs and iterations determines how many simulations are
required in every case. Other criteria include the type of distribution involved in
the analysis and the range of possible outcomes.

The simulation can be run using several methods. One of the most popular is the
Monte Carlo method, which can be used when there is limited knowledge about data
population and sampling is complicated.

In the case of an exploratory approach, exogenous variables are changed in order
to generate specific courses of action, defined by models that are usually built from
historical data (Jackel 2002).

Sometimes the best solution is a hybrid approach with human and artificial
intelligence mixed in a real-time simulation.

Example 4.7 Assume the estimation of some quantity @ = E[h(x)], where x = {x|,
X2,...,%,} is a random vector in R”, h(.) is a function from R" toR, and E[lk
(x)I] < oo must be carried on.

The following Monte Carlo algorithm can be used:

. Fori=2ton.
. Generate x;.
. Set hi = h(Xl)
~ ht+h+...+h,
Set 0, = 1ttt .
n

e I I S R

That gives a good estimator for the parameter.

When choosing a random number generator, the choice is between speed and
reliability. It is therefore recommended to keep this trade-off in mind and go for a
balanced solution.

Uniform number generators are characterized by a generally good overall perfor-
mance in terms of both speed and reliability, with an average score in both aspects
without excelling in any of the two.
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A faster generator is not necessarily a better one, but a good random generator is
usually fast. Also, a good equi-distribution is necessary but not sufficient condition
for the quality of a generator.

In finance a very useful class of simulations, the explanatory simulation, is widely
used. Based on historical data for modeling real world realistically, it spares from the
computational burden of standard simulation.

Computing power is used to carry on the simulation, including the risk-adjusted
NPV, which is simulated by using inputs that are not always fixed, besides being
well defined by the user.

The aim of the simulation is to replicate the performance of the target project,
with the outcome of a distribution of possible NPVs over a range of discount rates
and other variables.

Monte Carlo integration is a useful computational math tool which is able to solve
computationally common problems in financial mathematics. It achieves good
results by approximating complicated integrals.

Consider the problem of estimating an analytically tricky integral of a function
fover some domain D, given by

F= [ foautx)

where
u(x) is the mean of the variable x.

The function f can have many dimensions, and the solution to the integral is such
that it is not possible to get it analytically. Assuming there is a pdf p defined over the
same domain, the equation can then be written as

X

Ll”‘ $p(dutx)

That is equal to

which is the expected value of f)% with respect to a random variable distributed

according to p(x). Whenever f(x) # 0, this is true for all p(x) # 0.

The expectation E (%) can be also calculated as an average. First of all random
f

samples must be generated according to p. Then the ratio ’ is calculated for each
sample, and the average is proxy for the value for the expectation.
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The convergence to the expected value is higher for the sample size increasing.
The expected value is the actual solution to the integral. That is the process of Monte
Carlo integration.

4.3  Sub-disciplines of Business Analysis
Learning Outcomes

* Understand the use of enterprise analysis.
e Learn how to perform business requirements analysis.
* Explain other common analysis techniques.

4.3.1 Enterprise Analysis

Understanding the needs of a business, the strategy, and identifying actions to put in
place for the business to meet its goals is called enterprise analysis, or strategic
enterprise analysis.

The span of the analysis goes from the identification of the business problem or
need, the proposed solution to it (when existing), and also the assessment of whether
the proposed solution is the best available. The analysis also involves developing
detailed analysis of what the solution entails, its risks, and its feasibility in the
existing organizational climate (Grinblatt and Titman 2002).

Enterprise analysis involves a consistent amount of research and examination.
This is the reason why the overall process is usually run at project’s inception, or
when the project is small, throughout it.

A thorough enterprise analysis endeavor will include points like:

* Proper evaluation of the viability and effectiveness of the proposed business
initiatives.

* Identifying the needs of the business, despite the proposals on the table.

* The ideal solution to address the problem or need must be described.

* Evaluating the risk and return associated to the proposed strategy is also
important.

* Some important questions are: What is the scope of the proposed solution? What
tools and processes are involved in getting the solution?

* The environment for the problem-solving must be created with aids like visuals
and business cases

In many companies the senior analysts take care of the enterprise analysis
process, given the high level of specialization of such a task. It is however useful
for many other employees to get knowledgeable about the analysis.
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There are a number of roles in the business world, with an interest in pre-project
research and solution justification. These roles include but are not limited to business
analysts, project managers, stakeholders, business owners, and software engineers.

The enterprise analysis introduces the analyst to the overall requirement process.
It identifies the needs of the business, and it confirms the appropriate solutions. It is
the foundational research that undergirds any successful set of requirements.

Many steps of business analysis in a company are usually performed in coordi-
nation with the IT department. This is not the case of the enterprise analysis, which is
usually carried on irrespectively (Pinches 1996).

The focus of the analysis is on the business, and the contribution of the IT sector
is welcome, but it is not the focus. Solutions are focused on business, including
changes in business processes, models, and strategies.

A Guide to the Business Analysis Body of Knowledge® (BABOK® Guide) is the
globally recognized standard for the practice of business analysis. It is a collection of
the most widely accepted analysis standards, as established by the business analysis
community worldwide.

The guide was published in 2005, as a consulting tool for analysis and
standardization of the standardized and generally accepted at that time. The first
formal release was version 1.6 in June 2006.

The guide defines the knowledge underlying the performance of correct business
analysis, taking into account the evolution of the approach, and determining the
skills that a practitioner should demonstrate to work in the field.

BABOK standards relate to the framework of business analysis and indicate the
various steps to be performed to deliver a solution that will provide value to the
sponsoring organization.

The overall analysis goal is influenced by how each single task is performed, with
either a direct or an indirect effect. The elements of the tasks like the performing
order and the form of execution can vary, as well as their relative importance.

The BABOK® Guide identifies five main steps involved in enterprise analysis.
The process combines the following elements:

The first step entails the definition of the business needs. This is a task that can be
done even before project inception, but the risk is that the analysis will be inaccurate,
and the identified need may not be the true one that the business needs to address in
order to achieve its goals.

The identification of the need is a crucial step, in that an incorrect identification of
the need will hinder the achievement of a viable solution and all efforts toward that
end will be wasted.

Many types of event, like market opportunity, decrease in revenues, or other
factors, may generate a business need and lead to analysis as a consequence. It is
common in this case for most firms to try to resolve the issue without investigating
the underlying business need.

In order to improve such a behavior, the business analyst has the duty of
investigating the underlying causes of the need. This helps identify the possible
solutions and collect them in order to be presented to the stakeholders.
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In order for the task to produce the best outcome, it is very important that group
thinking is avoided, as well as preconceived ideas and wrong assumptions. The view
on the problem should be as objective as possible and effective as well.

As outlined in the BABOK standards, the accurate definition of the business need
requires the analyst to identify:

* The signals of problem in the organization that can be quantified, like losses in
profits, etc.

* The outcome expected after applying the selected solution, like higher revenues,
cost reduction, etc.

* The potential speed of implementation of the chosen solution to the problem and
the consequences of doing nothing

* The underlying real source of the problem to be addressed

The second step is the capability analysis, which defines whether the organization
can meet the identified need. As from BABOK, if an organization does not have
sufficient capabilities to meet a business need, the analyst must indicate the missing
capabilities that must be added.

Once the business need is identified, and the capabilities have been sorted out, the
third step involves choosing the right approach to the problem, as the most viable
solution to the business need.

At this stage a careful description of what is needed to implement in the business
must be given. Changes in items like software, website, and business processes must
be clearly indicated, if that is the case, as well as the combinations of those.

More than one solution, or multiple parts to a solution, may be proposed. If
capability gaps prohibit a smooth implementation of the ideal solution, solution
alternatives must be anticipated.

A good analyst makes a list of possible viable solutions, each defined by
feasibility, accurate risk analysis, and constraints, as well as accompanying
assumptions underlying its adoption.

The fourth step is about defining the solution scope, meaning the analyst must
identify new capabilities to be generated as a consequence of the implementation of a
new project.

The stakeholders focus on this step because it helps them to understand the path to
the solution’s arrival and the tools that will be required to implement it. Items
involved in the scope include warehouses, databases, and processes.

It is mentioned in BABOK that “The solution scope will change throughout a
project, based on changes in the business environment or as the project scope is
changed to meet budget, time, quality, or other constraints.”

The final step involves defining the business case, as a tool to represent the
practical benefits of the solution proposed, and the true benefits to the organization
from a business point of view.

The case is about quantifying the benefits of the solution, so to complete the work
initiated with the expected payback analysis in step one. The outcome is a specific
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amount of revenue, dollars saved, and other quantifiable benefits, including the
description of the metrics that helped the analysis.

The key factor in the success of the overall analysis, after completing the five
steps, is the involvement and agreement of the stakeholders, together with the help of
communication as an efficient tool for implementation.

Performing the enterprise analysis requires specific core competencies that an
analyst must possess in order to effectively lead enterprise analysis projects. The
competencies required can be listed as follows:

e Ability in creating and maintaining a business structure. This competency
requires the analyst to understand the architecture of the business, defined as
the company’s present and future state, in terms of strategy, goal, and objectives.

* Attention to the feasibility of the options that are on the table, to be exerted by
looking at them, assessing whether they are technically possible and whether they
will meet the organization’s goals.

 Identification and analysis of opportunity, done by identifying new investment
opportunities, in collaboration with experts in the field of operation of the target
business.

* The business case must be prepared and maintained afterward. The proposed
solution comes at a cost in terms of resources, and the costs must be weighed
against the tangible benefits that the solution will offer.

* Management of the several types of risk (financial, operational, economic, etc.) to
be faced when implementing the selected solution. Comparison with the risk of
not implementing the solution is a logic consequence.

Enterprise analysis is commonly offered, as outsourced service, by individuals
and companies. They offer the service to companies that are less experienced in the
analysis process, thus unable to provide it internally.

The several types of services offered by professionals in the field include the
organizational research, aimed at ensuring that all the possible potential solutions are
explored.

4.3.2 Business Requirements Analysis

The main reason for developing a new product or services in the various industries is
to address a specific need of the consumers. Sometimes, companies find themselves
in situations where, despite spending tremendous time and resources, there’s a
mismatch between what has been designed and what is actually needed.

Sometimes the discrepancy is even between some order of the client and the final
product. In other cases, there is a change of mind halfway through a project. Finally,
it is even possible that new requirements come at the conclusion of product creation.

All of these problems can be easily avoided by developing a careful and detailed
business requirements analysis, which is the process of identification, analysis, and
recording of the requirements related to a specific business goal.
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By such analysis it is possible to give a clear definition of the scope of the project,
in order to provide a careful assessment of important factors such as the timescale
and the amount and type of resources needed to complete it (Robertson 2006).

The first step in obtaining the desired outcome, product, or service is the accurate
definition of it. Requirements analysis allows to break the business need into specific
requirements on which there is common consensus, for a better understanding of it.

What’s more, it’s usually much quicker and cheaper to fix a problem or misun-
derstanding at the analysis stage than it is when the “finished product” is delivered.

Modern corporate sector is characterized by a general tendency to establish
internal procedures and methodologies to conduct the analysis. The procedures are
then specific for different industries and different companies.

As for the enterprise analysis in previous sections, the business requirements
analysis is based on five steps. The first one is the identification of the key
stakeholders in the organization, who will be affected by the project.

The first thing to do at this stage is to exactly identify the sponsor of the project,
who could be either an internal or an external client. In both cases, it is essential to
know who has the final say on what will be included in the project’s scope and what
won’t.

It is then important to identify the final users of the proposed solution, product, or
service. The needs of the end users are the foundation of the analysis, and their input
should be carefully considered.

The end users of the product may belong to several departments in the organiza-
tion, or they may be all concentrated in one division. The stakeholders’ requirements
about the product have to be collected and recorded.

When recording preferences, the individual perspectives should be taken into
account. The understanding that different perspectives correspond to different
requirements allows to build a complete picture of what the project should achieve.

The stakeholders should be interviewed in a format that clarifies the basic scope
of the project, without deviating from the main idea. This should discourage the end
users from describing functionalities never supposed to be embedded in the project.
If users have articulated these desires in detail, they may be disappointed when they
are not included in the final specification.

Interviews with stakeholders can be held either individually or in groups. In the
first case, there will be a better understanding of the individual positions, while in the
second case, the way how information between departments flows can be
understood.

Another technique available to the analyst is the use of scenario-based cases, in
order to walk through the system or process as a user. The simulated environment
gives the idea of how the system or service would work. It is a good technique for
gathering functional requirements, but you may need multiple “use cases” to under-
stand the functionality of the whole system.

When implementing the technique, it is useful to check for previous cases about
similar services and build a mock model for the system or product to give the idea of
the final look of the product.
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Using this, users can address feasibility issues, and they can help identify any
inconsistencies and problems. You can use one or more of the above techniques to
gather all of the requirements.

A third step is the categorization of the requirements, in order to simplify the
analysis by grouping the requirements into four main categories. This step simplifies
a lot of the analysis.

Functional requirements define what the functioning of the product should be
from the point of view of the end user. They describe the features and functions with
which the end user will interact directly.

The set of actions to implement in order to keep the product functioning over time
defines the operational requirements. Technical requirements refer to the technical
issues to consider when trying to successfully implement the process. Finally,
transitional requirements define what steps are needed for a smooth implementation
of the product creation (Larson 2009).

After all the requirements have been collected, recorded, and categorized, they
must be interpreted, in what constitutes the fourth step of the analysis. Once all
requirements are gathered, it must be decided which ones are achievable and how the
system or product can deliver them.

The interpretation of requirements follows several sub-steps including the
following:

* Precise definition of the requirements, that have to be clearly specified and
sufficiently detailed, in order to avoid problems coming from non-identified
unknowns.

» Establishment of the prioritization of requirements by giving priority to those that
are more relevant and more critical.

* Analysis of the impact of change, to make sure that all the consequences related to
the impact of project implementation (especially on existing processes and
people) are clear and fully understood.

* Resolution of conflicting issues by interacting with stakeholders in order to
identify potential conflicts. Scenario analysis can be helpful to solve the task, in
that it allows all those involved to explore how the proposed project would work
in different possible states of the world.

» Feasibility analysis is also important for determining the reliability and ease of
use of the new product or system and identifying the major problems that may be
encountered.

The outcome of the analysis is a detailed report to be circulated among the
involved stakeholders, end users, and development teams. The feedback received
can resolve remaining conflicts and constitute a sort of contract between the analyst
and the stakeholders.

The final step is the collection of signed agreement of the key stakeholders,
stating that the presented requirements are effective in addressing the specific
needs. This formal commitment will play an important part in ensuring that the
project does not suffer from scope creep.
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4.3.3 Analysis Techniques

Several analysis techniques are available to the analyst, to facilitate the business
change. One of them is called PESTLE, and it is used to perform an external
environmental analysis by examining the many different external factors affecting
an organization.

The “P” of PESTLE stands for political and represents the influences that may
come from political pressures. The “E” means economic, mainly the impact of
national and world economy.

After that there is the ““S” for sociological, which is related to how the society can
affect the many aspects of an organization. The “T” stands for technological and
refers to the effect of new technology.

The letter “L” is for legal and describes the effects of domestic and global
legislation, while the last “E” is for environmental and focuses on the local, national,
and world environmental issues.

Another method of analysis is called heptalysis, and it is performed as an in-depth
analysis of seven core factors, for early-stage businesses. The factors are market
opportunity, product/solution, execution plan, financial engine, human capital,
potential return, margin of safety (Sharp et al. 2001).

The MOST analysis is used for internal environmental analysis and defines four
different attributes. The purpose of the analysis is to ensure that the project currently
under development is aligned to each of the four attributes.

The first MOST attribute is mission, meaning the overall direction of the business.
Then there are objectives, identified as the key goals to complete the mission. After
that there are strategies, which are the options available to move forward. Finally, the
tactics state how the strategies can be implemented.

SWOT analysis is another popular tool for business analysis, with a focus on the
areas of strength and of major opportunities. Another side of the analysis
concentrates on the weaknesses of the business as well as on the internal and external
threats.

The analysis of the strengths relies on understanding what are the advantages of
running the business and what are the strong areas of current operations and the best-
performing activities of the firm.

Weaknesses include the aspects of the firm that could be improved, aspects of the
business that are not run properly, and key areas where the overall performance is
quite poor (Jacka and Keller 2009).

Another point is about the opportunities available to the organization, namely,
what are the business areas where competition is weaker. Threats are the last issue,
and they focus on the obstacles the business has to face, including key areas where
competitors are much stronger than the firm.

The CATWOE analysis relies on the prompt thinking about the aimed
achievements of the business. The perspectives of the firm over some time interval
help analysts to quantify the impact of possible solutions on the agents involved.
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The first component of CATWOE are customers that aims at identifying who are
the beneficiaries of the business project outcome and how the issue under investiga-
tion affects them.

The second component is actors, meaning those who are involved in the process,
and will be also involved in the solution implementation, and what factors will affect
their success in the process.

Transformation process is another important component, addressing the issue of
what processes or systems are affected by the issue. The world view factors identify
what is the big picture and the generalized impact of the issue.

The owner component identifies who is the owner of the process under investi-
gation and what is their role in the achievement of a solution. Finally, the environ-
mental constraints define what are the constraints and limitations that will impact the
solution and its success.

The Six Thinking Hats (STH) analysis method is a brainstorming approach to
business analysis, meant to generate ideas and analyze options. It is useful for
fostering thinking and it can have a high motivation power. It basically involves
restricting the group to only thinking in specific ways—giving ideas and analysis in
the “mood” of the time.

The color combinations are as follows:

e White: Pure facts, logical

¢ Green: Creative

e Yellow: Bright, optimistic, positive
* Black: Negative, devil’s advocate

¢ Red: Emotional

¢ Blue: Cold, control

The MoSCoW analysis technique is used for requirement prioritization, by
matching tasks with the appropriate level of priority, gauging it against the validity
of the requirement itself and its priority against other requirements.

So basically the levels of prioritization start from the highest, namely, the Must
have, which means the requirement is needed for the delivery to not be a failure.
After that, the Should have level means that in absence of the requirement, the
business will have to adopt a workaround.

The Could have level is the level where the possession of the requirement will
increase the delivery satisfaction. Finally, at the Would like level, the requirement is
maybe needed in the future but not immediately.

4.4  Summary

Business analysis is important to assess the potential contribution of an investment to
the overall value of the firm. Capital budgeting and project valuation help in the
analysis process.
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There are three main rules of capital budgeting that help in identifying the
profitable investment opportunities, discarding the unprofitable ones, and
concentrating the choice of investment on the best solutions.

The net present value rule states that only projects having a positive NPV should
be taken into consideration, and among many possible opportunities, the project with
the highest NPV should be selected.

The valuation of projects can be done in several ways, relying on probabilistic
approaches. The most common type of approach is the scenario analysis, which
relies on the simulation of several states of the world and assesses the potential
outcomes.

Decision trees are another tool that helps in the analysis of an investment by
drawing on the branches of a tree the many possible outcomes of actions, as
represented by the three nodes.

Simulations are a computational tool and involve the use of algorithms and
computer power to estimate the parameters of a model that represents the possible
future outcomes based on the analysis of historical data.

Business analysis is composed of sub-disciplines that approach the issue from
different points of view. Enterprise analysis, for example, relates to the needs of a
business, the strategy, and identifications of the actions to put in place to meet the
goals of the firm.

The business requirements analysis relates to the development of a careful and
detailed process of identification, analysis, and recording of the requirements related
to a specific business goal.

The several types of analysis techniques available include methods that challenge
the analysis issue from different sides and process the available information to
produce outcomes about issues and options.

Problems

1. A project has even cash inflows and requires an up-front investment of 350,000 €.
It will generate positive cash flows of 56,000 € per month, for 1 year. The target
discount rate is 12% on a yearly basis. There is no salvage value. Calculate
the NPV.

2. Assume an initial investment on fixed assets of 1,022,000 €. It is expected to
generate cash inflows of 271,100 €, 385,000 €, 442,400 €, and 266,500 € at the
end of first, second, third, and fourth year, respectively. At the end of the fourth
year, the residual value of assets is 90,000 €. Calculate the NPV.

3. Given the three possible states of the world in the below table, calculate the
expected return and standard deviations.

Economy Probability Stock A return Stock B return
Boom 5% 21% 25%
Normal 70% 2% —1%

Recession 25% —15% —20%
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4. The expansion of a factory has a cost of 16,000,000 €. If the management decides
to not do anything, and the economy state is good, the expected revenues are
24,750,000 €. If the economy is bad, revenues will only be 2,000,000 €. If the
expansion is approved, the firm will register revenues of 18,500,000 € and
1,800,000 € if the economy is bad. Assume there is a 53% probability of a
good economy and a 47% chance of a bad economy. Should the company expand
or not?

5. Following exercise 4, consider an additional alternative to wait and see how the
economy goes, bearing the risk that there will not be enough resources available if
waiting. What is the right decision in this case?

6. What are the advantages of probabilistic approaches to risk, compared to analyti-
cal methods? What about the disadvantages?

7. Describe the steps needed in the implementation of simulations for project and
business analysis.

8. Daniele is offered a choice where you can take a certain amount of 15,000 € or
take part in a gamble, where he can win 50,000 € with probability 50% and
1000 € with probability 50%. Draw a decision tree to represent the choice.

Case Study: Net Present Value
Voltoncamp Ltd

The Case

Voltoncamp Ltd is a company active in tourism and hospitality, which offices in
Europe and operating worldwide. They offer tourism packages around the world and
own estate in the form of touristic villages worldwide.

Willing to expand its business operations, the company is willing to invest fresh
capital into new ventures. In particular the company wants to build a new village in
order to face the high postcrisis demand for tourism.

The company is considering a new investment proposal by a partner in Hong
Kong, for building a new village, and to operate it starting early 2018. But there is
also an investment opportunity in Europe, which requires to refurbish and renovate
an existing village, therefore at a lower cost.

There are catches with both investment opportunities. For instance, Hong Kong
charges no taxes on corporate income, while in Europe profits from any investment
are charged at an average 30% rate.

On the other hand, the European investment requires a much lower investment of
$10,000,000, compared to the $20,000,000 required to build a village from scratch
in Hong Kong. Both amounts are available as up-front cash payment.

Cristina, a freelance financial analyst, is hired by the company to analyze the two
investment opportunities and recommend the best investment, given the financial
environment, the maturity of the investment, and the macroeconomic variables
involved.
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Tourism in Hong Kong is targeted to various types of tourist. Voltoncamp would
offer medium-high level tourist facilities and services, with an expected gross profit
of $2,000,000 for the first year, increasing of an average 5% per year for the
following years.

A village in Europe would make the company gross a pretax income of
$2,000,000 as well. The revenue growth in Europe is supposed to be milder than
in Hong Kong, due to the postcrisis economy still to be fixed, at a rate of 3%
per year.

Other factors to be taken into consideration are the expected reinvestment rate for
average low-risk financial investments in Europe, estimated at a constant 3% per
year. The same level of risk grants a return of 5% in Hong Kong.

Building a new village in Hong Kong means the company will have no
refurbishing costs for the first 15 years of the investment life. After that, an
investment of further $5,000,000 will be required in order to keep running the
business for further 15 years.

About the village in Europe, it will have to be demolished and rebuilt in 15 years
from now. Rebuilding a new village will cost $15,000,000 and will guarantee further
15 years of operations without refurbishing needs.

Consider that profits are also subject to inflation, which in Hong Kong is currently
set at 2%, and supposed to increase by 0.1% per year on average, for the next
30 years. In Europe the inflation is much lower, at 1%, set to increase by 0.05% per
year on average, for the next 30 years.

Last but not least, the average cost of capital for similar investments in Europe is
13% per year, while in Hong Kong is 15% per year. As a company, Voltoncamp nor-
mally conforms to the competitors in terms of cost of capital, so the above figures are
assumed to be good proxies for the company’s cost of capital.

Questions

1. Assuming a maturity of 15 years, if you were Cristina, which course of action
would you recommend to the company, invest in Hong Kong or in Europe?

2. How would your answer to point 1 change if one considers a 30-year maturity of
the investment?

3. What factor could influence the calculation of the amounts involved and therefore
change the answers to both points 1 and 2, if taken into consideration?

4. Assume profits can be reinvested at a rate of 1% in Europe and 3% in Hong Kong.
Would the answer to points 1 and 2 change? How? Explain.

5. Assume the company decides to borrow the money to invest instead of paying it
up front in cash. What factors would then influence the decision of the company?

6. How does the answer to point 1 change if the company can borrow the full
amounts needed over the maturity of the investment, at a fixed constant rate of 3%
per year in Europe and 5% per year in Hong Kong?
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Debt is one of the possible sources of capital for the company. When the debt is
issued on the market, it takes the form of bonds and complements the capital
obtained as debt from banks.

Bond markets are very liquid and generally show high volumes of trading, and
bonds of many types are traded every day, in order to satisfy the needs of capital of
the corporations and the investment needs of investors.

The main issue when valuing the debt of a corporation is to calculate and interpret
the actual value of the bonds issued by the firm and grasp the riskiness of the
business and how the market perceives it.

Valuation of bonds goes through valuation of the cash flows generated and can be
performed according to various approaches. All of them are meant to successfully
compute the market value of debt.

The understanding of debt value for a firm is a primary task when looking at the
overall average cost of capital and possibly to a valuation of the company. Mathe-
matical models help with the task.

According to different forms assumed for the short rate at infinitesimal
frequencies, the term structure used to discount bond cash flows assumes different
shapes and provides several possible actual values of the cash flows involved.

After studying this chapter, you will be able to answer the following questions,
among others:

1. What types of bonds are available in financial markets, and how do they differ
from each other?

2. What is the relationship between the price and yield of a bond, and what does the
yield curve represents?

3. How can duration and convexity measures be used to assess the riskiness of a
bond?

4. What types of stochastic models for the short rate are available?
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5. How can models for the short rate be used to build a term structure and price a
bond?

The first section of the chapter is an introduction to the various types of bonds in
the market. The second section deals with the relationship between the price and
yield of a bond and presents the term structure and yield curve concepts. The third
section gives a description of the stochastic models of the short rate and how they
can be applied to the building of the term structure and bond pricing.

5.1 Bond Markets
Learning Outcomes

¢ Learn the foundations of bond theory.
* Explain the different types of bonds available on the market.
* Understand the role of risk in fixed income investment.

5.1.1 Bond Fundamentals

For a company, the cost of debt is represented by the interest rate it has to pay on new
loans, like bank loans or bond issues. In relation to the bond issuance, the rate is
clearly not the same as the coupon rate on the firm’s existing debt, which reflects the
interest rate the firm had to offer at the time the debt was issued.

When a company has already issued bonds, the existing debt trades on the market
and the price reflect the normal fluctuations of the economic environment and
modifications in the risk level.

A yield to maturity can be implied from bond prices, reflecting the actual
valuation of the risk associated to the company, in terms of a yield that adds up a
premium to the current risk-free level.

The yield to maturity indicates what debt holders would earn if they held the debt
to maturity and received all of the payments as promised. Thus, the yield to maturity
is the firm’s current cost of debt.

Example 5.1 A company has bonds due in 36 months with a coupon rate of 5% and
a market price of 95.72. The yield to maturity corresponding to these characteristics
is 3.30%. In reality there is no need to compute the yield to maturity because prices
and their implied yields to maturity are always quoted together in the bond market.

As opposed to equity capital, the cost of debt is such that the total expense is
always lower than the actual return obtained by debt holders (Cochrane and Piazzesi
2005). This is possible because the interest paid on debt is a tax-deductible expense,
whereas dividends paid to equity are not. In case of debt financing, the tax savings
partially offset the interest payments.
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The tax deductibility of interest lowers the effective cost of debt financing for the
firm. More generally, with tax-deductible interest and denoting the corporate tax rate
as TC, the effective after-tax borrowing rate is

I’D(l — Tc)
This makes the effective cost of debt on a principal L equal to
FD(l — Tc)L

Example 5.2 A company borrows 10,000 € at a rate of 5%, and the corporate tax
rate in the economy is 33%. Then its net cost at the end of the year is calculated as in
the table.

Interest expense 0.05 x 10, 000 500
Tax savings (0.05 x 10,000 x 0.33) (165)
After-tax expense 0.05 x (1 —0.33) x 10, 000 335

The effective cost of the debt 7p after taxes is

335

~ 10,000 3.35%

p

5.1.2 Types of Bonds

The market of bonds is populated by several types of securities that can be
differentiated based on the issuer, the structure, and the cash flows. The main
distinction is between government bonds and corporate bonds.

Government bonds are issued by sovereign governments and can be zero-coupon
bonds or coupon-paying bonds. As for most bonds, it promises to pay periodic
interest payments and to repay the face value on the maturity date.

The currency of denomination of government bonds is generally the domestic
currency of the country of issuance. In case the bonds are issued in a foreign
currency, they are named sovereign bonds, but the term is often used as a synony-
mous of government bonds, regardless of other factors.

In terms of the terminology used by the media, it is common when a government
or sovereign is close to default, to refer to such a situation as a sovereign debt crisis,
again showing no relationship with the currency of issuance of the bonds.

The terms on which a government can sell bonds depend on how creditworthy the
market considers it to be. International credit rating agencies will provide ratings for
the bonds, but market participants will make up their own minds about this.

Bond markets are very old, with the first known issuance of government securities
dating back to 1517, in the Netherlands. At that time, the country was not yet formed,
so the city of Amsterdam was the official issuer (Fama 2006).
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However, these bonds are considered their predecessor which later merged into
Netherlands government bonds. The average interest rate at that time fluctuated
around 20% at the time of issuance.

The first national government issuing a bond was England in the late seventeenth
century. The war against France, occurring at that time, was the reason for issuing
securities in the form of a tontine.

European governments started issuing bonds later, to generally fund public
expenditure, mostly in the form of perpetual bonds. They are special bonds with
no maturity, but their use was limited in time, with governments issuing only bonds
with a limited term to maturity lately.

Another important distinction is between secured and unsecured bonds. The
former are backed by a lien on the borrower’s assets. If the borrower defaults,
those assets can be sold to pay off the bondholders.

Unsecured bonds, also called debentures, are only backed by the general ability of
the corporation or other borrower to pay its bills. If the borrower goes bankrupt,
debentures can’t be paid off until secured bondholders are paid.

Investors in subordinated debentures are a step down in the line for reimburse-
ment and do not get paid until after holders of senior claims get their money.
However, they take priority over the equity holders of any type.

Zero-coupon bonds may be secured or unsecured. They are issued at a big
discount from face value because they pay all the interest at maturity, with no
payments along the way.

Down from the government level, there are bonds that are issued locally by local
states or municipalities. They are called municipal bonds and are very popular on US
markets. They are issued by state or city governments, or their agencies, and come in
two principal varieties.

General obligation bonds are the first type of municipal bonds. It is a type of
security that is backed by the full taxing authority of the government. Revenue
bonds, the second type, are instead backed by the receipts from a specific source of
revenue, from the project that has to be financed by the bond issuance. They are
therefore not considered as secure as general obligation bonds.

The interest that is paid to holders of both revenue and general obligation
municipal bonds is exempt from federal income taxes and, usually, income taxes
of the issuing state as well.

Government bonds in the United States have denominations dependent on the
time to maturity. The so-called treasury bills are those that mature in less than 1 year.
Bonds with maturity between 1 and 5 years are called treasury notes, and the bonds
with maturity longer than 5 years are called treasury bonds. All of them are
debentures, backed by the full faith and credit of the federal government.

Another popular type of bonds in the United States are the agency securities,
which are issued by various government-sponsored agencies. They are not techni-
cally backed by the US government, but still a moral obligation is assumed to exist,
which presumably wouldn’t let an agency issue fail (Fabozzi 2001).
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Callable bonds are a type of bonds that can be called (redeemed) by the issuer
before maturity. This is an option that is written on the bond for the benefit of the
company or government issuing the bond.

The borrower or buyer of the bond is subject to the issuer’s decision of recalling
the bond or not at any time. A company might decide to call its bonds if, for instance,
interest rates fell so far that it could issue new bonds at a lower rate and thus save
money. When bonds are called for an amount higher than paid by the buyer at
issuance, the government would charge taxes on the forced sale.

Convertible bonds are the other types of bonds with an option attached. In this
case, the option is in favor of the bondholder. Convertible bonds in fact can be
swapped for the same company’s common stock at a fixed ratio of amount of bonds
to number of shares of stock.

The convertible option makes many corporate bonds attractive to the investors. If
the price of the stock increases enough after purchase of the bond, the option may be
convenient to be exercised, with sometimes a consistent profit on the swap.

Example 5.3 Assume an investor buys ten convertible bonds issued by company A,
at 100 € each. Each bond pays a coupon of 5% and can be converted into four shares
of the company. At the time of bond purchase, the stock is selling at 20 €. Because
break-even conversion price is

100
— =25 €
4

It follows that 5 € is the price paid per share for the conversion privilege. If the
stock raises above $25, the investor can make a profit by converting the bonds to
stock. If the price were to go to 30 €, one could turn the 1000 € bond investment into

40 x 30 = 1200

worth of stock.

Because their fate is so closely tied to that of the stock price of the issuing firm,
convertible bonds tend to be more closely in sync with the stock market than the
bond market.

5.1.3 Knowing the Risks

Both government and corporate bonds represent a good source of income, some-
times granting a relatively high rate of return to the investor, while being a safe
investment, especially when compared to stocks.

It is still important to know the potential risks and potential downturns associated
with holding corporate and/or government bonds. There are several types of risk that
are attached to an investment in fixed income.
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Credit risk is the risk of loss due to the inability of the borrower to hold its
obligations, by failing on its debt. The definition clearly states that whenever
someone lends money to someone else, the operation is subject to some degree of
credit risk.

Generally, the yield on the government bonds denominated in domestic currency
is considered as a proxy of the risk-free rate in the country of issuance. This is
because it is assumed that the government can raise taxes or create additional
currency in order to redeem the bond at maturity.

The ability to repay its debt is crucial for a company, and it is normally translated
into credit ratings by major rating institutions such as Standard & Poor’s or
Moody’s. Ratings range from “AAA” for high credit quality investments to “D”
for bonds in default. The investor puts a lot of trust on the judgments expressed by
these agencies.

In case a company has a low credit rating, with troubles in repaying its
obligations, the banks and other lending institutions may ask for higher interest
rates before agreeing to give a loan (Brigo and Mercurio 2001).

This can have an adverse impact on the company’s ability to satisfy its debts with
current bondholders and will hurt existing bondholders who might have been
looking to unload their positions.

The currency risk associated with fixed income investments is the risk that the
value of the currency a bond pays out will go down compared to the amount in the
holder’s domestic currency.

A European investor may invest in US T bonds to get more currency risk
exposure than by investing in some European bonds. The same is true for an
American investor considering investment in European bonds to have more currency
risk than US bonds.

A bond paying in a currency that does not have a history of keeping its value may
not be a good deal even if a high interest rate is offered, given that the gain in interest
will be most likely offset by the loss on the currency side.

Inflation risk is the risk that the value of the currency a bond pays out will lose
purchasing power over time due to an increase in inflation. Investors expect some
amount of inflation, so the risk is that the inflation rate will be higher than expected.

Some governments issue inflation-linked types of bonds, protecting investors
against upper movements of the inflation rate. These bonds link both the interest
payment and the face value to some inflation index.

There is an inverse relationship between interest rates and bond prices, with bond
prices raising when the market interest rates go down. It happens because when
interest rates are on the decline, investors try to capture or lock in the highest rates
they can for as long as they can.

This can be achieved by scooping up the existing bonds that carry an interest rate
higher than the market. The surplus of demand implies an increase in bond price. If
the prevailing interest rate were on the rise, the reaction of investors would force
bond prices down.
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Example 5.4 An investor owns a bond that trades at par and has a yield of 5%. If the
prevailing market interest rate raises to 6%, the investor will decide to sell the 5%
bond to buy the bond at 6%, for a better interest. This drives the price of the 5% bond
price down, below par.

A common issue for bond investors is the so-called reinvestment risk, which
arises when the proceeds from the sale of some funds have to be reinvested at a lower
rate than before, therefore worsening the position of the investor. One of the main
ways this risk presents itself is when interest rates fall over time and callable bonds
are exercised by the issuers.

The issuer of a callable bond can redeem the bond prior to maturity, by
forwarding the principal payment to the bondholder, usually for a value that is
slightly above the par value of the bond.

By having the bonds recalled, the bondholder might end up with a lot of cash
which is difficult to handle because reinvestment opportunities may present
refinancing risk, which can have a major adverse impact on an individual’s invest-
ment returns over time.

This is why the investors in callable bonds receive a yield that is higher than on a
similar noncallable bond. The extra yield compensates for the extra risk in the
portfolio.

Active bond investors can attempt to mitigate reinvestment risk in their portfolios
by staggering the potential call dates of their differing bonds. This limits the chance
that many bonds will be called at once.

Every bond is a certificate of debt, and by buying one, an investor is lending
money to the issuer of the bond. This money must be repaid at maturity, with some
interest on top. In case of corporate bond, the possibility to cash back the investment
relies on the full faith of the issuer.

Among the range of possibilities, the investor must also consider the default of
the borrower. If this happens, the debt will not be repaid, and the credit risk involved
in the bond purchase will unleash its effects fully.

As one means of analyzing the possibility of default, some analysts and investors
determine a company’s coverage ratio before initiating an investment. By analyzing
the financials of the borrower, they can determine its operating income and cash flow
and then weigh that against its debt service expense.

In the case of government bonds, the markets are usually very liquid, with many
securities populating the markets and ease of trading. This is not the case of
corporate bonds, in some cases.

If there is no sufficient volume of some kind of bonds in the market, investors are
at risk of not being able to sell their bonds quickly due to a thin market with few
buyers and sellers for the bond.

The low demand for a particular bond issue leads to high volatility of prices, with
a potential adverse impact on the return of the bondholder’s portfolio. By selling in a
thin market, one may be forced to take a much lower price than expected to sell the
position in the bond.
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There are also minor types of risk that can affect an investment in fixed income.
Event risk in particular is the risk that the firm issuing a bond will undertake a
process that will change its structure.

Operations like leveraged buyout, merger and acquisitions and debt restructuring
can increase the debt ratio, pushing the value of bonds down and increasing the
overall riskiness of the firm.

It is possible to talk about event risk also in case of natural and industrial
accidents happening to the business, as well as important governmental interventions
that produce regulatory changes.

Recall that it is possible to measure the convexity of a bond, as the rate of change
of the dollar duration of a bond. Convexity and modified duration combined together
improve the estimate of price sensitivity to large changes in interest rates.

By definition, plain bonds with no option attached have positive convexity, while
convertible bonds and other bonds with options embedded have negative convexity.
It means that the bond value is subject to extension risk when interest rates rise and
contraction risk when interest rates fall.

Mortgage-backed bonds present additional risks as well. Prepayment risk is the
risk that, in case interest rates go down, the mortgage holders decide to refinance or
repay their loans sooner, therefore creating an early return of principal to holders of
the loans.

An extension risk on the other hand is the risk that rising interest rates will slow
the assumed prepayment speeds of mortgage loans. This will delay the return of
principal to the investors, so that they will not be able to reinvest at higher yields.

5.2  The Price/Yield Relationship
Learning Outcomes

* Describe the relationship between bond prices and yields.
* Define fixed income futures and their application to financial risk.
* Explain how yield shifts impact on portfolio immunization.

5.2.1 Bond Prices and Yields

There are several ways to calculate the interest accrued on an investment or loan,
with the main distinction being between simple interest and compound interest. The
simple interest is just paid at the end of accrual period, without being reinvested.

In this way, there is no extra interest earned on the matured interest, and the
equation can be written as

Is =L xrx At

where:
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I is the amount of simple interest generated by the investment.
r is the annual interest rate applied on the nominal amount.
Ly is the nominal amount on which the interest rate is applied.

In case of compound interest, the accrued interest at the end of compounding
period is reinvested together with the capital, increasing the amount earned at the end
of later periods. Define the final value of the investment, called the future value,
compounded on ¢ years:

Li=L(1+r) (5.1)

The above equation is specific for annual compounding but can be generalized to
allow for different compounding frequencies. Consider an interest rate that is
compounded m times per year. In this case formula (5.1) is modified as

r\ m
L= L(l n —)
m
For m tending to infinite, the highest compounding frequency is represented by
continuous compounding, which can be approximated by
LAt — LerAt

Some financial applications require knowledge of the present value of an invest-
ment, when knowing its final value and the interest rate applied to the nominal
amount. The formulas for compounding can then be inverted to get

L = Lt
(1+r)
I Lt
(140"
L=Le "™

Example 5.5 A consumer wants to buy a car worth 25,900 €, and he is offered two
different ways of payment. He can either pay the whole sum cash or go on a zero-
interest loan for 1 year. The second choice is obviously the best but does not assume
the seller offers a price discount for cash payment. If the discounted price is
23,610 €, this corresponds to a 10% discount on price. Now the convenience of
choosing between the two forms of payment depends on the interest rate in the
economy. At the 10% rate, it doesn’t matter to buy the car from one seller or the
other. But other interest rates generate different present values to be compared,
therefore making one offer or the other the best one.
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Table 5.1 Effective

i eulation £ Compounding m Effective annual rate r=4%
annual rate ca'eu ation for - T ity 11 =+ Al — 1 4.00%
different compounding =
frequencies Semiannually 172 rs=(1+r2)y -1 4.04%

Monthly 1/12 m=0+r12)? -1 4.06%
Weekly 1/52 rw=(1+7r/52% -1 4.07%
Daily 1365 | rp=(1+1365°% —1 |4.08%
Continuous 1/00 ro=¢ —1 4.08%

The last column shows an example of the calculation applied to a
nominal rate of 4%

An important concept related to the compounding frequency is the effective
annual rate. Based on different frequencies, the same investment at the same rate
can give different final values (Merton 1974).

Table 5.1 summarizes the effective rate accrued on some investment for the same
nominal rate » compounded at different frequencies m and the calculation for the
most common frequencies with an example in terms of numbers.

Clearly, the higher the compounding frequency, the higher the effective return
earned on the investment. This is the reason for borrowers to usually prefer paying
interest at lower compounding frequencies, while lenders prefer higher
compounding frequency.

That is why yield is sometimes referred to as the IRR of an investment in bonds
forn = % periods, where T is the maturity.

The IRR is the interest rate r, that solves the equation
n
C
By = 711
i=1 (1 +r y)

where:

C; are the cash flows paid by the bond at each time i.
n = t in terms of the notation used so far, in case of annual payments.

There is also the continuous compounding version of the IRR which can be
expressed as

By=Y Ce™ (52)
i=1

For a bond paying periodic coupons to the investor, the payments are the
intermediate coupons, plus the sum of last coupon and face value at the end, while
for a zero-coupon bond, only the face value at maturity is paid with no intermediate
payments.
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Example 5.6 Consider now two bond yields above (11%) and below (8%) the
average return. For a yield of 11%, the present value of the bond is (continuous
compounding

7
By= 8¢ ' =8325
i=1
The present value of the bond corresponding to an 8% yield is

,
By =) 8 "% =983l
=1

1

The equation has no explicit solution for the yield and therefore cannot be
inverted. The way to solve it is computationally or by adopting iterative trial-error
procedures in order to identify the yield that gives the market price.

The procedure starts with a guess on the value of r, as an input in formula (5.2).
Then one must check whether the present value from calculation matches the actual
price of the bond. The yield is then calibrated to get the match.

There is also an approximation equation that allows for a fair approximation of
the yield to maturity of a coupon bond, as closed form solution. The equation is

Bry—B

Ci+ =

'y ="Bw~+B
2

where:

Bry is the face value of the bond at maturity.
B is the market price of the bond.

As a note to avoid confusion, just have in mind that the notation Bgy is used to
identify the value at maturity (face value) of the bond, as well as By, which is by
convention 100 €.

Example 5.7 Consider a 7-year bond pays 8% coupon rate, face value 100 €,
currently selling at 90 €. The average return per year is

8 100—-90

— 7 _
ry = W = 992%

2

Back to trial-and-error procedures for yield calculation, this is sometimes
performed by bounding the right yield between two extreme values, one higher
and the other lower than the actual yield.
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The aim is to get closer to market price, just changing the guess on the yield
appropriately, from a lower rate r;, corresponding to a positive NPV, and a higher
rate ry,, corresponding to a negative NPV _. Then the yield to maturity is given by
interpolation:

NPV,

=N F ey, w7

where:

NPV, is the positive net present value, from a low guess on the yield.
NPV _ is the negative net present value, from a high guess on the yield.

Example 5.8 Given the two bonds in Example 5.6, the NPV at 11% is
—90 +83.25 = —-6.75
NPV at 8% is
—90 +98.31 = 8.31
The yield to maturity is then

8.31

=008 4 (o
" * (8.31 —(=6.75)

)(0.11 —0.08) = 9.66%

which is a fair approximation of the initial calculation. Computing the yield numeri-
cally gives a value of r, = 10.06%.

Standard calculations for bond price and yield to maturity, as presented till now,
imply the yield to maturity is the same for all time periods considered during the life
of the bond.

But if one accounts for the fact that the payments happen at different points in
time, it can be assumed that they should be discounted at different yields, meaning
that each cash flow is discounted by a rate appropriate to its maturity. The present
value of a bond in discrete compounding is given by

Bozi: Gi

= (1 ‘|'ri)i

and continuous compounding can be written as

n
B(): E C,-e_"”
i=1

where:
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r; is the yield to maturity corresponding to time i.

The pricing done by choosing different rates for different maturities is more
accurate, without making necessary assumptions on reinvestment rates. The term
structure rates can be any current spot rates, expectations of future spot rates,
expected inflation, liquidity, and risk premium.

When pricing between two maturities both forward in time, it is appropriate to
work with forward yields, which indicate the expected spot yield at some date in the
future and can be derived directly from spot rates.

By indicating the spot rate at time 1 by r; available for investing for 1 year, and
the spot rate r, as the rate available now for investing for two periods, the forward
rate between periods 1 and 2 is the rate implied for investing for a 1-year period in
1 year’s time.

This can be generalized to any forward rate between time ¢, and #,, which can be
written as

where:

ry is the spot rate at time #.
1, is the spot rate at time 7,.

Finally, it is worthwhile to mention the par yield, the theoretical coupon rate rgy
that makes the bond calculated price equal to par value. The calculation is made by
reworking the bond pricing equation as

B 72 reBr  rpBr + Br
! (1+r,~)i (L+r)

z +o
1—|—r, —I—I‘t)

where:
By is the bond face value.
rp is the par yield.

Cp is the coupon calculated on the par yield.

Example 5.9 Assume the spot rates in the term structure are

Year Spot rate
1 6.00%
2 6.75%

3 7.00%



162 5 Debt Valuation

The par yield on a bond such that will be priced at par therefore is

Cp Cp Cp + 100
+ 2 3
(1.06)  (1.0675)*  (1.07)°

100 =

The solution to the equation is Cp = 7.21. Therefore, the par yield is rp = 7.21%.
Once the par yield curve is obtained, it can be used for calculation on the coupon
to be set on new bond issues and the relative value assessment.

5.2.2 The Yield Curve

Many theoretical models in financial economics are based on the assumption of
constant interest rates. But in reality this is not true and interest rates may vary
through time. This occurs primarily because inflation rates are expected to differ
through time.

One way to find the variability of rates over time is to compare bonds with the
same risk and plot on a graph their yields for different maturities. The relationship
between interest rates (yields) and maturities is called term structure of interest rates,
and the graph plotting it is called yield curve.

The curve can take different shapes according to the structure of the stochastic
model for the short rate that is used to generate it. In general, it can take four different
shapes, so as to be upward sloping, downward sloping, flat, or humped (see Fig. 5.1).

The upward shape is the most common and most observed on the market. It
implies that short-term rates are lower than long-term rates, due to expectations that
macroeconomic factors will push future rates to be higher (Litterman and
Scheinkman 1991).

Yield

v

Time

Fig. 5.1 The yield curves, as resulting from most common models of the interest rates, and
observed empirically, can take different forms
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The mechanism underlying such a result is that the investor has expectations of
higher inflation and a tighter monetary policy to compensate that. As a consequence,
investors demand a higher-risk premium. Such a risk is priced in the yield curve by
demanding higher yields for longer maturities.

In case of a downward-sloped curve, interest rates imply expectations of future
downturn in the economy. A flat yield curve indicates expectations on the economy
have a negligible effect on the risk premium demand of investors.

A humped curve shows the demand of capital on intermediate maturities, a
phenomenon observed in reality, where in recent years, on some markets, investors
have demanded high volumes of long maturity instruments, leaving the intermediate
maturities at lower demand, and consequently higher yields.

A complete term structure of interest rates must cover all the maturities between
the shortest and the longest represented on the yield curve. Therefore, it is necessary
to complete the structure by inferring the rates for the other maturities.

In general, fixed income markets are very liquid, and instruments are available to
cover all maturities. However, in order to complete for missing maturities, a
bootstrapping approach can be used.

The method consists in constructing some longer-term zero-coupon bonds by
forming portfolios of traded coupon bonds. Zero-coupon yields can be derived from
the prices of these bonds (Longstaff and Schwartz 1995).

Consider a simplified market with 7 bonds, one for each available maturity. As
another simplification, let’s assume that all bonds make payments at each maturity
with identical payment dates. It is then possible to construct zero-coupon bonds for
each maturity 1, 2, ...T.

The bootstrapping of new rates over the maturity 7 goes through construction of
appropriate discount factors v; , 1, v; 4 2, - . ., Vs 4 7 for all maturities considered. The
discount factors are defined as the present value of a bond with face value 1, expiring
at each maturity involved.

The next step is to derive yields from the discount factors, by building the yield
curve up to time ¢ + 7. Recall the price equation for a coupon-paying bond:

T

T
B = C; —Yili ~

where:

C; is the payment made by the bond at time i.
y; is the yield corresponding to maturity i.
t; is the time corresponding to maturity i. For annual compounding #; = i.

Indicating the payment of bond i =1, ..., Tattime t+j (j = 1,...,T) with C; ;
and the price of bond i with B, ,, the discount factors must then satisfy the pricing
kernel, as above, given by equations
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Cii Cio -+ Cir Vit B,
C2,1 C2’2 s C2,T Vg2 _ BZ,t (5 3)
Crqn Crpo -+ Crr VerT Br,

The nature of the bonds ensures that the matrix on the left-hand side of Eq. (5.3) is
non-singular, with only one solution possible.

The next step consists in forming a portfolio of the 7' bonds, with elements zero-
coupon bonds paying 1 at ¢ + j. Denoting by «; ; the units of bond i needed to
replicate the zero-coupon bond maturing at ¢ + j, it must hold

Cl,l C2,1 CT,l al,j O
CL2 C2’2 CT,Z s 0

: : - : : _ : 54
Cij Cypj -+ -+ - Crj a; 1 (5:4)
Cl,T C2,T CT,T aT,j O

Equation (5.4) gives a unique solution associated with the maturity ¢ + j. By
comparing it to Eq. (5.3), the equality

B T
viej = @y @y - ary) | 0 [ =B (5.5)
Br;

can be derived, yielding the discount factor corresponding to the j-th entry.

By running Eq. (5.4) forallj =1, ..., T, the values for all the zero-coupon bonds
are obtained. Equation (5.5) can then be applied to get the corresponding discount
factors.

Example 5.10 Two bonds are traded on the market. Bond A is a 2-year 4% coupon
bond; 8% provides payments of 4 € in the first year and 104 € in the second year.
Bond B is a 1-year zero-coupon bond providing a payment of 104 €. Assume the
price of bond A is 97 €, while the price of bond B is 90 €:

91\ (5 105\ (v
96 )~ \104 0 )\ wvpa

The solution is v, , ; = 0.96 and v, . , = 0.91.
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5.2.3 Duration and Convexity

The cash flows of a bond follow a pattern that depends on the sensitivity of bond
prices to changes in bond yields. There is an inverse relationship since more risky
bonds, with higher yield, are cheaper to buy.

Another factor is the maturity of the asset. In general, the longer the time to
maturity, the greater the sensitivity to changing interest rates, and the greater the
yield to maturity, the lower the sensitivity to changing interest rates.

The sensitivity of the bond price to the yield is generally implemented into the
duration measure. Duration measures the average time length for the cash flows of
the bonds, and it is a good estimate of the sensitivity.

It is a time-weighted measure of the length of life of a bond, and a high duration
implies a high volatility with respect to changes in the yield to maturity. Duration can
be measured in some ways for different purposes: Macaulay duration, modified
duration, and effective duration.

In continuous compounding, the Macaulay duration is defined as

dB, ¢
— %
dry, B,

where:

1y is the yield to maturity of the bond.

B, is the price of the bond corresponding to the yield r,.

The first-order derivative can be expressed as

dB, .
L= e 1Ce A
dry ;

where:

C, is the payment made by the bond at time ¢.
At is the time interval between payments.
The equation for the duration follows as

T
D=— Z 1Cie A

Y o=1

which, for annual coupon, in discrete notation becomes
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If price normalization is taken out of the formula, the result is the so-called dollar
duration, defined as

T
Ds =Y tCie "
t=1

The discounted payments divided by the bond price sum up to one as defined by

B,

t=1

Therefore, each payment can be seen as a weight w,, and one can write

T
D= Zzw,
=1

Example 5.11 A 5-year bond with face value 100 €, selling at par, pays semiannual
coupon rate 5%. If the yield of the bond is 5% as well, the Macaulay duration of the
bond (discrete compounding) is given by

D1X<5 N 10 N 15 N 20 +525)455
© 100 7 \1.05  1.05> 1.05° 1.05* 1.05/)

The duration of the bond is 4.55 years.

Putting it in words, each weight in the duration equation indicates the relative
importance of that specific payment, with larger payments having a higher weight
and smaller payments having a lower weight.

Through the Macaulay duration, it is possible to measure the percentage change
in the price of a bond, for a minimal change in its yield. It is therefore a measure of
elasticity.

A further step as a measure of riskiness of a bond is the modified duration. It can
be directly derived by the Macaulay duration and is defined as

dB, 1

MD = —=x—
dry, B,

The equation describes the negative of the first-order derivative of the price,
normalized by the bond price. As for the duration, modified duration can be
expressed analytically in terms of cash flows of the bonds modified duration, as

- T
e ry
MD =—— > "iCe "+
B, &=

which can be discretized as
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D
(1+ry)

Modified duration informs about the percentage change in prices due to any
specific change in percentage of the yield.

MD =

Example 5.12 Using the data in Example 5.11, the modified duration of the bond is
given by
4.55
MD = 105 =433

The modified duration of the bond is 4.33 years.

Duration measures are first-order approximations, therefore more accurate for
small changes in the yields, and less accurate for large changes, due to the curvature
of the bond price-yield relationship.

Both duration and modified duration work for changes of the yields in the context
of flat yield curves. When the curve is not flat, or does not shift parallely, they are not
efficient measures.

For more complex bonds, for example, those embedding an option, other
measures must be used. Effective duration allows to analyze a bond with embedded
option, given that Macaulay and modified duration are not applicable because of
nonlinearity of the price changes:

_ B — By

ED =
2ByAr,

where:

Ar, is change in yield.
By, is price of the bond corresponding to the yield going up by Ar,.
B, is price of the bond corresponding to the yield going down by Ar,.

One of the main properties of a zero-coupon bond is that its duration coincides
with maturity, given there are no intermediate payments. It follows that the modified
duration instead will be slightly lower than the zero-coupon bond’s maturity.

In case of coupon bonds, the coupons act as partial intermediate repayments, so to
decrease the overall risk and shorten the effective maturity of the cash flows. It
follows that the greater the coupon, the lower the duration, because the bond is
repaying back the investment faster than a similar bond with lower coupons.

Following the same logic, it is clear that the duration is lower for greater yield,
given that payments are discounted at higher rate, with consequently a lower present
value, that impacts on duration.
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As a first-order derivative measure, the duration can capture a linear relationship
between yield and bond price. But the relationship turns out to be nonlinear in
practice. Therefore, in order to capture the sensitivity of bond prices to larger
changes in yield, a second-order approximation is needed.

Convexity is a measure of the curvature of the value of a security or portfolio as a
function of interest rates. Convexity is related to the second-order derivative of the
price function.

By combining duration and convexity when measuring the relationship between
bond prices and yields, it is possible to reduce substantially the approximation error
in presence of the curvature.

The expression for the second-order derivative is

dzB L
Zt Clefr‘At

Convexity is defined as

_d’B, 1

dri By

Cv

which can be discretized as

Lot
CV = Z

(1+r} By p— 1+ry)

Example 5.13 Using the data in Examples 5.10 and 5.11, the convexity of the bond
is given by

B 1 (5><2+10><3+15><4+20><5_|_525><6>_2393
T 100 x (1.05)>° \1.05 © 105> 105> 105" 105 )

The convexity of the bond is 23.93.
By performing a Taylor series expansion on the second-order derivative, the
approximation of the change in yield is given by
AB 1 2
?Vy = —DAr, + EC\I(Ary)
Effective convexity is the equivalent of effective duration for duration and can be
calculated with the formula
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53 The Term Structure of Interest Rates
Learning Outcomes

¢ Describe the term structure of interest rates and the yield curve.
e Define and comment single-factor models of the short rate.
* Define and comment multifactor models of the short rate.

5.3.1 The Brownian Motion

A stochastic process can be defined to be Markovian when its value for next time
step only depends on the current value, without taking into account the history of the
process.

The past is not relevant to the future realizations of the process. The condition can
be mathematically formulated as

PI'(X,, = xn|Xn71 =Xn-1,Xn2 = Xp—2,...,X0 = X()) = Pr(Xn = xn|Xn71 = xnfl)

Example 5.14 There is an urn containing two black balls and one white ball. A ball
is drawn in each of the three consecutive trials. There is no information about the
color of the ball in the first trial, and the second trial yielded a black ball. It follows
that there is a 50% chance to withdraw a black ball in the third trial, given that one
black ball and one white ball are left. If there is information provided about the color
of the balls in both the first and second trial, then it would be a 100% surety to guess
the color of the ball in the third trial. It is clear that the probability distribution for
tomorrow-ball’s color is affected by the information about the past. This stochastic
process of observed colors does not have the Markov property.

The stochastic movement of particles in a system was first observed by R. Brown
in the nineteenth century. He let grains of pollen move suspended in the water, and,
using a microscope, he observed their strange but regular zigzag path.

After the first formulation of the theory of Brownian motion, developed by
Bachelier in the early 1900s, Einstein used a probabilistic model to explain the
basic properties of the process.

He could in fact observe the behavior of water molecules concluding that the
kinetic energy of fluids was acting on it, so that any molecule receives a random
number of impacts from random directions, from other molecules, in any short
period of time.

The Brownian motion, or Wiener process, can be conveniently seen as a limit of
the random walks with infinitesimal steps (Musiela and Rutkowski 1997).

Recall that standard random walk is a sum process in which each step is a
Bernoulli variable, getting values +1 or —1, with equal probability:
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Sr=X1+Xo+...+Xr
where
X, = { +1 w%th probab%lity 1/2
—1  with probability 1/2
with expected value and variance given by

E(S7) =0
Var(ST) =T

It is possible to show that, in the limit for n — oo, the Brownian motion can be
defined as the stochastic process W, such that

AW = eV AL, e~ N(0,1)
where

E(AW) =0
Var(AW) = /At

The basic properties of the Brownian motion are
Wo=0
Wl ~ 1\](07 t)

* The paths of the process are continuous function of time ¢ € [0, c0).
* For any set of time points s and ¢, such that 0 < s < ¢, it holds that

E(W?) = Var(W,) + [EW)] =t +0=1

E(W, — W,) = E(W,) — E(W,) =0—0=0

E[(W, = W] = E(W2) + E(W?) = 2Cov(W,, W)
=t+s—2min(W,, W) = |t — 5]

* The covariance between the process at two different points in time is Cov(W,,
W,) = min (s, 1)

* Process increments on nonoverlapping intervals are independent, meaning:
— The distribution of W, — W, depends on ¢ — s only.
— If 0 < u < s <t the random variables W, — W, and W, are independent.
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The process path over a long interval T is such that Wy — W, is the sum of n small
changes in Az of the process, and it is equal to

Wy — Wy = Zei\/At
i=1

so that

E(Wr — W) =0
Var(Wy — W) = nAt =T

From the basic properties above described, it is then possible to derive other
properties allowing for calculus simplifications, when handling the Brownian
motion. Consider the model expressed in continuous time, dW, and recall that, for
At — 0, the time interval becomes very small and equal to dt.

Also recall from basic properties that

E(dW) =0
E(dWdt) = E(dW)dt =0
E(dW?) = dt

It follows that
Var(dW?) = E(dW*) — [E(aW?)]* = 3(dr)® — (d1)* = 0
E [(detﬂ = E[(dW)Z} (dr)> =0
Var(dWdr) = E{(det)z} — [E(@wdr)]> = 0

The argument to derive the final important properties of the Brownian motion is
that, if the above equations hold, and all the elements have a zero second-order
moment, their expected and actual values coincide.

Moreover, since the square of dt is supposed to converge to zero even faster than
dt, it is possible to conclude that

dw? = dt
dWdt =0
d? =0

Now consider introducing a drift term in A¢, so to obtain a new Ax process, that
can be defined as

Ax = alAt + beV At

where a and b are constants, and
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E(Ax) = aAt
Var(Ax) = b*At

The model can obviously be expressed in continuous time and takes the form
dx = adt + bdW,

which is called generalized Brownian motion.
An Ito process is defined as a generalized Wiener process in which a and b are not
constant but dependent on x and ¢, respectively:

dx = a(x, t)dt + b(x,t)dW,

The generalized Wiener process is the leading process in defining stock price
movements in the markets but can also be used to model the behavior of the short
rate of interest, as clarified in the next section.

5.3.2 Single-Factor Models

The classical interest rate models start from a process describing the behavior of the
short rate, at infinitesimal time steps. The state variable is the instantaneous forward
rate, and the short rate is modeled using a Brownian motion (Duffie and Singleton
1999).

The stochastic differential equation describing the dynamics of short rate follows
an Ito process:

dry = m, dt + s, ,dW,

where:

m,, ,is a drift parameter dependent on both r, and ¢.
sy,  1s a diffusion parameter dependent on both r, and ¢.

The single-factor models are characterized by having a single driving factor
which is modeled in multiple possible forms, according to the form chosen for the
drift and the diffusion. In fact, by varying the choice of the coefficients m, ,and s, ,,
the process can lead to different dynamics of the instantaneous rate.

Equilibrium models are those where the short rate is fully endogenous, and
generated by the model, through equilibrium conditions of no-arbitrage, and without
any external input.

The Vasicek model is a popular equilibrium model which is founded on a short
rate modeled as
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dr; = a(b — r,)dt + cdW,

As from the formula, the process is characterized by mean reversion, meaning
that the rate aims in the long run at a fixed constant level, b, floating around it at a
reverting speed a, which is constant as well. All parameters are nonnegative
constants.

The main advantage of such an equilibrium model is the explicit form taken by
the short rate, which is normally distributed. One downturn of the model is that in its
form, it allows for negative rates as outcome.

In order to derive the analytical expression of the short rate, it is necessary to
introduce the variable change:

x=r;—>b

The process in dx, becomes

dx; = —ax,dt + odW;,

Consider another change of variable:

= eat X,
The process becomes
dz; = ae®x,dt + e“dx,

= ae“x,dt + e”(—ax,dt + 6cdW,)
= e“ecdW,

Integration on both sides gives

t
=20+ / e“odW;
0

t

— e%x, = eOxy + / e“odW,

0
t

=xo + / e“odW,
0

so that
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t
x;=e "\ xo+ / e“odW,
0
Recall that the equality x, = r, — b holds, so that the short rate can be calculated as
t
re—b=e¢"(ro—b) + e’ma/e‘”dWS

0
t

—r=e"(rg—b)+0o / e =W, + b

0
t

=e"rg+b(l — e ) + a/e_”(t_”dWs
0
Generalizing the solution to any time interval A =t — s gives

t
re=er+b(1—e ™) + 6/ e Aaw,

s

Through some complicated calculus, it is possible to show that every model for a
short rate implies a specific solution for the price of the bond and term structure.

For example, in the case of the Vasicek model, the solution for the price at time
t of a bond with face value equal to one, maturing at time 7' (At = T — f), is given by
the formula

P.r = A, re O

where

and

2 22
(61,7-a1) (.;217767) 262,

AZ,T —e a2 4a

Starting from the bond price is then possible to derive the term structure. In
particular, the continuously compounded interest rate at time ¢ foraterm of At =T — ¢
can be extracted from the formula

Pt r= e—r,’TAl
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So that the point r, 7 which determines the term structure in that specific time
interval is

1
rt,r = E lnPt’T

In order to overcome the possibility of negative rates implied by using the
Vasicek model, Cox, Ingersoll, and Ross (CIR) proposed a model incorporating a
different form for the diffusion part, with the short rate defined as

dr; = a(b — r)dt + o+/rdW,

The CIR equation allows only for rates that are bounded in the region of
nonnegative numbers, by multiplying the diffusion term by the square root of the
short rate itself. Bond prices in the CIR model have the same general form as in
Vasicek’s model, but the functions A, 7 and @, 7 are given as

2(erA — 1
0 = 2=
(v +a)(erd —1) +2y

and

) e(ﬁ;’)m %

At,T = !
(r +a)(erd = 1) +2r

where

y = Va? + 26>

The bond price and interest rate are again dependent on the short rate at time .
The value of the latter determines the level of the term structure but does not define
the shape, which is only dependent on time.

The main disadvantage of equilibrium models is that there is no link between the
output structure and the actual situation of the rates in the real market. The model
parameters can of course be chosen and calibrated, but they can never fit reality very
closely.

In the fixed income market, when large amounts of capital are employed, very
small differences in the rates can generate very high differences in profits or losses.
Therefore, for advanced investor requiring more accurate estimates, equilibrium
models are not good.

The problem of fit can be overcome by letting some parameters vary determinis-
tically with time. No-arbitrage models are designed to be exactly consistent with
today’s term structure of interest rates.

Ho and Lee (1986) described the simplest form of no-arbitrage model and the first
to be proposed. The model uses the current term structure of rates as an input to the
model, making a step further than equilibrium models.
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The Ho-Lee process for the short rate is given by (Hull and White 1993)
dr[ = Qtdl + GdW[

where 6 is nonrandom function of ¢ and o is, as usual, a nonnegative constant.
The analytical solution for the rate is

t

ry = }’XJrG(W, — Wg) +/9uds

N
and the expression for the price of the bond is
Pt,T = At,Teir'At

where

P 1
A, 7 =In (2T ) + AtFy, — = 6*tAP
’ Po.r )

The model is interesting because of its intrinsic simplicity. However, the simplic-
ity is accompanied by some disadvantages. The main drawback of the model is that it
does not take into account for mean reversion of rates.

Mean reversion is defined as the tendency of the interest rates to turn around some
average in the long term, at a speed and frequency that is variable. It is an empirically
verified important feature of interest rates.

Therefore, for a model to be accurate, it must incorporate it. The solution has been
given by the Hull-White model. It is also known as the extended Vasicek model, in
that it is basically the no-arbitrage version of it. The process is

dr; = (0, — ar,)dt + cdW,

In this case, the analytical solution to the model is

t t
rp=e Uy +/e_“(’_”>9udu —i—/e_"(’_”)aqu

N N

and the price of the bond for the given short rate becomes
Pt,T = Az,Te_@"Tr'

where

and
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5.3.3 Multifactor Models

One important limitation of one factor models is that, given their nature, they are
accurate only for parallel shifts of the yield curve. The reality is that curves like the
LIBOR, for example, often move steepening, so that more complicated models are
required.

The use of a parallel shifting setting is, for example, not adequate to price fixed
income derivatives maturing in a long term. The same works for derivatives written
on long-term assets.

It is often observed that yields at opposite ends of the term structure move in
opposite directions. This is a behavior that single-factor models cannot explain, and
more factors are needed for the analysis.

The solution to the above problems is given by introducing multifactor models, as
pioneered by Merton (1974) and Vasicek (1977), among others. The efficiency of
these models is given by allowing for instantaneous correlation between bond
returns to be not perfect, leading to higher flexibility of the term structure.

Using a multifactor model allows to establish the dependence between short rate
and a vector of factors x, as given by

Ty = in,f (5.6)
=0

where

dx; = A(b — x,)dt + ZdW,, x,bER" (5.7)

where:
A and X are n X n matrices.

The solution to Eq. (5.6) is a Gaussian process in the form
t t
x =e My +/e*A<”5>yds +/e*A(H)ZdWS
0 0
As for the single-factor models, the bond prices are expressed in affine form,
according to the functional form of the parameters. The high tractability makes

Gaussian multifactor models a very good choice to capture different empirical
aspects of the data.
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A popular multifactor model is the multifactor CIR model, which is based on the
independency among factors. The short rate satisfies Eq. (5.7), and the dynamics of
each x; , are derived from the single-factor CIR model and are given by

dx;; = aij(bj — Xj,1)dt + ci\/X; ;[ dW;;, aj,bj,c; >0

There exist again functional forms for parametrized A; , and B; , that help to
express the expectation of the discounting factor in an affine form, as defined by

T
E(ej: Xi,ud”) — eAi,A1+Bi,A1X[,1 (58)

It is then possible to derive the term structure, recalling that the short rate is given
by the sum of the single factors, so that

7£T X,-,udu
E(eﬁrr“d“) =El|e zl:

n T
HE (6‘ j: X,-,,,du>
i=1
Substituting for Eq. (5.8) yields the ZCB price as defined by

n Z Ny artBi aXiy
P,y = | I eAi,At+Bi,A/Xi,l =7
i=1

Another popular model is the Hull and White (2001) which represents the instanta-
neous forward rate as a linear combination of the stochastic variables x, and y,, each
driving a specific feature in the shape of the yield curve.

The two stochastic variables follow the processes

dx, = —Aix,dt + 01dW,
dy, = —oxidt + 62,dW,

where:
o1 and o, are the instantaneous volatilities.

The Brownian motions are correlated by some typically largely negative coeffi-
cient (close to —1), so that parallel moves of the yield curve are inversely correlated
with the steepening of the curve.
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54  Summary

Bond valuation is an important task for the calculation of the cost of debt of the firm,
given that a large part of the debt of big corporations is nowadays issued in the form
of bond issuance.

The fundamentals of bond valuation rely on the proper identification and under-
standing of the features that make a bond a unique type of debt security. Features like
maturity, face value, and coupon payment are components that identify a bond.

There are several types of bonds, namely, government (treasury) bonds and
corporate bonds. Government bonds can be sovereign bonds, issued by a country
or federation, or municipal bonds, issued by local municipalities and states.

When investing in bonds, it is very important to be fully aware about the risk
attached to them. Such a risk reflects the creditworthiness of the issuing party, and it
is related to the return the bonds offer to the investor.

There is an inverse relationship between a bond’s price and yield, since the latter
is used to discount the cash flows of the bond at present value so to obtain the former.
Furthermore, the relationship is convex, defined by a curve.

The yield curve describes the relationship existing on the real market between the
maturity of the traded bonds and the yield they offer. The term structure of interest
rates is the mathematical description of such a relationship.

Duration and convexity are risk measures that define the intrinsic riskiness of a
bond, due to its maturity and the intermediate payments it offers, when present. The
convexity adjustment allows for a better approximation of the bond price given the
yield.

The term structure of interest rates is mathematically defined as the relationship
between the bond yield and the maturity. It is therefore a complex relationship that
depends on the assumptions made on the short rate (continuous).

Several models use the above assumptions to derive a closed form solution for the
yield and the price of the bond associated to some level of the short rate. Such a
derivation can be obtained through either a single-factor or a multifactor model.

Problems

. Explain what is meant by basis risk when futures contracts are used for hedging.
. Which bond’s price is more affected by a change in interest rates, a short-term
bond or a longer-term bond, being all the other features fixed? Why?

3. Provide the definitions of a discount bond and a premium bond. Give examples.

4. All else equal, which bond’s price is more effected by a change in interest rates,
a bond with a large coupon or a small coupon? Why?

5. What is the difference between the forward price and the value of a forward
contract?

6. Someone argued that airlines have no point in using oil futures given that the

chance of oil price being lower than futures price in the future is the same as the

chance of it being lower. Discuss this.

N =
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7. A futures price can be assimilated to a stock paying a dividend yield. What is the
dividend yield in the futures case?
8. The annual effective yield on a bond is 7%. A 5-year bond pays coupons of 5%
per year in semiannual payments. Calculate the duration.
9. Calculate the modified duration and convexity of the bond in Exercise 8.
10. Prove that the duration of a portfolio of many assets is the weighted average of
all durations of the single assets.
11. Consider the following portfolio:

Bond Coupon Maturity Par value Price value YTM
1 7.0 5 10,000,000 9,209,000 9.0%
2 10.5 7 20,000,000 20,000,000 10.5%
3 6.0 3 30,000,000 28,050,000 8.5%

Determine the yield to maturity of the portfolio.

12. Consider the two bonds in the following table:

Bond A Bond B
Coupon 8% 9%
Yield to maturity 8% 8%
Maturity 2 years 5 years
Par 100.00 € 100.00 €
Price 100.00 € 104.055 €

(a) Compute the duration and modified duration for the two bonds.
(b) Compute the convexity for the two bonds.

13. Recall the two bonds in Exercise 4.

(a) Repeat the calculations of duration, modified duration, and convexity, using
shortcut formula, by changing the yields by 0.2%.
(b) Compare the results with those found in Exercise 4 and comment.
14. An investor holds 100,000 units of a bond whose features are summarized in the
following table. He wishes to be hedged against a rise in interest rates.

Maturity Coupon rate Yield Duration Price
18 years 9.5% 8% 9.14 114.18 €

Characteristics of the hedging instrument, which is here a bond are as follows:

Maturity Coupon rate Yield Duration Price
20 years 10% 8% 9.49 119.79 €

Coupon frequency and compounding frequency are assumed to be semiannual.
YTM stands for yield to maturity. The YTM curve is flat at an 8% level.
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15.

16.

17.

18.

(a) What is the quantity of hedging instrument that the investor has to trade?
What type of position should the investor take on the hedging instrument?

(b) Suppose that the YTM curve increases instantaneously by 0.1%. Calculate
the corresponding new price for the two bonds.

Consider the two bonds in Exercise 7.

(a) When YTM curve increases instantaneously by 0.1%, what happens to the
portfolio in terms of profits or losses when the portfolio is not hedged? What
if it is hedged?

(b) If the curves shift by 2% instead, how does the answer to point a changes?

A bank is required to pay 1,100,000 € in 1 year. There are two investment

options available with respect to how funds can be invested now in order to

provide for the 1,100,000 € payback. First asset is a noninterest-bearing cash
fund, in which an amount x will be invested, and the second is a 2-year zero-
coupon bond earning the 10% risk-free rate in the economy, in which an amount

y will be invested.

(a) Develop an asset portfolio that minimizes the risk that liability cash flows
will exceed asset cash flows.

What position is equivalent to a long forward contract to buy an asset at K on a

certain date and a put option to sell it for K on that date?

How can a forward contract on a stock with a particular delivery price and

delivery date be created from options?

Appendix: Principal Component Analysis of the Term Structure

The term structure can be alternatively described by using a principal component
analysis (PCA). The changes in the term structure (ATS), by means of principal
components x;, can then be defined by

ATS = (Axy, Axy, ..., Axy)

Knowledge of matrix calculus is needed in order to apply the method. There is a

unique change in the key rates for each realization of the principal components,
where the latter are linear combinations of changes in the interest rates, given as

n
Axi:Znijij,j: 1,2, ...n
i=1

where:

Nij

are the principal component coefficients.

y; is the yield corresponding to maturity j.

Each component explains the maximum percentage of the total residual variance

not explained by previous components. The matrix of zero-coupon rates is
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symmetric with m independent eigenvectors, corresponding to m nonnegative
eigenvalues. Looking at eigenvalues in order of size, the highest eigenvalue
corresponds to a specific eigenvector, whose elements are identified the coefficients
of the first principal component.

The second highest eigenvalue corresponds to another specific eigenvector,
whose elements are identified as the coefficients of the second principal component.
And so on, for all eigenvalues.

So the variance of each component is given by the size of the corresponding
eigenvalue, and the proportion of total variance of the interest changes explained by
the i-th principal component is

o= (5.9)

From the condition of independency of eigenvectors, it follows that the matrix of
coefficients #; is orthogonal, so that its inverse corresponds to the transpose.
Equation (5.9) can then be inverted, to get the interest rates, as

n
Ay; = Z’Yiiji»j =12 ...n
i=1

From how the model is built, it is clear that lowest eigenvalues play a very little
role in determining the changes in interest rates. Therefore, it is possible to reduce
the dimensionality of the model to the m highest eigenvalues, as given by

m
Ay; = Z’?iiji + &
i=1
where:

g; is an error term due to the approximation from reduced dimensionality.

The first kK components are then able to give a sufficiently accurate approximation
of the changes in interest rates. The portfolio sensitivity to these components can be
used to define the IRR profile.

Difference variances for each principal component are implied by the model, with
corresponding even (i.e., unitary) shift in all components making them not equally
likely.

A further step involves giving to each factor a unit variance, so to make changes
in each factor comparable. Again from matricial calculus, the unit variance is
obtained by multiplying each eigenvector by the square root of the corresponding
eigenvalue, so that the model gets the form

Ay; = i (’75,‘\/2)%4‘&

i=1
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so that in an equivalent equation, the product of eigenvalue and eigenvector is
isolated. The new factor loading in parenthesis measures the impact of one standard
deviation move in each principal component.
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Together with the debt capital, another important part of the financing of a firm is the
equity capital, a source of financing that is based on cash inflows provided by the
ownership of the company or by retention of profits.

When the company cannot have access to debt, as a cheaper source of capital, or
in general the management is not keen to increase the leverage of the capital
structure, equity becomes the primary source of funding for every business.

The analysis of equity capital starts from the understanding of how equity markets
work and how the equity capital is priced, in order to make a first distinction with the
debt capital.

The valuation of equity capital is one of the most challenging tasks in corporate
finance and involves different types of models, according to what is the information
available at the time of valuation.

Like in the case of debt, equity capital can take many forms, from the simplest
common stocks to more structured instruments like preferred stocks and more. The
differences among those are important to be understood, to take advantage of them.

The case of common stock valuation is a foundation element of correct company
valuation and equity pricing, and that makes the chapter of major importance for
understanding the following parts of the book.

After studying this chapter, you will be able to answer the following questions,
among others:

e What is market microstructure, and how does it affect the price formation
process?

* How can the price formation model be described mathematically?

* What are the differences between different types of liquidity measurable on the
market?

¢ What are the main models for common equity pricing? In what way do they differ
from each other?
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e What are the other sources of equity, and how do they differ from common
stocks?

The first section of the chapter is dedicated to the market prices, analyzing the
price formation process, and describing liquidity. The second section deals with the
valuation of equity capital by introducing the dividend discount model and the free
cash flow model. The last section focuses on the non-common sources of equity,
including preferred stocks, warrants, and convertibles.

6.1 The Stock Market
Learning Outcomes

* Define market microstructure.
» Describe the price formation process in financial markets.
* Explain the difference between funding liquidity and market liquidity.

6.1.1 Market Microstructure

In finance, the branch analyzing price formation mechanisms and market kernels is
called market microstructure. As a field, it focuses on how the working process of a
financial market affects the level of prices.

The analysis of market features, and their impact on the various market variables,
like prices and volumes of transactions, is the core aim of the field and allows for a
better understanding of how markets process the available information.

Standard transactions on regulated markets involve the transfer of an asset from
one investor to another. The operation involves trading costs having an impact on the
final price of the asset (Ball et al. 2011).

One of the main contributions of market microstructure is to establish a connec-
tion between transaction costs associated with trading and the bid-ask spread on the
market, which itself depends on the asset liquidity.

Depending on how the transactions take place, it is possible to identify several
types of market structure. Sometimes different types are mixed, and the differences
depend on how transactions take place. A first important distinction is between
auction markets and dealer markets.

Pure auction markets are those where the investors trade directly with each other
without the intervention of dealers. In a call auction market, on the other hand,
trading happens at specific times, when the securities are called for trading. In such a
market, investors place orders, specifying desired price and quantity of the target
security, and trading happens at specific times following specific rules.

Another type of auction market is the continuous auction market. As opposed to
call auction, such a market is characterized by investors trading on orders placed at
an earlier time by other investors.
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The second type of market, the dealer market, is made of major dealers placing
bid and offers to be answered by investors. It is therefore a market characterized by
market makers, setting the initial prices that will adapt to the price formation process.

Besides the distinction among markets, it is also possible to distinguish between
different types of orders to be input in the market, depending on the mechanism of
order execution and satisfaction (Almgren and Chriss 2000).

A limit order sets minimum and maximum price for the trade to take place. A
limit order to buy sets a maximum price, above which the investor will not accept to
buy. A limit order to sell, on the other hand, sets a minimum price, below which the
investor is not willing to sell the security.

The best limit order to buy results in being the lowest higher price in a centralized
continuous auction market, while the best limit order to sell is the higher price. Both
establish the market level, and the quantities at those prices represent the depth of the
market.

Example 6.1 Consider an investor who wants to sell 18,500 shares of some stock A
at no less than €30 dollars per share, but only if the whole quantity can be traded at
once, in the current session. Such an investor should then issue an all-or-nothing, day
order to sell the shares.

A particular type of order is the stop-loss, which can be placed to buy or sell when
the asset price reaches a predetermined threshold. In this way the trader experiencing
a bullish trend will manage to limit the losses.

The technique is to usually set the stop-loss price at a level right below the price
paid for the asset. Such an order gives the advantage that monitoring of the asset
price is not needed, once the limit has been set. It is therefore an efficient way to trade
in case of long absence from the market, at the desired price (Handaa et al. 2003).

The disadvantage is that sometimes the stop-loss price could be activated by a
sudden and temporary shock on the asset price, which creates a short-term fluctua-
tion not reflected by the real trend of price.

Example 6.2 An investor can buy a stock for €40.00 and immediately after that
enter a stop-loss order for €38.50, so that the stock will be sold at market price in
case it falls below the stop-loss price. This limits the loss on the position to

40.00 — 38.50 = €1.50

with no need of further action after the stop order has been sent.

The stop-loss order automatically turns into a market order when the threshold is
reached. Technically the final selling price could be different from the stop price,
especially in fast-moving markets, due to the sudden changes.

Regarding the orders they place, it is also possible to set distinctions among
investors. There are active traders, generally placing market orders and interested in
continuous trading. Passive traders, on the other hand, normally issue limit orders, to
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make the best out of limited transactions, therefore earning higher margins from
active traders.

A popular type of trading is buying on margin, which involves borrowing cash
from some broker and using it to buy assets. The strategy clearly leverages the
position of the investor, increasing the risk, but allows to trade on assets that would
not be affordable otherwise (Bangia et al. 1998).

When opening a margin account, an investor is required to place a minimum
initial investment, as minimum margin. The account becomes operational, and the
investor can borrow a certain percentage (initial margin) of the purchase price of a
stock.

The percentage of stock price that can be borrowed is usually 50%, with maturity
chosen by the investor. When the position is closed, and the stock is sold on the
market, the proceedings go to the broker up to full payment of the loan.

The marginable securities on the account are collateral of the loan, and some
interest must be paid to the broker. Interests are accrued on the part of the loan which
is not reimbursed, and increase as debt increases.

Example 6.3 An investor deposits an amount of €1000 in a 40% margin account, so
that an investment of €1800 can be afforded. If the investor buys €500 value of
stocks, the amount left on the margin account is €1300. The investor has used only a
fraction of the equity in the account, meaning that the loan is not active yet, so no
interest is due. When securities are bought for more than the equity of €1000, the
loan position starts, and interests are accrued on it.

A margin agreement also includes maintenance margin, to be paid on top of the
initial margin, as the equity required on the margin account after each trade. If the
equity in the margin account falls below the maintenance margin, a margin call is
issued, so that the investor must close the position in the stock or add more cash to
the account.

Example 6.4 Referring to Example 6.3, assume the full €1800 available to the
investor is used to buy stocks, so that the whole loan is used. If the market value of
the securities goes to €1300, the value of the equity falls from the original €500 to

1300 — 1000 = €300

Assuming a maintenance margin is 25%, the amount of required equity to be
maintained is given by

1000 x 0.25 = €250

Since the equity is higher than this, the situation is fine. If the maintenance margin
was 40% instead, the amount of maintained equity would be

1000 x 0.40 = €400
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which is higher than the €300 equity. In this case, a margin call will be issued by
the broker, and the investor will have to restore an appropriate level of equity.

The structure of the market is such as to accommodate the needs of the many
different types of investors. From the small investor to the big player, the market
must specify the order in which transactions are executed.

To do so, some markets, for example, adopt price criteria, giving priority to orders
with the best price and secondary priority to the order posted first at a given price.
Some other markets modify secondary priority rules to accommodate large
transactions.

Example 6.5 The current trading price of a futures contract is bid at €134.10 and
asks €134.35 cents. There is a trader A who is the bidder with time precedence at that
price. In order to buy at €134.10, a trader B must wait until investor A trades, or he
can gain precedence by improving the bid to €134.15. Trader B would then have
price priority over his bid and time precedence over all subsequent bids at 134.15. If
trader A then wants to reclaim his precedence, he would have to bid higher at
€134.20. Time precedence encourages traders to jump over each other’s prices
with improved prices.

The whole trading process can be divided in four steps, from information
processing to clearing. In the first step, the information about past and current prices
is made available, followed by brokers taking orders from investors and forwarding
them to the market.

The third step is the actual execution of the orders through kernel processing,
while the last step is the clearing of orders which takes place comparing the
transaction orders of buyers and sellers in order to clear them.

The whole process results in a bid-ask spread on the market, representing the
difference between asking price and offer price. It shows the trading prices available
to investors, and it is a reliable proxy of the liquidity of the market.

When dealers place bid or ask prices, they give an option to the market investors
to trade at this actual bid and ask, before it changes according to new information
hitting the market.

Example 6.6 Consider an actively traded asset A and a rarely traded asset B. The
closing price of the most liquid asset A is more likely to reflect new information
hitting the market, rather than the price of asset B. The returns of asset B will reflect
the new information by showing autocorrelation, due to the fact that asset B has a
zero return in periods of non-trading, reverting to the cumulative mean return when
trading is active. Thus, negative autocorrelation arises due to the mean reversion.

Market structure is affected and determined by several important factors, mainly
regarding liquidity. When a market is liquid, the elasticity is such that there are no
large changes in price due to shifts in demand. When a market is less liquid instead,
the bid-ask spread is much more sensitive to shifts in demand.
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Transparency is another factor related to liquidity, in that it resembles the amount
of information held by market agents. If a market can communicate prices and
spreads in real time to both buyers and sellers, then it is considered highly
transparent.

The features of a microstructure are generally defined by econometric issues,
given that the trading kernel most commonly consists of a series of discrete events in
continuous time, thus defining a point process.

In a perfect market, the price of an asset would be determined at the equilibrium
between demand and supply. The reality is not that straightforward because every
market has frictions that must be taken into consideration.

Market price of an asset normally reflects all the expenses involved in its trading,
so as to carry all the information available at the time of trading. Consequently, the
bid-ask spread reflects all these additions, therefore widening, as they increase.

When natural players are not present in the market, investors are obliged to deal
with market makers in order to get a quick transaction. That generates illiquidity on
the market.

In fact, the market makers bear the risk of price fluctuations while holding the
asset in inventory, so they must be compensated, widening the bid-ask spread and
reducing the profitability for the small investors.

The role of information for market liquidity is also crucial, and big players
generally tend to benefit from the most complete information about fundamental
values on the markets.

Since the price in equilibrium reflects all the available information, the asymme-
try in information generates a mismatch in the marginal prices for different types of
investors, giving rise to disequilibrium.

6.1.2 Price Formation

In the past years, up till recent ones, financial markets have set new rules for the
management of trading orders on the exchange. Thus order-driven markets are the
focus of recent attention from practitioners.

The development of electronics limits order book trading platforms in virtually all
of the market centers in the world. And that has improved the efficiency of market
transactions in terms of speed and effectiveness.

The matching of order on the two sides of the order book is not an easy task, given
that in general the high-valuation investors are willing to buy from the low-valuation
shareholders, in order to gain from the price difference.

Therefore, low-valuation investors have a problem from not gaining anything
from the deal. And on the opposite side, the same concept holds for low-valuation
investors trying to buy from low-valuation shareholders.

Among the several models describing price formation in stock markets, a popular
one is the Foucault’s model. The assumptions underlying the model are continuous
trading with a single risky asset, with investors trading one share of it sequentially
through market or limit order.
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The market is populated by two groups of investors, giving a different value to the
asset. One group assigns a high value V;, while the other assigns a low value V; < V/,.
High-value and low-value investors populate the market with proportions 4 and /,
respectively.

Investors are risk-neutral and maximized their expected utility. For a buy order
processed at price b, it is given by

E(u)=n(V;=b), i=h,l

where:
n is the probability of execution of the order.
Similarly, the expected utility from a sell order at a specified price is

E(w)=nb-V,), i=hl

In the absence of a trade, the utility is normalized to zero.

Private information is scarce and only available to a share 6 of the investors. This
type of information on the asset value is worth to the investors a high value H, or a
low value H_ with 50% probability each.

Consider a game of mutual strategies. Traders are given an optimal strategy,
given the strategies of other traders. Each trader must choose a type of order (market
vs. limit) and (for limit orders) the bid or ask order placement price.

Optimal bid price b* and offer price ™ define the equilibrium in which a
counterparty in the next period is induced to trade at these prices via a market
order. The expected utility of a limit buy order placed at bid price b can then be
rewritten as

E(u) = (1 =K)[(1 = p)(Vi — b) — pH]

where:
p= g is the proportion of informed investors weighted by the 50% probability.
When a buyer is not informed and the utility from the two different trading
methods is the same, it makes no difference to make a market order or a limit
order, as defined by

Vi —an=(1=k)[(1 =p)(Vi —b) — pH]

where:

A,, is the market ask price.

The optimal ask price A™, sufficient to induce an uninformed coming buyer to
trade via a market order, can be then expressed as

a* = Vi~ (1= K)[(1 = p)(Vy — b) — pH]

Specular to it, it is possible to write the optimal bid price B* that will induce an
uninformed coming seller to trade via market order, by the formula

b* =V +k[(1 —p)(a—V)) - pH]
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There exist parameter values for V,,, V;, H, 8, and k for which equilibrium bid and
ask prices are given by

a* =av,+ (1 =) (V, — qH)
b* = uVy+ (1 —pu)(Vi+qH)

where

q:@
1—k(1-p)
A= 2
1 —k(1—k)(1 - p)
_1-(0-kd-p)

”_1—m1—mu—pﬁ

6.1.3 Funding vs. Market Liquidity

An important distinction to be made when talking about liquidity is between funding
liquidity and market liquidity. The distinction is important to understand the link
between corporations and financial markets at full.

Funding liquidity can be defined as the ability to settle obligations with immedi-
acy, and a financial institution is said to be liquid when it can face obligations in
time. Funding liquidity risk is the possibility that an institution will not be able to
meet its obligations over a specific time horizon (Brunnermeier and Motohiro 2009).

There is a difference between the point in time when a liquidity event happens
and the risk associated with that event. Risk outcome in fact can take infinitely many
values according to the distribution of future outcomes.

Consider banks as an example. A bank in fact is considered liquid if at each point
in time the outflows of central bank money are smaller than the sum of inflows and
stock held by the bank.

The net liquidity demand (NLD) indicator measures the fulfilment of the above
conditions, to monitor liquidity, and can be calculated as

Dy = Cour —Cin — M

where:

Cour is the sum of the outflows at a specified time.

Cix is the sum of known inflows.

M is the stock of central bank money.

In order for a bank to be liquid, the money demand must be completely filled,
which is allowed by the existence of an interbank market, together with deposits and
other liabilities. That means the following inequality must hold

Dni. < wpLp + wisLig + waA + wepLep

where:
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Lp is the amount borrowed from new depositors.

wp is the price of new deposits.

Lyg is the amount borrowed from interbank market.

wig is the price of interbank market funds.

A is the amount of assets sold.

w, is the price of assets sold.

Lcg is the amount borrowed from central bank.

wcp 1S the price of central bank funds.

As from the model, there are basically two stochastic elements driving the
funding liquidity risk. One is the future evolution of the NLD, and the other is the
future level of liquidity priced (Drehmann and Nikolaou 2010).

In particular, when NLD is negative, there is an excess of liquidity supply, to be
sold out to the market. On the other hand, when NLD is positive, and cannot be
funded in any way, the bank becomes illiquid.

The theory of market microstructure is useful in the analysis of liquidity and
illiquidity sources. There are three transactional properties governing the relation-
ship between market microstructure and liquidity, namely, tightness, depth, and
resiliency (see Fig. 6.1).

Tightness is the cost of closing a position over a short period of time, and it is
defined as the difference between the bid and the ask prices. Depth is the volume of
trades that is possible to process without affecting the price of assets. Resiliency is an
elasticity measure, defined as the speed at which the price converges to the liquida-
tion value of the underlying commodity.

There are specific values for the properties in case a market is liquid, and that
helps in identifying illiquidity issues, when present. In a liquid market, for example,
tightness approaches zero, meaning the bid-ask spread is minimized (Ernst et al.
2009).

The depth of a liquid market is small enough to not affect asset prices, and
resiliency is high enough to ensure that prices eventually approach the underlying
value, so as to avoid arbitrage opportunities.

Fig. 6.1 The scheme Price

resembles the properties of a ,
market, in terms of liquidity /

Depth / -
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6.2 Common Equity
Learning Outcomes

¢ Learn how to use dividends for equity valuation.
* Apply the most common types of dividend discount models.
* Apply the free cash flow models to equity valuation.

6.2.1 Dividend Discount Models

The cost of equity is essentially represented by the returns demanded by the investors
in order to invest in the company. It is the reward granted in exchange to the capital
inflows provided by the buyers of corporate shares.

It is therefore an important part of the corporate capital structure, and the estima-
tion of the cost of equity represents a major stake of corporate finance literature. The
cost of equity can be estimated using models based on either dividend payments or
the cash flows.

The first method is the dividend growth model that measures the stock price and
capital to be raised by using the information about the dividends paid out to
shareholders by the company.

The model can then be used to estimate the cost of equity, and this model can take
into account the dividend growth rate. The equation sheet for the Paper F9 exam will
give the following formula:

Dy(1
P:0(+g)

0 (6.1)
re — &

where:

e Dy is the current dividend.
» g is the expected dividend future growth rate.
* 1, is the cost of equity.

As can be observed, the equation aims to predict the ex dividend market price of
the share by processing the dividend today, the expected future dividend growth, and
the appropriate cost of equity.

The numerator indicates the expected dividend in one period, due to the growth g.
It is possible to rework Eq. (6.1) in order to isolate the cost of equity. The result is the
formula

_Do(1+g)
re=—p, T8
Since all the terms on the right-hand side are known at time zero, for a listed
company, the calculation of the cost of equity is straightforward. When other
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information is not available, the future dividend growth is assumed to continue at the
recent historical rate.

Example 6.7 A company is about to pay a dividend of €2.50 on a stock whose
market price is €27 (cum dividend). The historical dividend growth rate, which is
expected to continue in the future, is 3%. The estimated cost of capital is

~2.50(1 + 0.03)

Te 2700 +0.03 = 0.1254 = 12.54%

To improve the accuracy of the measurement, one must however use the ex
dividend price of the stock that can be calculated as the cum dividend market price
less the impending dividend.

Example 6.8 The exdividend market price in the previous example is
Py gx = 27.00 — 2.50 = €24.50
The cost of equity is therefore given by

~2.50(1 + 0.03)

Te = 2450 +0.03 =0.1351 = 13.51%

Stock valuation is based on the general assumption that if a market is populated
by rational investors, the value of the stock today represents the present value of all
future cash flows to be accrued in the future.

By recalling the time value of money, one can discount the future cash flows to
present value and obtain the price today of an asset. Such a price is the intrinsic value
of the stock because it is the value of the stock that is perceived based on all available
information.

The buyer of a stock usually expects to get two types of cash flows from it. First of
all, there is a dividend paid out during the holding period; plus there will be an
expected price to be cashed when the stock is sold back on the market. Since this
expected price is itself determined by future dividends, the value of a stock is the
present value of dividends through infinity:

00 D,
Po=Y
ZZZI (1+ re)t

where:

D, is the expected dividends per share.

r, is the cost of equity.

The model is based on two main inputs, namely, the expected dividends and the
cost of equity. The expected dividends can be obtained by making some assumptions
about expected future growth rates in earnings and payout ratios.

The discount rate depends on the riskiness of the asset and can be measured with
the already seen models of asset pricing like CAPM or arbitrage and multifactor
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models. The model is flexible enough to allow for time-varying discount rates, where
the time variation is caused by expected changes in interest rates or risk across time.

The issue with projecting future dividends is complicated because it is not
possible to make such a projection through infinity. Therefore, several versions of
the dividend discount model are available, making different assumptions about
future growth.

The simplest model is designed to value stocks in an environment of stable
growth, with the firm paying out as much of dividends as it can afford. When the
firm is in such a steady state, the Gordon growth model is the good choice for
valuation.

The model can be used to value a firm that is in “steady state” with dividends
growing at a rate that can be sustained forever and relates the value of a stock to its
expected dividends in the next time period, the cost of equity, and the expected
growth rate in dividends:

D,
e — 8

Py =

where:

D; is the dividend expected in the next period.

It is worth understanding what is meant for stable growth rate, and there are two
insights worth keeping in mind when estimating a ‘“stable” growth rate. When
considering the growth rate in the firm’s dividends, one can expect them to last
forever.

As a consequence, all performance financial measures are expected to grow at the
same rate. If a company is growing stably at some rate, while the dividends grow at a
higher rate, the dividends will exceed earnings over time. If the opposite holds, and
the earnings grow at a higher rate than dividends, the latter will then converge toward
zero, which is different from a steady state.

It follows that for a firm to grow at a steady state, analysts should be able to
substitute in the expected growth rate in earnings and get precisely the same result, if
the firm is truly in a steady state.

There is also an issue related to how to judge whether a growth rate can be
considered reasonable for a stable growth. The rule of thumb is that the growth rate
has to be less than or equal to the growth rate of the economy in which the firm
operates.

The analysts are generally not in agreement on the rate to be adopted, but the
common agreement in the academia and research is that there are three reasons why a
firm is in stable growth.

First of all, there is usually uncertainty about expected inflation, which affects the
real growth in the economy. Different analysts may have different expectations
about inflation, which in the long term may project a nominal growth rate in the
economy that is higher.

The growth rate of the company can be much less than the growth rate of the
overall economy, and in some cases the firms become smaller over time, in propor-
tion to the economy.
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Finally, if a firm is likely to maintain a few years of “above-stable” growth rates,
an approximate value for the firm can be obtained by adding a premium to the stable
growth rate, to reflect the above-average growth in the initial years. Even in this case,
the flexibility that the analyst has is limited.

When the growth of the company is not assumed to be stable, but it varies over
time, often from initial high growth to a final stable growth, the analyst will be better
served using a two-stage or a three-stage model.

It is very difficult in reality for a firm to meet the requirement of a constant growth
rate. Earnings are in fact usually quite volatile, but the model can still be applied
when there is an average over cyclical periods.

Thus, a cyclical firm that can be expected to have year-to-year swings in growth
rates, but has an average growth rate that which is defined, can be valued using the
Gordon growth model, without a significant loss of generality.

An intuition that strengthens this point is that dividends are usually smoothed
overtime, therefore not linked to the cyclicality of earnings. Moreover, the mathemati-
cal effects of using an average growth rate rather than a constant growth rate are small.

By assuming that dividends are constant forever, the stock valuation is given by
the present value of dividends per share in perpetuity:

_Dbr

e

Py

where:

DY is the constant dividend per share expected from the next period.

The rate of discount (return) is proportional to the time value of the money tied up
in the investment and also reflects the risk associated with the uncertainty about the
amount of future cash flows.

Example 6.9 Assume a stock paying a current dividend of €2.00 per share and a
required rate of return of 10%. The value of a share of stock is therefore
2.00
Py =——=1€20.00
*70.10
Therefore, by paying €20.00 per share and assuming the dividends remain
constant at €2.00 per share, the investor will earn a 10% return per year on the
investment every year.

By assuming that the dividend grows at a constant rate, one can decompose the
D, into the previous dividend multiplied by the growth rate g. The present value of
the common stock is the present value of all future dividends. The specific case of
dividends growing at the constant rate g is commonly referred to as the dividend
valuation model (DVM):

:D0(1+g) D,

Fe — 8 re — 8

Py
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This model is also referred to as the Gordon model, and it is one of a general class
of models referred to as the dividend discount model (DDM).

Example 6.10 A stock pays a current dividend of €7.00, and the dividends per share
are expected to grow at a rate of 3% per year. If the required rate of return (cost of
equity) is 12% in perpetuity, the value of the share is

~7.00(1 + 0.03)

Py — —€80.11
7 70.12-0.03

The case is different when the growth is expected to change over time,
representing the common scenario that most firms encounter in real life. Companies
in fact experience life cycles up and down turns with initial rapid growth when they
start, a decreased growth in the intermediate phase of operations, and a situation of
declining growth in their final stage. Further, companies may experience changes in
their growth due to acquisitions and divestitures.

A modification of the dividend growth model allows for a two-stage growth
representation, with an initial phase of unstable growth and a subsequent steady state
where the growth rate is stable and is expected to remain so for the long term.

The standard setting of the model usually accounts for an initial stage of higher
growth and a second stage of much lower stable growth, but it can be adapted to
cases where the firm is expected to post low or even negative growth rates for a few
years and then revert back to stable growth.

The model is built on two stages of growth, with initial growth lasting for a set
period of T years and the stable growth phase starting immediately afterward. So
there are two growth rates, one for the first phase and one for the stable infinite
growth. The value of the stock according to the model is given by

T
D, Pr
Py = +
’ ;1 +rE o (14r9)"
= +

Z D; 1 y D7y
=+l (1) (e—8)

~

where:

r¥ is the cost of equity in the high growth stage.

r, is the cost of equity in the stable growth stage.

If the initial growth is stable, and the dividend payout ratio is stable too, over the
n years of extraordinary growth, Eq. (6.2) can be simplified as

T
Do(1 + ¢* [1 _M}
o1 +27) (1+72) Dry

Py =
’ (rr —¢%) (re—g)(1+r.)"

where:
g™ is the growth in the high growth stage.
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Example 6.11 A share of common stock currently pays €1.70 per share and is
expected to grow at a rate of 5% per year for 2 years and afterward at a rate of 3% per
year. The required rate of return is 7%. The stock price can be calculated as

B 1.70(1.05)+1.70(1.05)2 L P
14007 (140072 (1+0.07)>

0

The term P, is calculated as

~ 1.70(1.05)7(1.03)
> 0.07-0.03

= €48.26

so that

1.785 1.874 48.26
Py = =1 1.637 +42.148 = €45.4
=707 +1.145+1.145 668 + 1.637 + 8 = €45.453

The result is a typical two-stage model, which looks similar to the standard
dividend valuation model. But in this case, the DVM is used to determine the
price beyond which there is constant growth. The dividends in the first growth
phase are instead discounted using basic cash flow discounting.

A further step in the analysis is to introduce an extra stage and account for a three-
stage dividend growth. It allows for an initial period of high growth, a transitional
period where growth declines, and a final stable growth phase. It is the most general
of the models because it does not impose any restrictions on the payout ratio.

The first stage of the model is of stable growth, but higher than classical stable
growth, followed by a decline in growth in the second stage and a new stable growth
at a lower level, in the last stage.

The value of the stock is given by discounting the expected dividends during the
high growth and the transitional periods, plus the terminal price at the start of the
final stable growth phase.

py— i EPSo(1 + gug) On i DPS,  EPSy,(1 + gsg)'0sc

= (1 +rw) S (1+rm) (rsa —gs6) (1 +r¢)’
T, t
EPS, x (1 6
POZZ 0 ( +gHG2X MG
pa (1 + ruc)
N L DPS,  EPSp, x (1+gg) X Osg

z:T1+1(1+rTR)Z (VSG_gsG)(1+rf)t

where:
EPS, are the earnings per share in year .
DPS; are the dividends per share in year z.
gHg 18 the growth rate in high growth phase, lasting 7’| years.
gsg 1s the growth rate in stable phase.
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6yc is the payout ratio in high growth phase.

Osg is the payout ratio in stable growth phase.

rug 1S the cost of equity in high growth phase.

rrr is the cost of equity in transition phase.

rsg 1is the cost of equity in stable growth phase.

The model is more flexible than the other dividend discount models, but it
requires more inputs to run. The advantages from the additional flexibility must be
compared to the disadvantages of having higher noise in the estimation due to
possible errors in the inputs.

It is quite common to find companies that experience an actual three-stage growth
process during their life. Most companies go through a development stage with high
growth, a maturing phase with moderate growth, and a declining phase with little,
no, or negative growth.

This is exactly the pattern to be described by a three-stage dividend model. The
practical application of the model is more cumbersome than classical DVM, and it
runs through six steps, as illustrated in the following example.

Consider the valuation of a stock that has a current dividend of €3.00 per share.
Dividends are expected to grow at a rate of 12% for the next 5 years. Following that,
the dividends are expected to grow at a rate of 8% for 5 years.

After 10 years, the dividends are expected to grow at a rate of 3% per year,
forever. If the required rate of return is 15%), it is possible to calculate the value of the
stock by breaking the calculation in to six steps:

First of all, the dividends for the years from 1 to 11 must be calculated as

Ear Dividend growth rate Dividend
1 12% 3.360

2 12% 3.763

3 12% 4.215

4 12% 4.721

5 12% 5.287

6 8% 5.710

7 8% 6.167

8 8% 6.660

9 8% 7.193

10 8% 7.768

11 3% 8.001
Year Dividend Present value
1 3.360 2922

2 3.763 2845

3 4.215 2771

4 4.721 2699

5 5.287 2629

6 5.710 2469

7 6.167 2318

(continued)
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8 6.660 2177
9 7.193 2045
10 7.768 1920
11 8.001 1720

Present value of dividends after year 10 can be calculated as the present value of a
growing perpetuity:

8.001

PVoo = 015 —0.03

= €66.67

The discounted value at time zero of the growing perpetuity is then given by

66.675
PVp = o = €16.48
(140.15)

The sum of the present value of the dividends in the first 10 years is given by

10
DIV,
PVip =Y ' = €24.79
0T (110.15)

The value of the stock at present is given by the sum of the present value of the
growing perpetuity and the present value of the dividends in the first 10 years, as for

PV, = 16.48 + 24.79 = €41.27

It is possible to compare the model to the CAPM in order to grasp the differences
among them. The dividend growth model gives a measure of cost of equity through
the analysis of empirical data publicly available for most companies.

The calculation comes straight through an algorithm that involves measuring the
dividends, estimating the dividend growth, copying the market value of the shares,
and using the amounts in the equation to estimate the cost of equity.

The model is however limited in that it does not give any information about why
different shares have different costs of equity. This is due to the fact that dividend
growth models ignore the risk aspect of valuation.

That model simply measures what’s there without offering an explanation. Note
particularly that a business cannot alter its cost of equity by changing its dividends.
The equation

o = DO(;):_ 8) tg
might suggest that the rate of return would be lowered if the company reduced its
dividends or the growth rate.
The reality is different, and normally a dividend cut or growth decrease would
result in a lower market value of the company. The value would decrease until the
level corresponding to the point where investors obtain the required return.
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The CAPM is a more complete model, making a step further by introducing
systematic (market) risk in the equation for valuation. Other returns in the economy
as well as the relationship among the various risks translate into beta and asset return.

Another important feature of CAPM is to offer several ways to measure the
inputs, as the risk-free rate, the market return, and the beta. They can be estimated
from empirical data or are normally available as public information.

6.2.2 Discounted Free Cash Flow Models

The models of free cash flows aim at establishing how much cash the firm can return
to the shareholders through its operations. It is therefore a direct derivation from the
net income, which is the first entry to be considered.

Recall that net income is the accounting measure of the stockholders’ earnings
during the period. The task is to convert it to a cash flow by subtracting out a firm’s
reinvestment needs.

The net income must be further netted of some types of expenses, in order to get
to the free cash flows. For example, one must subtract any capital expenditures,
defined broadly to include acquisitions, since they represent cash outflows.

On the other hand, depreciation and amortization must be added back to the net
income, because they do not represent cash flows. Net expenditure is then the
difference between capital expenditures and depreciation.

It is usually a function of the growth characteristics of the firm. High-growth firms
tend to have high net capital expenditures relative to earnings, whereas low-growth
firms may have low, and sometimes even negative, net capital expenditures.

When working capital increases, the firm’s cash flows are reduced, and vice
versa, with lower working capital translating into higher cash flows available to
equity investors. Companies experiencing a fast growth are subject to large increases
in working capital, especially in industries characterized by high levels of working
capital, like retailing. In order to capture cash flow effects of working capital, one
must focus on the noncash working capital.

The last point in determining cash flow is debt. Equity holders are typically
subject to changes in the level of debt that impact on their cash flows. Repaying
the principal on existing debt represents a cash outflow; but the debt repayment may
be fully or partially financed by the issue of new debt, which is a cash inflow.

By accounting for the cash flow effects of net capital expenditures, changes in
working capital and net changes in debt, it is possible to define the net cash flows
after all netting, named as free cash flow to equity (FCFE), as from the formula

FCFE = Net Income — (Capital Expenditures — Depreciation)
— (A in non-cash working capital) + (New debt issued — Debt repayments)

This remaining net cash flow is then available to be repaid to shareholders in the
form of dividends or become retained earnings that constitute additional equity for
the company.
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In order to simplify the calculation, one can assume that net capital expenditures
and working capital are financed by a mix of equity and debt capital. The proportion
of net capital expenditures and working capital raised in the form of debt can be
indicated as d, and the effect on cash flows to equity of these items can be
represented as

FCFE = Net Income — (Capital Expenditures — Depreciation)
— (A in non-cash working capital) + (New debt issued — Debt repayments)

The equity cash flows associated with capital expenditure needs (FCFEc4p) can
be defined as

FCFEcap = —(Capital Expenditures — Depreciation) (1 — d)

and the equity cash flows associated with working capital needs (FCFEy ) can be
defined as

FCFEwc = —(A in non-cash working capital)(1 — d)

Following the above formulation, it is possible to express the cash flow to equity,
net of capital expenditure, and working capital, for a constant debt-to-equity ratio, as

FCFE = Net Income — (Capital Expenditures — Depreciation)(1 — d)
— (A in non-cash working capital)(1 — d)

The net debt payment does not appear in the equation anymore, given that the
new debt issue is financing the former debt, in order to keep the debt-to-equity ratio
constant, as per assumption of the model.

It is particularly useful to assume that a specified proportion of net capital
expenditures and working capital needs will be financed with debt if the target or
optimal debt ratio of the firm is used to forecast the free cash flow to equity that will
be available in future periods. For past periods, an alternative approach is to use the
firm’s average debt-to-equity ratio over the period to arrive at approximate free cash
flows to equity.

The traditional formulation of the cash flow calculation assumes there are no
preferred dividends paid. The model values common equity, so that the formulas
need to be modified in order to account for the existence of preferred stock and
dividends.

The preferred dividends must be subtracted from the net income as well, in order
to arrive at the FCFE, according to the modified formula

FCFE = NetIncome — (Capital Expenditures — Depreciation)
— (Ainnon-cash working capital) — ( Pref.dividend + New pref.stock issued)
+(New debtissued — Debtrepayments)

which, in the short form, becomes
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FCFE= NetIncome — Pref.dividends — (Capital Expenditures — Depreciation) (1 — d)
— (Ainnon-cash working capital) (1 —d)

The non-equity financial ratio (d) would then have to include the expected
financing from new preferred stock issues.

The FCFE model is not that dissimilar from the dividend discount model, if one
considers that, in all above forms, it represents a model where we discount potential
dividends rather than actual dividends.

The various versions of the model based on cash flow are therefore all variants of
the dividend discount model, with a major change given by the fact that the
dividends are replaced by the free cash flows to equity.

Such a replacement goes beyond changing one type of cash flow with another,
given that it entails the assumption that the FCFE will be paid out to stockholders.
Two logical consequences follow.

The first consequence is that there will be no future cash buildup in the firm, since
the cash that is available after debt payments and reinvestment needs is paid out to
stockholders each period.

Another consequence is that the part of growth in income due to current assets
will be excluded from the expected growth in FCFE, leaving only the contribution of
the income from operating assets.

A further complication of the model is the inclusion of stock buybacks into
dividends to be discounted. It is useful to understand how the FCFE model compares
to the modified dividend model in this case.

Stock buybacks can be seen as accumulated cash due to the strategy of not paying
out the FCFE as dividends for some time. Thus, FCFE represent a smoothed out
measure of what companies can return to their stockholders over time in the form of
dividends and stock buybacks.

The growth of cash flows can be estimated by using the same approach used for
the dividends, given they both represent cash flows to equity investors. The expected
growth rate can then be expressed as

E(g) :RR X Te

where:

Rpg is the retention ratio.

The amount of cash flow that is not paid out as dividends is reinvested into the
firm as retained earnings. This is not consistent with the assumption that free cash
flows to equity are paid out to stockholders which underlies FCFE models.

In order to make the model more realistic, it is therefore necessary to replace the
retention ratio with the equity reinvestment rate. This is a measure of the share of net
income to be reinvested into the company. The model can be then formulated as

R | Net capital expenditure + A in working capital — Net debt issues
E=1-

Net income
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Please note that in the FCFE model, there is no extra cash left in the firm after
reinvestment. It is therefore not appropriate to use a return on equity that includes
interest income from current assets.

The same argument works for the book value of equity, which includes the value
of cash and other marketable securities. The best solution is to construct a modified
version of the return on equity that measures the noncash aspects.

Netincome — After tax income from cash & marketable securities

Non-cashROE = 1 —
on-cas Book value of equity — Cash and marketable securities

The product of the equity reinvestment rate and the modified ROE will yield the
expected growth rate in FCFE as

Expected Growth in FCFE = Equity reinvestment rate X Non-cash ROE

There are several versions available of the FCFE model, depending on the type of
company to valuate. For example, for a company that is growing at a stable rate, the
best model to use is the constant growth FCFE model.

The model assumes a value of the equity that is a function of expected FCFE in
the next period, the stable growth rate and the required rate of return.

_ FCFE,
- Fe — 8

Py

where:

FCFE; is the free cash flows to equity in period 1.

The underlying assumption of the constant growth FCFE model is similar to those
of the Gordon growth model. A reasonable growth rate must be used in the model, in
relation to the nominal growth rate in the economy.

In order to represent a realistic proxy, the chosen long-term growth must not
exceed the growth rate of the economy in which the firm operates by more than one
or two percent. Additional assumptions relate to other features possessed by the firm
that are shared by stable firms in general.

For example, the risk of the company is average, with capital expenditures not too
large, relative to depreciation. In terms of asset pricing, this means that if CAPM is
used, for example, the beta of the equity should not be significantly different
from one.

The reinvestment rate for a stable growth firm can be estimated in two ways. A
first approach is to use the typical reinvestment rates for firms in the industry of
operation. Alternatively, the relationship between growth and fundamentals can be
used to estimate the required reinvestment.

The expected growth in net income can be written as

Expected growth rate in net income = Equity Reinvestment Rate
x Return on equity

which turns in an estimation of the equity reinvestment rate as
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. . Expected growth rate in net income
Equity Reinvestment Rate = P £

Return on equity

To illustrate, a firm with a stable growth rate of 4% and a return on equity of 12%
would need to reinvest about a third of its net income back into net capital
expenditures and working capital needs. Put another way, the free cash flows to
equity should be two thirds of net income.

6.2.3 Relative Valuation Models

Relative valuation models assess the value of the assets of a company based on
comparable assets in the industry. So, for example, the valuation of assets of an IT
company will be run based on the values observed in the IT industry.

After the reference asset values are identified, relative valuation moves on in scaling
them into a standard variable that can generate comparable prices. This standardization
makes sense when the assets to be compared differ significantly from each other.

An example of how the standardization differs from case to case is corporate
stocks. It has been observed that higher growth companies should trade at higher
multiples than low growth companies.

As from Larsen et al. (2011), relative valuation (as opposed as the FCF and DDM
models) does not estimate the intrinsic value of the assets based on the cash flows
they generate. It rather estimates the value of an asset by considering how much the
market is currently willing to pay for it.

The convergence or divergence of the result of relative valuation with the result of
intrinsic valuation is therefore determined by how correctly the market is currently
pricing the target asset.

There are several multiples that can be used for relative valuation, which are
summarized in Table 6.1, and the following part of this section analyzes some of them.

For example, one can value the asset as a multiple of the earnings generated by it. This
is the case when stock prices are calculated as a multiple of the EPS of the company.

Table 6.1 Most commonly used multiples

Price-over-earnings (PE) ratio
Value over EBIT
Value over EBITDA
Earnings multiples Value over cash flow
Book value multiples Market value over book value of equity
Market value over book value of assets
Market value over replacement cost
Revenues multiples Market price over sales per share
Market Value over Sales
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Current EPS allow to estimate the price-over-earnings (PE) ratio, so that a current PE can
be used to estimate a projected PE, which is the basis for the valuation of the stock.

Another commonly used earning multiple is EBITDA, and it is rather obvious
that from the point of view of the buyer, lower multiples are preferable in that they
lead to a lower valuation. Anyway all multiples are sensitive to the growth potential
of the company.

Another class of multiples relates to the book value of the assets. One should
recall that the accounting value of a business may differ significantly from its market
value, thus generating confusion among the analysts.

Ratios like the price-to-book value of the equity of a firm are often used by the
investors to realize how the market is overvaluing or undervaluing a business. These
measures can vary across industries.

Some analysts like to use the ratio of the value of the company over the
replacement value of the assets as multiple, instead of the price-to-book ratio. This
ratio is commonly known as Tobin’s Q.

The third class of multiples is related to the revenue variables and departs from
the accounting choices. The ratios of the corporate value to the generated revenues
can be used as a multiple in relative valuation.

One of these ratios is the price over sales ratio that divides the market value of the
corporate equity by the revenues. Another one takes into account the overall
enterprise value of the firm, represented by the value of the operating assets of the
firm, dividing it by the sales.

Revenue multiples are very useful in that they allow to compare companies across
different markets. As other multiples, they vary across industries in that they heavily
depend on the profit margins normally realized in each industry.

Some multiples are specific to some sector and do not make sense when used in
valuating firms in other sectors. These multiples rely on very specific entries to
calculate ratios based on firm-specific value or cost measures.

In the Internet sector, it is common, for example, to use the webpage hits
generated by the websites of the company, and the corporate value per hit becomes
an interesting and specific multiple to be used in that sector.

Sector-specific multiples can be misleading in that they rely on the value that is
associated to the variable considered (in the above example the webpage hit). If there
is no sense of what is a high, a medium, or a low price for a hit, then the resulting
valuation may be hard to interpret and compare to some benchmark value.

In order to be sure the method in use is well defined and the measurements are
uniform across the companies in the same sector, one must analyze several aspects of
the multiple.

For example, it is very important to analyze the multiple with cross section in
order to determine its distribution across companies in the same sector and also
across different sectors in the same market.

Moreover, the sensitivity of the multiple to changes in its determinants must be
analyzed, and the selection of the right comparable firms is at the basis of the correct
analysis of the similarities and differences existing across firms in the industry of
reference.
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The correct definition of multiples is very important, and in most cases it differs
from one analyst to another. Whichever definition is used, a correct relative valuation
is possible when the definition of the multiples used in the analysis is consistent over
the different companies analyzed and over time.

Consistency of definition of the multiples also includes the way the ratios are
calculated. Some of them in fact are controversial in that the numerator and denomi-
nator not always represent the same type of financial.

In the price over EBITDA indicator, for example, the numerator is clearly a
measure related to the company’s equity, while the denominator includes the part of
revenues that belong to other stakeholders, other than equity holders.

However, most experts agree that these inconsistencies are easily solved when the
ratios used are the same for all the companies compared in the analysis, indepen-
dently of being a mix of equity and firm measures.

An aspect that is very important is the time span used in the calculation of the
various elements involved in the analysis. All the variables involved in the ratio and
multiples calculation should be calculated or averaged over the same time period.
This ensures consistency in the valuation, especially when the uniform time span is
applied to all the companies included in the analysis.

In terms of consistency, it also helps to have a descriptive analysis of the multiple
of reference, in order to be able to judge whether a value is high, medium, or low or
to establish a benchmark value for the market or industry.

This can be achieved by analyzing the distributional characteristics of the multi-
ple, especially across the market. While in fact it is very common for analysts who
are expert of some specific sector to have the sense of the ranking of companies in
that sector, in terms of multiple, it is not equally straightforward to get the sense of
this ranking in the overall market.

Standard statistics like average, standard deviation, median, maximum, and
minimum, help the analyst to build a map of the situation in terms of some multiple,
in some market. All supported by a scientific approach.

6.3 Special Issuances
Learning Outcomes
* Understand the features of preferred stocks.

e Learn what warrants are.
e Learn what convertibles are.

6.3.1 Preferred Stocks

Other than common stocks, a company can also issue preferred stocks to be offered
to investors. It is a type of stock with preference over common stocks in dividend
payments and firm liquidation.
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The particular features preferred stocks make them a very special type of hybrid
security, halfway between stocks and bonds. Stock-like features include taxability of
dividends, no specific maturity, and the fact that failure to pay dividends does not
constitute bankruptcy.

In terms of bond features, preferred stocks come with the promise of a fixed
dividend, like for the coupon of a bond. Moreover, they have no voting rights
attached, and the liquidation value attached to them is usually pre-stated.

Other bond features are the sensitivity to interest rate change and the seniority for
repayment in case of liquidation of the company, just after the bond holders.
Moreover, most preferred dividends are cumulative.

Another important feature of preferred stocks is that companies owning preferred
stocks can deduct 70% of the preferred dividend from their taxable income. As a
consequence, dividend yields are often at or below yields on bonds of similar risk.

The market for preferred stocks has been dominated by corporations and institu-
tional investors for a long time. But lately, individual investors also started finding it
attractive and decided to go for the regular income preferred stocks can give.

All of the above mentioned features make preferred stocks a peculiar type of
financial security and must be analyzed one by one in order to grasp the sense of
having such a type of hybrid equity in the capital structure.

The seniority of preferred stock is an important feature. Dividends to be paid to
them are senior to the dividends received by common stocks. However, as a form of
equity capital, the owners of preferred stocks are junior compared to bondholders.

In case of cumulative preferred stocks, the dividends accrue in case a payment is
missed, and no dividend is paid to common shareholders until the total of the
dividends to the preferred stocks is paid out. One should keep in mind that unlike
common stockholders, preferred shareholders do not participate in the potential for
increased dividends.

Preferred stocks are an attractive investment to those investors who want to
improve their yields and current income. The yields of preferred stocks in fact are
normally higher than those on bonds from the same issuer.

The volatility of price is strongly related to their bond-like features, and preferred
stocks are subject to interest rate risk, even if not to the same extent as bonds. In
general, prices will rise as interest rates fall, and prices will move lower as rates rise.
Also market factors and industry situation contribute to the change in price.

Attached to preferred stocks, there is also a credit rating, similarly to what
happens with bonds. The rating measures the likelihood of the company to pay
dividends regularly and in time. Generally, an issuer’s preferred stock ratings are two
notches below an issuer’s senior debt, which is reflective of the junior claim of the
preferred.

An advantage of preferred stocks is that they normally come at a price which is
lower than the standard price, therefore making it possible for the investor to build up
a diversified portfolio with a limited investment.

Given the lower par value, preferred stocks are appealing to the individual
investors, as mentioned above. This enhances liquidity, given that as opposed to
other fixed-income instruments, preferred stocks are listed on all major stock
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exchanges. The benefits in terms of liquidity are huge, and also the visibility and
strong marketability of the shares are significantly improved.

Given the lower purchasing price, compared to standard stocks, preferred stocks
offer a high opportunity for capital appreciation. The potential capital gains implied
by the investment are therefore interesting.

When preferreds trade at a discount to par, investors can invest in these securities
relatively inexpensively and earn a favorable yield on the dividends received, and
should the outlook for the issuer become more favorable or interest rates fall, they
can earn a capital gain on the shares.

The historical reason for companies to invest in preferred stocks has been the very
favorable tax treatment of the dividends. In the United States, for example, domestic
companies are allowed a tax relief on the 70% of the dividend amount. Therefore, the
corporate taxation only hits a small part of the dividends from preferred stocks, and
the procedure is called dividend received reduction (RDR).

Securities must be held by the company for at least 46 days in order to qualify for
tax relief. Moreover, the issuing company must be a domestic one, and preferred
stocks must be straight, meaning they are not a fixed-rate capital security structure.

Several structures are possible for preferred stocks. Traditional preferred stocks
are known as straight and represent the equity of a publicly held domestic corpora-
tion, while sharing features with bonds.

The issuer of straight preferred stocks pays quarterly dividends set at a fixed
amount, similar to the coupon payment on a bond. With the attraction of well-
recognized issuers of preferred stocks that are typically listed on markets like the
American NYSE, individual investors also benefit from higher yields than fixed-rate
corporate bonds.

Preferred stocks enjoy a higher stability than common stocks given the fact that
they enjoy the high liquidity of the regulated stock exchange market, with the
comfort of the fixed income stream attached.

An innovative type of preferred stocks available to investors is the fixed-rate
capital securities (FRCS). They have similar characteristics to preferred stock while
allowing the issuing company to deduct the interest.

FRCS are available in two different types. The Junior Subordinated Debentures
(JSD) are the simplest form of fixed-rate capital securities. The issuing company in
fact directly issues the securities without the need to set up a separate company for it.

The second type of FCRD is called Trust Originated Securities (TOS),
representing preferred stocks issued by a separate trust. The proceeds from the sale
of TOS are then invested by the trust in junior subordinated securities issued by the
parent company.

Most FRCS carry a dividend deferral option, which allows the issuing company
to defer the payment of dividends for a term of up to twenty quarters, equivalent to
5 years. In case of such a type of issuance, the company is not allowed to declare any
common dividends until accumulated dividends on FRCS have been paid in full.

Foreign preferred stocks (FPS) are issued in one country in a foreign currency. In
the case of the American market, they are called Yankee preferred stocks and are
issued by foreign companies in the United States.
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FPS normally carry a higher yield than domestic issuances, given that the former
do not have access to the DRD system, and have a lower reputation compared to
domestic preferred stocks. It must be taken into account that in some cases, the
dividend for some FPS may be subject to a withholding tax imposed by the issuer’s
country.

One may consider the example of the United Kingdom, where the regulators
impose a 15% withholding tax on US shareholders. Investors can then reclaim this
tax provided that the shares are not held in a tax-deferred account.

A more sophisticated type of preferred stock is the adjustable rate preferred stock
(ARPS), for which the dividends are reset quarterly to reflect market rates. The
benchmark for setting the new rate is the higher of the 3-month Treasury bill
discount rate, the 10-year constant maturity Treasury rate or the 30-year constant
maturity Treasury rate.

For this type of securities, both a minimum and a maximum level are set for the
dividend yields, known as collars. Moreover, they qualify for the DRD standard, in
case they are owned by corporations.

The ARPS have a lower yield than straight preferred stocks, in that the investors
benefit from owning a security that potentially insulates them against adverse
changes in the shape of the yield curve, in addition to changes in the absolute levels
of interest rates.

Example 6.12 An investor buys preferred stocks at a price of €25. The stock pays a
dividend yield of 7.5%, for a euro amount per share of

DIV =25 x 0.075 = €1.875

It is possible to perform standard calculations about preferred stocks. The follow-
ing are definitions and examples of some common price and yield calculations
related to this flexible instrument.

Preferred stocks trade at a clean price, meaning that the price does not account for
any interest earned since the last dividend payment. However, theoretically, some
interest can be accrued on the stocks from the last dividend to the time of purchase.
This represents an implied accrued dividend.

Example 6.13 Consider a share that paid a dividend of €1.875, 60 days before, is
purchased today. The price must then include accrued interest of

60
Iacc = — x 1.875 = €0.31
ACC = 360 x
The current yield is a measure of the expected annual return on the investment,
obtained by dividing the annualized dividend by the current preferred stock price. It
gives the sense of the profitability of investing in preferred equity.
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Example 6.14 By inverting the relationship in Example 6.11, the dividend yield
can be obtained as
1.875
=——=0.075=175
DIv 25 %o
Another way to label the clean price, so the price of the preferred share minus the
implied accrued dividend, is the stripped price.

Example 6.15 For the stock in the previous examples, the stripped price is given by
Pstr =25 —0.31 = €24.69

Starting from the stripped price of the stock, it is possible to calculate a stripped
yield, which is given by the ratio of the annualized dividend over the stripped stock
price.

Example 6.16 Shares paying an annualized dividend of €1.875 with a stripped
price of €24.69 offer a stripped yield of

1.875

=316 0.0759 = 7.59%

prv

Sometimes investors are looking for monthly income in their investment. This
can be easily done by investing in three different issues of preferred stocks, so that
each stock will pay quarterly in different months, to cover the whole calendar.

Many preferreds pay dividends quarterly in one of three cycles: (1) January,
April, July, and October; (2) February, May, August, and November; or (3) March,
June, September, and December.

It comes naturally to ask why investors like to hold preferred stocks, given that
they have a lower yield than bonds, and they are also subordinate to them. The main
reason is the tax advantage of DRD to corporations.

Among the several types of preferred stocks available on the market, there are
adjustable-rate preferred stocks, with a dividend yield equal to some reference rate
plus a spread. The market value of this type of shares is stable, and there are an upper
bound and a lower bound to the dividend rate.

Convertible preferred stocks can be converted into certain number of shares of
common stock, representing an option granted to the preferred stock holder. Callable
preferred stocks on the other hand can be called before the maturity date at a
pre-specified price at the option of the issuer and represent an option granted to
the issuer.
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6.3.2 Warrants

Warrants are a type of financial options that give holders the right to buy shares of a
company at a fixed price for a given period. Each warrant specifies the number of
shares of equity that the holder can buy, the exercise price, and the expiration date.

Even if from the definition they look very similar, the main difference between a
warrant and a financial option is that the former has longer maturity periods, with
some warrants having an infinite maturity, so that they never expire.

In many cases, warrants are attached to privately placed bonds issued by some
company. In this case, the loan agreement will state whether the warrants are
detachable from the bond and potentially be sold separately. Normally, the warrant
can be detached immediately.

Warrants have been issued infrequently in the last years, and companies issuing
them are mostly based in the United States. More recently, governments have
purchased warrants from banks as part of the financial rescue plans put in place to
combat the global credit crunch in 2008.

A warrant is a security that gives the holder the right to buy an underlying stock of
the issuing company at a fixed exercise price, until the expiry date. As one can see,
this is similar to the definition of a financial option.

Warrants usually come as an attachment to bonds or preferred stocks of a
particular company. It helps the issuer to sell the bond at a lower yield that would
have to be offered if nothing were attached to it. Warrants can also be used in private
equity deals. Frequently, these warrants are detachable and can be sold indepen-
dently of the bond or stock.

When the warrants are attached to preferred stocks, it might be the case that they
need to detach and sell the warrant before any dividend can be cashed. This is why in
most cases the warrants attached to preferred stocks are quickly sold separately.

Warrants have similar characteristics to that of standard equity options. They can
in fact be exercised when the holder informs the issuer their intention to purchase the
shares underlying the warrant. Right after the bond issuance, the parameters of the
warrant, including the strike price, are fixed.

The premium of a warrant is the difference in price between buying the shares
through the warrant and buying them directly on the market. The gearing or leverage
shows how much exposure on the underlying is given by holding the warrant
compared to having bought the shares directly.

The expiration date of a warrant follows the same rules and standard of an option,
with the value of the warrant getting lower as the time to maturity reduces. There-
fore, the expiry date is the date on which the right to exercise ceases to exist.

Like the options, the warrants can be European style or American style. They are
longer-dated options and are normally traded on the over-the-counter markets, rather
than on regulated exchanges.

Warrants are issued by private corporations and, when issued by the company
itself, are dilutive, because if the warrant is exercised, the company issues new shares
of stock, so the number of outstanding shares increases.
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Warrants do not carry any voting rights, and the owner receives an existing share
at exercise time. In case of employee stock options, new shares are created and
issued by the company.

Warrants usually have a longer life than standard options, and their life is
measured in years. Upon expiration, the warrants are worthless unless the price of
the common stock is greater than the exercise price.

There are traditional warrants that are attached to a bond and simply carry the
right to buy shares in the issuing entity. The writer of a traditional warrant is
therefore also the issuer of the underlying instrument.

One way to calculate the value of the warrant is to subtract the clean price for the
bond from the overall price paid for it with the warrant attached as

P, =B,

—B
T
C F
:Bw - +
[;(1 +r")t (1+rr)T

where:

B,, is the price paid for the bond with warrants.

C is the coupon payment.

r, is the required rate of return.

Another type of warrant is named naked, and it is issued stand-alone, without
being attached to a bond of another instrument. Like traditional warrants, these are
traded on the stock exchange.

Warrants are typically issued by banks and securities firms, in which case they are
called covered warrants, not involving the firm issuing the outstanding shares.
Covered warrants are very popular and generate more volume compared to
uncovered ones.

From a financial point of view, they are generally bought by retail investors,
rather than investment funds or banks. The latter in fact normally prefer financial
options, given that they are keenly priced and trade on a different market.

When warrants are issued by the holders of the underlying asset, they are called
third-party warrants. Companies and mutual funds in particular can issue warrants on
their assets.

Example 6.17 A company issues 1,000,000 warrants, giving the right to convert
each warrant into a share at €250. Such a warrant is issued by the company. Assume a
mutual fund holds 100,000 shares of the company and sells the warrants attached to
them. If the stock does not cross €250, the buyer will not exercise the warrant. The
seller will therefore keep the warrant premium.

The main advantage of issuing third-party warrants is that they signal the value of
the underlying asset by tracking its value. A mutual fund, selling warrants at some
exercise price, signals that the value of the fund shares in the short-medium term may
tend to that value.
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If volumes in such warrants are high, the price discovery process will be that
much better, for it would mean that many investors believe the stock will trade at that
level in 1 year.

Third-party warrants are long-term call options issued in the form of a covered
call or write, given that the issuer of the warrant is the holder of the underlying asset
and the option is sold against it.

The name warrant is also used for the issuance of checks by government agencies.
The checks are in fact not immediately redeemable due to lack of funds, but they will
be in the future, with interest compensation.

In some states, a warrant is a demand draft drawn on a government’s treasury to
pay its bills. Checks or electronic payments have replaced these warrants, but in
Arkansas, some counties and school districts use warrants for nonelectronic
payments.

It is possible to express in general terms the profit associated to the exercise of a
warrant. The gain from a single warrant can be expressed as

v, = E e (6.3)

m—+ m,,
where:

E is the firm’s value net of debt.

K, is the exercise price of the warrant.

m is the number of shares outstanding before the exercise of the warrant.

m,, is the number of new shares from the exercise of the warrant.

The first term on the right-hand side of Eq. (6.3) is the value of a share of equity
after the warrant is exercised. The numerator of the left term is the firm’s value net of
debt after the warrant is exercised.

The sum m + m,, is the amount of shares outstanding after the exercise of the
warrants. By rearranging terms, we can rewrite the equation as

W E
vsz(——K)
m—+ m,, \m

The term in the parenthesis on the right-hand side of the equation is the gain on a
call option written on the equity of the firm, before the warrants are exercised. It
follows that the gain from exercising a warrant is a proportion of the gain from
exercising a call in a firm without warrants.

We can therefore value a warrant using the Black-Scholes model, adjusted for the
dilution effect:

Cw

m

P, =

where
¢,, 1s the value of a call option written on the equity of a firm without warrants.
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6.3.3 Convertibles

In the case of a warrant attached to a bond, it is always possible to separate the two
securities. This is not possible in the case of convertible bonds, which gives the
holder the right to exchange it for a given number of shares any time up to and
including the maturity date of the bond.

The concepts of convention ratio, the amount of stocks to be received for every
bond converted, and the conversion price to be paid for every stock purchased
through conversion of the bond are the key features of a convertible bond.

In fact, both concepts implicitly assume that the bond is selling at par. If the bond
is selling at another price, the terms have little meaning. By contrast, conversion ratio
can have a meaningful interpretation regardless of the price of the bond.

The value of the convertible bond is determined by three factors, namely, the
value of the naked bond, the conversion value, and the value of the embedded
option. All of the three components deserve to be analyzed and understood.

The straight (naked) bond value is what the convertible bonds would sell for if
they could not be converted into equity. It will depend on the general level of interest
rates and on the default risk.

Example 6.18 Company TXL raises €10,000,000 by issuing 5.25% convertible
bonds. Each bond is convertible into four shares, and the share price at the time of
bond issuance is €18.75. The conversion price of
100
K=—=¢€25.00
4
is much higher than the actual equity price. Suppose that straight debentures issued
by the same company are rated AA, and AA-rated bonds are priced to yield 3.25%
per 6 months. The straight bond value of the convertible bonds can be determined by
discounting the €2.625 semiannual coupon payment and principal amount at 3.25%:

B = = 61.56 4 63.09 = €124.65

16 5.25 100
> P+ s
£~ (140.0325)" " (1 + 0.0325)

The straight bond value of a convertible bond is a minimum value. The price of
the convertible could not have gone lower than the straight bond value.

The value of convertible bonds depends on conversion value. Conversion value is
what the bonds would be worth if they were immediately converted into equity at
current prices.

The conversion value is equal to the share of equity that can be received upon
conversion of the bond, multiplied by the current price of the stocks, as determined
by the market.
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Normally, the value of the convertible bond is higher than the sum of the value of
the naked bond and the conversion value. This is due to the fact that the bond does
not have to be converted immediately.

The option of waiting for exercising the option embedded in the bond is assumed
to have a value, and it raises the value over both the straight bond value and the
conversion value.

In case of a low value of the firm, the value of the convertible bond is mostly
made by the naked bond, while in case of a high value of the company, most of the
value is in the conversion value.

Bcy = max(Bc, Kcv) + cey

where:

B is the straight bond value.

Kcv is the conversion value.

ccy 1s the option value.

Compared to a normal naked bond, a convertible bond pays a lower interest rate,
given that the investor will accept a lower interest rate on a convertible because of
the potential gain from conversion.

According to the specific situation, issuing straight bonds can be better or worse
than issuing convertible bonds. First of all, consider a scenario of an increase of the
share price. This is of course beneficial to the company, but it also enhances
conversion.

The firm would have benefited even more had it previously issued straight debt
instead of a convertible. The gain in terms of the lower interest paid on the
convertible bonds is offset by the loss of selling equity at a cheap price to the
convertible bond holders.

On the other hand, in case of a fall in price of the share, the company will be upset
on one side but will also benefit from having issued convertible bonds compared to
straight bonds.

Because conversion does not take place, our comparison of interest rates is all that
is needed. It can be concluded that it is not optimal for the firm to issue convertible
debt if a future raise in price is expected. The firm is better off having issued
convertible debt if the underlying equity subsequently does poorly.

It is not possible in an efficient market to predict the future price of the shares.
Therefore, any consideration about the a priori convenience of issuing convertible
bonds instead of naked ones is purely speculative.

Another type of dilemma consists in the choice between issuing convertible
bonds or equity for financing. Assuming that convertibles are issued, a subsequent
raise of the stock price would fully benefit the company.

In case the stock price falls after convertible bonds are issued, the scenario is
flipped, and the company suffers from both the loss in equity value and regretting the
choice of having issued convertibles instead of equity.
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The firm in fact would have benefited by issuing equity above its later market
price. That is, the firm would have received more than the subsequent worth of the
equity.

The value of the convertible is not severely affected because the straight bond
value serves as a floor.

To conclude, the firm is better off having issued convertible debt instead of
equity, if the stock price subsequently increases. The firm is worse off having issued
convertible debt if the underlying equity subsequently does poorly.

6.4 Summary

Together with debt, equity is the other important source of capital for every com-
pany. The stock market resembles lots of investors trading very high volumes of
equity shares every day.

The main feature of an equity market is its microstructure, defined by the kernel
that processes the orders of the investors translating them into transactions that drive
the price of the stocks.

The price formation goes through a process of supply and demand where the
information hitting the market at random times plays a crucial role in determining the
strategies of the investors.

The availability of the deals and the formation of a fair price are guaranteed by the
liquidity of the market. In order for a market to be liquid, there must be sufficient
volumes of tradable assets available to the investors to satisfy their demand.

Common stocks are the main junk of equity capital in the structure of a company,
and they come with voting rights and other features that result from the ownership of
a part of the firm.

Several models are available for common equity valuation including discount
dividend models, based on the dividends paid out by the firm, and free cash flow
models, based on the cash flows generated by the firm. Also relative valuation
models have become of common use among practitioners, in that they are more
simple and accounting-based.

On top of the common stocks, there are other forms of equity capital that are
relevant to the capital structure of the firm. Preferred stocks, for example, are very
popular among investors, in that they guarantee the debt features of a bond, with the
advantage of acquiring ownership of the firm.

In the same way, warrants are also very important, as a tool for distributing the
chance to buy extra stocks to already existing shareholders and also to give the
chance to new investors to enter the capital.

Convertible bonds are a specific type of security with an option embedded. They
result in the chance for a debt holder to become a shareholder at some time in the
future, so as to change the profile of the investment portfolio.
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Problems

1. Explain the difference between illiquidity and insolvency. Does the difference
matter?

2. Explain why if the government announces it is abolishing insurance on deposits, a
typical bank is likely to face liquidity problems.

3. If yield curves, on average, were flat, what would this say about the liquidity
premiums in the term structure?

4. Would you expect the bid-ask spread to higher on actively or inactively traded
stocks?

5. Discuss the moral hazard aspects created by deposit insurance.

6. Describe and compare the different types of trading orders available in the
markets.

7. A bill has a bank discount yield of 6.65% based upon the asked price and 6.75%
based upon the bid price. The maturity of the bill (already accounting for skip-day
settlement) is 90 days.

(a) Find the bid and asked prices of the bill.

(b) Calculate the bond equivalent yield of the bill as well as its effective annual
yield based upon the asked price. Confirm that these yields exceed the
discount yield.

8. The table below provides some price information on Marriott:

Bid price Ask price
37.55 38.33

You have placed a stop-loss order to sell at €37.80.

(a) By placing this order, what are you in effect asking your broker to do?
(b) Given the market prices, will your order be executed?

9. Consider the following limit order book of a specialist. The last trade in the stock
occurred at a price of €45.55.

Limit buy orders Limit sell orders

Price Shares Price Shares
35.50 5000 35.75 1000
35.25 6000 35.90 2000
35.00 8000 36.00 5000

(a) If a market buy order for 3000 shares comes in, at what prices will it be filled?
(b) What will happen if a market order to sell 5000 shares comes in?

10. Consider the following limit order book of a specialist. The last trade in the stock
occurred at a price of €45.55.
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Limit buy orders Limit sell orders

Price Shares Price Shares
59.75 4000 55.75 1000
59.50 5000 55.80 2500
59.25 7000 56.00 4500

(a) If a market buy order for 1000 shares comes in, at what prices will it be filled?

(b) At what price would the next market buy order be filled?

(c) You are the specialist: do you wish to increase or decrease your inventory of this
stock?

11. You have borrowed €20,000 on margin to buy shares in Disney, which is now
selling at €80 per share. Your account starts at the initial margin requirement of
50%. The maintenance margin is 35%. Two days later, the stock price falls to
€75 per share.

(a) Will you receive a margin call?
(b) How low can the price of Disney shares fall before you receive a margin
call?

12. Explain why banks hold more liquid assets than most other business.

13. Explain the difference between illiquidity and insolvency. Does the difference
matter?

14. Explain why if the government announces it is abolishing insurance on deposits,
a typical bank is likely to face liquidity problems.

15. If yield curves, on average, were flat, what would this say about the liquidity
premiums in the term structure?

16. Would you expect the bid-ask spread to higher on actively or inactively traded
stocks?

17. Discuss the moral hazard aspects created by deposit insurance.
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The capital structure of a company is the founding stone for the daily development of
its operation and for an adequate planning of the business. It says in fact how many
resources are available and where they come from.

In the previous chapters, it has been pointed out how the corporate capital can be
financed either through debit or equity and what are the main differences between the
two sources of financing.

The purpose of the chapter is to give an insight into the rationale and meaning of
capital structure in terms of costs and benefits for the company. Traditional and
modern theories in fact have given different answers to the issue.

The aim is to answer the questions about what is the right mix of debt and equity
for a corporation, how can the riskiness be balanced through choosing appropriate
leverage, and many more.

Starting with the classical theory of capital structure, and since the 1950s, with the
work of Modigliani and Miller, several scientists have tried to explain the reasons
behind specific choices of capital structure.

Modern theories still rely on that work, which represents a milestone in the theory
of corporate finance. The bottom line is that finding the right balance between debt,
and equity is crucial for the profitability of the corporation.

After studying this chapter, you will be able to answer the following questions,
among others:

e What do Modigliani and Miller claim about the relevance of capital structure for
cost of capital calculation?

* What is the Weighted Average Cost of Capital and how does it change when
considered in the case of a levered or unlevered firm?

* What is the role of taxation in the choice of the right level of debt?

¢ How does the payout policy of the company impact on the cost of capital?

e What are the other main theories of capital structure and how do they differ from
the Modigliani—Miller theorems?

© Springer Nature Switzerland AG 2018 223
A. Corelli, Analytical Corporate Finance, Springer Texts in Business and
Economics, https://doi.org/10.1007/978-3-319-95762-3_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-95762-3_7&domain=pdf

224 7 Capital Structure

The first section of the chapter focuses on the Modigliani-Miller theorems and
their applicability to the calculation of the cost of capital. The second section is
devoted to the payout policy and its impact on the capital structure of the firm. The
final section is an introduction to the other most popular theories of capital structure.

7.1 The Modigliani-Miller Theorems
Learning Outcomes

¢ Describe the Modigliani-Miller theoretical framework.
* Explain the irrelevance of capital structure for the value of the company.
* Learn how to calculate and use the Weighted Average Cost of Capital.

7.1.1 The Irrelevance of Capital Structure

A company can raise funding from either equity or debt sources or combinations of
both. The money represents the capital, raised from stockholders (its equity) and
funds borrowed (its debt).

The left side of the balance sheet lists the firm’s assets, and the right side describes
the firm’s capital. The relative proportions of debt, equity, and other securities that a
firm has outstanding constitute its capital structure.

The work of Modigliani and Miller (MM) (1958, 1963), revised by Stiglitz in
1969, results in two propositions about optimal corporate capital structure. The first
proposition relates to the invariance of firm value to its capital structure, and the
other concerns its invariance to dividend policy.

They issued the first proposition as an answer to the classical theories of capital
structure, which did not take into account the risk associated with differentiating the
capital sources. After receiving criticism for it, they also issued the second propo-
sition, in order to justify their findings in light of the received criticisms.

The first proposition states that the choice between debt and equity to finance
some level of investments is not relevant. The value of the firm is not affected by the
debt-equity mix, and there is no optimal leverage ratio.

In the second proposition, the authors state that under the same conditions as for
the first proposition, the dividend policy is irrelevant in terms of the value of the firm,
which is not affected.

It is clear that both theorems were acclaimed for carrying surprising results
known in economics as irrelevance propositions. The MM theorems made a revolu-
tion in the theory of corporate finance.

Both propositions in fact state the irrelevance of capital structure choices that
would at first glance sound very important for the value of the firm. Such a result is
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important not just because it shows that the specified choice is truly irrelevant but
also because it pushes to understand under what circumstances it is relevant.

The theorems stand as a benchmark for the capital structure choice. When
concepts like optimal leverage and optimal payout ratio enter into play, it is always
important to understand why in the specific case the MM theorems do not apply and
detect the assumption or the set of assumptions that took us away from the
benchmark case.

Merton Miller himself in the late 1980s said that the main message of MM theory
is that “the view that capital structure is literally irrelevant or that ‘nothing matters’ in
corporate finance, though still sometimes attributed to us (and tracing perhaps to the
very provocative way we made our point), is far from what we ever actually said
about the real world applications of our theoretical propositions.

Looking back now, perhaps we should have put more emphasis on the other,
more upbeat side of the ‘nothing matters’ coin: showing how what doesn’t matter
can also show, by implication, what does.”

In order to understand this point, one should recall that the MM result is obtained
under very strict assumptions, like absence of taxes and liquidation costs, perfect
financial markets, free of frictions, and information asymmetry.

The value of the company is given by the present value of its cash flows, where
the discount rate is the required return for firms of the same “risk class.” Therefore,
the firm’s value is determined by its cash flows and discount rate and totally
independent from the composition of the liabilities used to finance those assets.

As a consequence of the theorem, the average cost of capital does not depend on
the level of leverage and its structure. The return simply matches the equivalent
demanded by investors for investments of the same risk class.

Debt is in fact cheaper than equity on average, in that it does not include the risk
premium. However, the average cost of capital is not reduced because adding debt to
the capital structure increases the risk, therefore increasing the cost of equity too and
leaving the balance unchanged.

The separation theorem then comes into force, stating that the investment deci-
sion part can be totally separated from the financing issue. The investment decisions
should aim at value maximization only.

The cost of capital to be used in rational investment decisions is its total cost, as
measured by the required rate of return on fully equity-financed firms of the same
risk level.

Starting from the MM work, the following decades have seen the focus of
research on corporate finance switched on progressively relaxing the above
assumptions. For example, it was straightforward to include taxation in the model,
given that debt is normally treated preferentially compared to equity in terms of
taxes.

The so-called tax shield is the benefit to the debt holder coming from holding a
large amount of debt, due to tax advantages. The relief is given by a shield giving
benefits to the payer of interests on a loan.
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The first adjustments to the theory were done by the authors themselves, by
refining the basic foundation and finding a path for inclusion of the issues related to
taxation, market imperfections, and transaction costs.

The conclusions of MM have been therefore revised and opposed in the last years,
especially due to the empirical evidence of the high growth potential of American
firms, due to higher leverage.

Some other scientists worked specifically on relaxing the taxation assumption by
introducing the cost of bankruptcy as a downturn of high leverage, therefore
offsetting the benefits of the tax shield.

The modern theory of debt states that the benefits of the tax shield are balanced by
the presence of bankruptcy costs. The curve generated by the balance of the two has
an interior optimum.

The optimal point represents the amount of leverage that maximizes the value of
the firm, corresponding to the point where the marginal benefit from tax shield
equates the marginal cost from the increased likelihood of bankruptcy.

The last assumption to be relaxed has been the third one, related to the frictions in
the market, that are assumed to be absent in the MM framework. The most widely
analyzed friction comes from asymmetric information in the form of adverse selec-
tion and moral hazard between investors and company managers.

The introduction of asymmetric information into the bunch of realistic
assumptions has been crucial and the focus of most corporate finance research in
the last decades, at both the theoretical and empirical level.

In relationship to that, there has also been a huge work on clarifying the issues
related to the different incentive properties of the various financial instruments that
firms can issue to finance their investment.

The first MM theorem states that, if the firm’s total return is not affected by the
corporate financial decisions, and borrowing terms are the same for investors and
companies, then in equilibrium the firm’s debt-equity ratio does not affect the
corporate value.

The proof of just a statement relies on the cash flows analysis. Consider two firms,
A and B, both having earnings represented by a random variable $. Define:

e V,: Total value of firm A

e Vp: Total value of firm B

* E,: Market value of equity in firm A

* Ejg: Market value of equity in firm B

e D,: Market value of bonds in firm A

e Dg: Market value of bonds in firm B

* rp: Interest rate paid to the debt holders by firm B

Assume that company A is fully equity financed. The first obvious relationship is
that the total value of each firm is equal to the sum of debt and equity capital, as
defined by
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Va=Ey4
and
Vg =Ep+ Dp

Assuming all profits [ are distributed to shareholders, the investors in company
A get a total payment of

Iy =1
and the shareholders of company B get
1 B = I—r DDB

where:

rpDyp is the part of income that goes to repay the debt.

In order to prove the theorem, consider the case of a deviation from it, with
levered firm B having a higher value, so that Vg > V. If an investor initially owns a
share « of firm B, the return from such an investment is

(X(I — FDDB)

Assume the investor holding the above portfolio decides to borrow an amount
aDpg and uses the proceedings to buy a fraction of equity of firm A equal to

(Z(EB + DB)
Ey

Such a new portfolio generates a cash flow equal to

(Z(EB + DB)

Vv
I—arDDB:a —BI—TDDB >(,¥(I—VDDB)
Ey Va

The result is obviously a contradiction.

In order to complete the proof, the opposite case of V4 > Vp must also be
analyzed. Starting from an investor owning a fraction a of the equity of firm A, the
cost of the portfolio is

aVA
and the return is
al

The investor can leverage his position by buying a fraction
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aVBE B
Va
of firm B, and a quantity

aVADB
Vs

of bonds. This replicates the capital structure of a leveraged firm and costs

aVAEB + (XVADB o Q'VAVB -
Ve Ve Vg

aVA

The return guaranteed by the newly formed portfolio is

Vv
u([— rDDB) +

aVArDDB - (ZVAI >
Vg B

al
Ve Vg

The comparison of cost and return shows that the investor is able to make a higher
return at the same cost, by choosing to leverage his position. This is again a
contradiction which proves the MM theorem 1.

After issuing the proposition together with Modigliani, Miller later argued that
debate on the theorem was controversial, given the lack of understanding of the
limitations and validity of the model.

In order to make the model more realistic, Modigliani and Miller (1963) later
modified their model by relaxing one of the assumptions. According to them,
taxation was the primary reason for the capital structure to actually matter in reality.

They support this deviation from their own theory claiming that leverage does
matter because interests on debt may be deducted from the firm’s income and
thereby reduce the net taxable earnings.

The tax savings represent an advantage in using debt capital instead of equity
capital, reducing the overall cost of capital to the firm. The effect of taxation can be
graphically illustrated as in Fig. 7.1.

7.1.2 The Weighted Average Cost of Capital

Calculation of a discount rate can be usually done in several ways. When it comes to
the cost of capital, a common strategy is to use the method of Weighted Average
Cost of Capital (WACC).

The WACC equation gives an average discount rate for the cash flows of the firm.
It can be expressed as the weighted average of the cost of equity and the cost of debt
based on the proportion of debt and equity in the company’s capital structure
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Fig. 7.1 The WACC can be represented as a weighted average of cost of equity and cost of debt

E D
rwacc = TE v +rp %
where:

V is the firm’s total value.

% is the proportion of debt (leverage ratio).

£ is the proportion of equity.

The WACC varies according to the variations of the debt-to-equity ratio. Given
the model, both the cost of equity and cost of debt vary according to the capital mix,
with the cost of debt increasing for higher levels of leverage, and the cost of equity
increasing too due to the higher riskiness of capital due to high leverage.

The costs of debt and equity track each other because equity holders are always
taking more risk than debt holders and therefore require a premium return above that
of debt holders.

The WACC equation shows that the overall cost of capital of the firm is given by
the weighted average of its debt and equity costs, as from the initial assumption.
However, in its simplest form, it does not take into account the effect of tax relief of
interest payments on debt.

The firm can in fact benefit from a tax shield which is given by the savings made
on taxes by paying the interests on the loan to the bank or the yield on the bond. It
turns out that the debt part of the cost of capital is affected by the relief (see Fig. 7.2).

It is then possible to calculate the cost of capital of the firm’s assets by computing
the weighted average of the firm’s equity and debt cost of capital and also including
the tax shield effect. The equation can be written as
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Fig. 7.2 The graph shows the WACC line as a result of combining the cost of equity and cost of
debt in different proportions without tax effects

r — (£ + b (1 —z¢)
WACC = T'E v D v Tc
where:

7¢ is the effective marginal corporate tax rate.

Example 7.1 The equity of a company Z is valued €31,200 million, and the debt has
a value of €7350 million. The total value is

31,200 + 7350 = €38, 550

Given a cost of equity of 13.25%, a cost of debt of 6.5% and a tax rate of 33%, the
corresponding WACC is

31,200 7350
rwacc = 0.1325 (38’ 550) +0.0655 <m> (1-0.33) = 11.56%

When the cost of equity is not directly available, it is sometimes necessary to
calculate it by using the CAPM formula.

Example 7.2 A company as a capital structure consisting of a 35% debt and 65%
equity. The tax rate is 33% and the cost of debt for the company is 6%. The risk-free
rate in the economy is 2%, and the beta of the company stock is 1.1. The risk
premium calculated on the market is 7%. It is possible to use the parameters to
calculate the WACC as
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rg = 0.02 + 1.1(0.07) = 9.70%
The WACC is therefore
rwacc = 0.0977 x (0.65) 4+ 0.06 x (0.35)(1 — 0.33) = 7.76%

Actual values of WACC for companies vary widely. It is not uncommon for
WACC:s to range from 3 to 4% up to 20% or more. Various websites provide WACC
estimates for publicly traded companies.

One of the main controversies of WACC application is that the rate is calculated
without any time dependence factor, as a static measure valid at an instant in time,
but it is then used to model the time value of money.

Another problem is that while it may accurately reflect what a company believes
its cost of money is at the current time, the dynamics of the broader economy and the
company’s capital structure change with time.

The WACC is therefore not static, but dynamic in time, for several reasons. First
of all, the company debt ratio changes over time, with only few companies adopting
a policy of fixed debt ratio.

Moreover, both the cost of equity and cost of debt may change over time, with a
tax rate correlated to the profitability of the company, with some companies getting
different breaks due to their location.

It is important to calculate the WACC for a future period of time, even if it is a
very difficult task. The standard assumption of constant WACC in the future could in
fact lead to severe mistakes in the calculation of the firm’s value.

Several factors determine the WACC for every specific company, given the
industrial sector of operations. Some industries become so mature that the investors
in companies of that sector demand lower risk premiums.

Also, the situation of the global economy affects the cost of debt, through the
level of interest rates in the economy. The dynamics also involves the debt ratio,
which will vary according to the ability of the firm to reduce their risk, therefore
taking on large shares of debt. Finally, the corporate tax rate will change because the
company becomes profitable and the expiration of tax breaks granted by local and
national governments.

Practical solutions to make the WACC dynamic are to look at the inputs from a
dynamic point of view. For example, the trends over time in the cost of debt can be
modelled with a yield curve, and the cost of equity can be modelled using a CAPM
model with a beta trending over time.

The bottom line is that the WACC is basically a probability distribution given that
all the parameters affecting it are probability distributions. The appropriate distri-
bution can be estimated through numerical simulations, including Monte Carlo. In
addition, the WACC is a nonstationary process.
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The overall corporate cost of capital is determined by each component of the
firm’s capital. Financial managers take into account the impact of all types of capital
which represent a cost to the firm.

Investors who put money in the stock and bonds of a company are locking money
that could be used elsewhere. The expected return from those alternative investments
constitutes an opportunity cost to them.

The corporate cost of capital should be calculated as a mix of the cost of different
sources of capital. The most common way is to calculate a Weighted Average Cost
of Capital, defined as the weighted average of equity and debt cost of capital.

The weights are represented by the proportions of debt and equity in the firm’s
capital mix. It is then possible to calculate the weights just by looking at the right-
hand side of the balance sheet.

But an important modification must be made to it, because the real proportions are
not given by the book values. The calculation involves the market values of the debt
and equity. Proportions are then determined by using those proportions.

Recall that the book values in fact reflect historical costs, as opposed to market
values, which are forward-looking and based on the cash flows that the assets are
expected to produce in the future.

The investors value a company not for its book value but for the value assigned by
other investors to it, due to market conditions and available information. Of course,
the market value balance sheet must still balance.

Therefore, the total market value of the firm’s assets must equate the market value
of the firm claims (debt and equity). This equality clearly confirms that the equity
and debt issued by the firm derive their value from the underlying assets they claim.

As a consequence, the risk and required return of debt and equity are determined
by the risk of the firm assets they employ. The WACC derivation is based on this
important concept.

In order to derive the WACC, a good approach is to consider two different
financing scenarios of a firm with debt and without debt. This allows to understand
the use of market value weights.

If the firm has no debt, therefore fully financed with equity, all the free cash flows
are paid to equity. The free cash flows to the equity are the same as those from the
assets so that according to the valuation principle, the market value, risk, and cost of
capital for the firm’s equity are equal to the corresponding amounts for its assets.

In the case of full equity financing, it is then possible to calculate the cost of
capital by simply applying the CAPM and estimate the cost of equity, which in turn
is the cost of capital for the firm as a whole. For example, both Cisco and Apple do
not issue debt, so the cost of capital for Cisco’s or Apple’s assets is the same as the
firms’ costs of equity.

In the case of a firm issuing debt, on the other hand, the issue is about how to
incorporate the cost of debt in the calculation of the overall cost of capital of the firm
as a whole.

In order to do so, recall the market value balance sheet, and consider the leveraged
firm and a corresponding replicating portfolio of the firm’s debt and equity. Holding
the portfolio is the same as holding the firm’s debt and equity.
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Holding that portfolio yields the same cash flows as those generated by holding
the firm’s assets directly. Recall that the return of a portfolio is given by the weighted
average of the returns of the securities in it. It follows that the relationship between
the required returns (costs) of equity, debt, and assets is given by the WACC.

The WACC is driven by the risk of a company’s line of business and, because of
the tax effect of interest, its leverage. As a result, WACCs vary widely across
industries and companies.

When estimating WACC in practice, financial managers have to face some issues.
For example, in some cases, the weights are calculated by using an adjusted value for
the debt part. Many practitioners now use net debt, the total debt outstanding minus
any cash balances as defined by

Dy =D — Sgr

where:

Dngr is the net debt.

D is the debt.

Skrr is the cash and risk-free securities.

The reason to subtract cash from debt is that, assuming interest is paid and earned
on both, the two cash flows will offset each other, just as if the firm held no cash and
no debt. In fact, we can view cash as being equivalent to negative debt.

When the firm has a huge amount of excess cash on its balance, assessing the risk
and cost of capital of the asset employed in some line of business is complicated.
Separating the debt from any cash holdings therefore requires measuring the lever-
age of the firm in terms of its net debt and measuring the market value of a firm’s
business assets using its enterprise value.

The sum of the market value of the equity of a company plus its net debt is called
enterprise value. It can be used to calculate the WACC through a new equation with
weights given by

i and 6—2’ where:

Vi = E + Dy is the enterprise value of the equity.

The adjustment is very important for companies that have a large excess of cash
reserves; otherwise it will not change much the WACC estimate for companies with
low levels of cash.

Back to the use of CAPM for estimating the cost of equity, recall that the model
involves the risk-free rate in the calculation. It is usually determined using the yields
of governmental securities like US Treasury securities, which are free from
default risk.

The main issue is about the time horizon to use and which maturity should be
observed. Following the rules of CAPM, one should use the risk-free interest
corresponding to the investment horizon of the firm’s investors. This is why, when
it comes to valuing companies, usually the chosen maturities are very long, ranging
from 10 years to 30 years.



234 7 Capital Structure

Another important piece of the CAPM equation is the market risk premium,
which can be estimated in several ways. One way is to look at historical data, but
being interested in the future market risk premium, there is an issue regarding
accuracy and the amount of data we use.

In fact, even if a large amount of data ensures statistical accuracy, going backward
for a too long period of time may include data that are very old and that may have
little relevance for investors’ expectations of the market risk premium today.

7.2  Payout Policy
Learning Outcomes

¢ Understand the role of dividends in the capital structure.
¢ Understand the role of share repurchase in the capital structure.
* Learn how to reconsider the Modigliani—Miller framework.

7.2.1 Dividends vs. Share Repurchase

Dividends are distributions of a share of the earning made by the company, to some
class of shareholders. The dividend payment is decided by the board of directors and
can be issued as cash payments, as shares of stock, or other property.

There are two ways to quote a dividend of a company. It can be either quoted in
terms of the actual amount of money received by the shareholders (dividend per
share) or can be quoted as a percentage of the current market price of the share
(dividend yield).

Dividends are commonly paid out every 3 months and give stockholders a steady
return, regardless of what happens to the stock price. It is a cash return of substantial
importance for the investors.

Another way to employ the company’s earnings is through retained earnings, so
keeping them in the equity of the company. Also, it is possible for the company to
use net profits to repurchase their own shares in the open markets in a share buyback.

Both dividends and share repurchases are payout policies that do not change the
fundamental value of the outstanding shares. Dividend must be approved by the
shareholders and may be structured as a one-time special dividend or as an ongoing
cash flow to owners and investors.

The expected dividends are a variable of interest in determining the value of the
corporate shares. Besides being a cash inflow for the shareholders, they provide
information about the profitability of the company.

Retained earnings stay in the company in the form of equity, therefore altering the
capital structure of the firm. This is why the dividend policy can impact on the
external financing requirements of the firm.
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So if the firm needs to raise capital, the amount to be raised from external sources
will be higher, for larger cash dividend paid to the shareholders. The company will
then have to borrow debt or issue new shares.

The issue and payment of dividends follow a very specific procedure that can be
summarized in several steps. The decision about issuing dividends is made by the
board of directors at quarterly or semiannual meetings.

The dividend decision is based on the past financial performance and on the
future outlook on the profitability. Moreover, recent dividend payments are taken
into account for the decision. The payment date of the cash dividend, if one is
declared, must also be established.

The dividend policy of the firm sets the amount of dividend and other important
decisions. The management of the company can change the policy on the basis of
significant changes in earnings.

The decision of issuing a dividend is commonly followed by a statement
indicating the information related to the decision and the execution of it. It therefore
reports the record date and payment date. The statement is usually published on
major financial magazines.

The record date is the time when existing shareholders at that time are recorded to
receive the dividend. The recorded shareholders are called holders of record and are
eligible to receive the dividend payment at a specified future time.

The trading of a stock on the financial market involves bookkeeping which is time
consuming. It takes some time to register the purchase of a stock, and that is why the
stock begins selling ex dividend in 2 days prior to the date of record.

Purchasers of a stock selling ex dividend do not receive the current dividend.

A simple way to determine the first day on which the stock sells ex dividend is to
subtract 2 days from the date of record.

In case of a weekend, 4 days must be subtracted instead. In normal market
conditions, the price of the stock in ex dividend days is expected to drop by the
amount of the dividend, as declared.

After the record date, the management also sets a payment date, when the firm is
supposed to send the dividend payments to the holders of record. It normally takes a
few weeks after the record date for it.

Many companies nowadays offer to the shareholder dividend reinvestment plans,
a policy that allows the shareholder to purchase additional shares using the
proceedings from the dividend.

The advantage is that the purchase can even be fractional and there are no
transaction costs involved (or they are very small). Some companies even allow
investors to make their initial purchases of the firm’s stock directly without the need
of a broker.

There is usually a small discount on the market price, when buying shares through
a dividend reinvestment plan. It is also a cheaper way to issue new shares, avoiding
the typical issues of a public sale. Clearly, the existence of a DRIP may enhance the
market appeal of a firm’s shares.
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The dividend policy is a plan of action, and the management follows it after the
decision about issuing dividends is made. The policies developed by the companies
are logically consistent with their corporate goals.

The factors affecting a dividend policy can be legal, contractual, internal, and
economical (related to the firm’s growth potential). There are also issues related to
the market and the shareholders.

Legal constraints are those related to the current regulation in the country of the
firm. For example, it is a widely developed principle that a company cannot pay out
as dividends any portion of its legal capital.

Legal capital is generally defined as the par value of the common stocks, but the
definition changes geographically. Some countries include in the legal capital also
paid in capital beyond the par value. These capital impairment restrictions are
generally established to provide a sufficient equity base to protect creditors’ claims.

Sometimes there are limitations on the earnings required to issue a certain amount
of dividends, which must be adequately high. The firm is not allowed to pay out
dividend amounts beyond the sum of recent retained earnings.

Other regulatory systems prohibit the payment of cash dividends in case the
company is not solvent, with overdue liabilities in the record. On the other hand,
some authorities also punish an excessive accumulation of earnings, usually meant at
reducing the shareholders’ taxation.

As mentioned above, there are also contractual constraints to the dividend
payment. Generally, these constraints allow the firm to pay cash dividends only
when a certain level of earnings has been achieved. It could be also the case that
dividends are limited to a certain dollar amount or percentage of earnings.

There are also internal constraints, mainly due to the amount of liquid assets
available to the firm at the time of dividend issue. In fact, it is possible for a company
to borrow funds to pay dividends, but the lenders are not keen to give this type of
loan in that they are not productive, making the loan itself very risky.

The dividend policy must be designed in order to take into account two major
issues. First of all, there must be sufficient funds, and secondarily the dividends must
be such to give sufficient financing and maximizing the wealth of the firm’s owners.

As mentioned above, several dividend policies can be applied, and in some cases,
the policy is customized so as to contain one or more element from each of the
following policies.

The constant-payout-ratio dividend policy implies there is a constant-payout-ratio
in the dividend policy of the firm. It means that the firm pays out to the shareholders
a constant percentage of each euro earned.

The ratio is calculated by dividing the cash dividend per share by earnings per
share. A constant-payout-ratio dividend policy means that the firm establishes a
certain percentage payment on earnings to the shareholders in each dividend period.

This policy has a downturn related to the fluctuation of earnings overtime. It
could happen in fact that the dividends may become very low or null. Given the
signaling effect of dividends, the firm’s stock price may thus be adversely affected.

Another popular dividend policy is the so-called regular dividend policy, which is
based on the payment of a fixed-dollar dividend in each period. The shareholders
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usually get positive information from that policy, thereby minimizing their
uncertainty.

This policy is subject to changes, and the amount of the regular dividend is
usually increased when there is a stable and proven increase in earnings. The
opposite in general never happens and dividends are not decreased.

The dividend following a regular payment policy is often built around a target
dividend-payout ratio. The dividend is set at a target ratio and kept regular at the
beginning. If any fluctuation occurs, the ratio is adjusted to the target payout.

Some companies adopt a policy on a low-regular-and-extra basis, thus paying a
regular dividend, and attaching an extra dividend to it in times of increased earnings.
This policy allows to always be realistic and avoid making unreliable promises to the
shareholders. This policy is especially common among companies that experience
cyclical shifts in earnings.

Having a regular dividend, even of a low amount, is useful for the company to
gain the confidence of the shareholders. On top of that the extra dividend allows the
shareholder to share the benefits of good business cycles.

The companies adopting such a policy usually are entitled to pay out the extra
dividend only if and when earnings are proven to increase. The use of a target
dividend-payout ratio in establishing the regular dividend level is advisable.

Finally, it is important to also analyze the stock split strategy. It is a strategy
commonly used to lower the market price of some stock, by increasing the number of
shares belonging to each shareholder.

The most common type of stock split is the 2-for-1 split, where two new shares
are exchanged for each old share. Each new share is worth half the value of each old
share. As for dividends, a stock split has no effect on the firm’s capital structure.

The reason for a stock split is usually related to the perception that a stock is
priced too high and that lowering the market price will enhance trading activity,
making the investors more attracted to it.

The right moment for a stock split is generally right before issuing new stocks, in
that the marketability is enhanced and the market gets properly stimulated. Some-
times stock splits generate a small increase in the stock price, given the information
implied in it and the general increased in dividend payments after a split. Stock can
be split in any way desired. Sometimes a reverse stock split is made: a certain
number of outstanding shares are exchanged for one new share.

The practice of share repurchase has gained popularity and increased application
in recent years. A company can in fact buy back its own shares on the market, thus
reducing the number of shares outstanding.

There are several reasons behind the choice of repurchasing own shares, mostly
related to having shares available for employee stock option plans and retiring
shares. Stock repurchases enhance shareholder value and help to discourage an
unfriendly takeover.

The value for the existing shareholder is enhanced in that the number of shares
outstanding is reduced, therefore increasing the earnings per share. Moreover, the
strategy sends a positive signal to investors (undervalued share). It also provides a
temporary floor for the stock price, when declining for some reason.
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As a tool for preventing and discouraging hostile takeovers, the share repurchase
is based on the belief that a hostile investor is less likely to gain control of the firm if
there are fewer publicly traded shares available.

As a signal, the decision of repurchasing shares shows the confidence of the
management in the profitability of the company, therefore attracting the interest of
investors on the market.

If the retained earnings are constant, the share repurchase decreases the amount of
outstanding shares, thus positively affecting the earnings per share and the market
price per share.

The repurchase of common stock results in a type of reverse dilution, because the
EPS and the market price of stock are increased by reducing the number of shares
outstanding. The net effect of the repurchase is similar to the payment of a cash
dividend.

There are also tax benefits for shareholders, given that if no dividend is
distributed, there is no ordinary income tax to be paid on it. The repurchase instead
increases the market value of the share of an amount equal to the dividend not paid,
and the value increase is not taxed until the shareholder sells the stock on the market.

Also when the stock is sold, the capital gain taxation on it is usually much more
favorable than the taxation on dividends. However, the monitoring authorities in
some countries are supposed to issue a penalty when it is believed repurchases have
been made to delay the payment of taxes by stockholders.

From an accounting point of view, the stock repurchase reduces the cash and adds
up an entry on the other side of the book, commonly named treasury stock, which is
shown as a deduction from stockholders’ equity.

The process of repurchasing share involves informing the shareholders about the
intention of the management. In particular, the purpose of the repurchase should be
communicated, as well as the use to be made of the repurchased shares.

There are commonly three methods of repurchase that can be used. One method is
the purchase of the stocks on the open market, which puts pressure on the price to
increase, when the quantity repurchased is reasonably large in comparison with the
total number outstanding.

Another method is the tender offer, which is a formal proposal of purchase at a
specified price, issued to the shareholders. The price at which a tender offer is made
is normally set above the current market price to attract sellers.

Sometimes, in case the tender offer does not allow to buy back the full amount of
shares desired, the two methods can be complemented, and the additional shares can
be bought on open market.

Tender offers are preferred when large numbers of shares are repurchased,
because the company’s intentions are clearly stated and each stockholder has an
opportunity to sell shares at the tendered price.

A third method is through negotiation of large blocks of shares between major
shareholders. The firm in this case must make sure that the purchase price is fair and
equitable in view of the interests and opportunities of the remaining shareholders.
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7.2.2 Modigliani-Miller Revisited

Under the assumptions of homogeneous expectations and perfect market, the Miller
and Modigliani (MM) dividend irrelevancy proposition asserts.

While dividends are relevant, the dividend policy is irrelevant. The proof of just a
statement relies on the cash flows analysis. Consider again two firms, A and B, both
having earnings represented by a random variable 1. Define:

¢ d,: dividend at time ¢

e D, borrowings of the firm at time ¢
e L:investment at time 1

e [;: returns at time 1

e [, returns at time 2

Following the logic of the above proof of the MM theorem, suppose that the total
return / of a firm is unaffected by financial decisions, and buying and selling of
securities happen at the same terms for all investors.

First of all, the sum of the borrowing at time 1 and the returns at time 1 must be
equal to the sum of the dividends at time 1 and the investment at time 1, as from

IL+Dy=d +L
or
D =di+L-1,

The returns at time 2 are given by the sum of the dividend at time 2, and the
amount borrowed at time 1 increased of the interest at the risk-free rate r, as defined
by

12 = d2 +D1(1 +r)
where the amount of dividends at time 2 is given by
d2=12—(d1+L—11)(]+1’) (7])

Consider an investor owning a share a of the equity. The budget constraint of the
investor is given by

e d
=e +oad + 2 g2 (7.2)

I fr) +n  “0+0

where:

¢y is the consumption at time 1.
¢, is the consumption at time 2.
e, is other income at time 1.
e, is other income at time 2.
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By substituting from 7.1 into 7.2, one obtains

ar= (lir) St (ljir) +a12 — T1L+_r§1)(l +
which can be rewritten as
ca+ :UCTZ;’): er +ad; + (1e—ir) —l—a(ll_ir) —a(dl 4(—1L—)k(i)+r) all(gl—:-r;)
It follows that
€ 2 I
c1+:m:fnJr(l_'_r)Jra'(l_i_r)JraszaL

The result shows that the shareholder’s budget constraint is independent of the
dividend, since neither d; or d, appear in the final formula. Therefore the consump-
tion is totally independent of dividend policy.

Example 7.3 Suppose a firm has 100,000 shares of stock and cash flow of €100,000
in perpetuity. The discount rate is 10%. Three dividend policies are possible.

— The first policy is to pay €10 dividend per year. In this case the stock price should
be

10
Py=— =€l
0= = €100

— Another policy is to pay a €20 dividend in the next period and the remainder
afterward. To do this, the company must go on a debt of €100,000, thus paying a
passive interest of

20 10 0.90
—— = €100
(110.10) " | X

Py =
0 140.10) ~ 0.10

— A final option is to pay each shareholder 1 share of stock today so that the firm has
20,000 shares outstanding, each giving the right for €5 dividend. It follows that

5

=010 &0

Py

Since all existing shareholders have now double number of shares, their total
wealth remains unchanged also in this last case.
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Fig. 7.3 The static trade-off theory predicts an optimal target over which the actual debt ration
reverts. The optimum is derived from the interest tax shields and the costs of financial distress

7.3 Modern Theories of Capital Structure
Learning Outcomes

e Learn the static trade-off theory of capital structure and the pecking order
hypothesis.

e Learn how to calculate the adjusted present value of an investment.

* Understand the role of taxes in the theory of capital structure.

7.3.1 Static Trade-Off Theory and the Pecking Order Hypothesis

The static trade-off theory was developed by Myers in 1984 and 2001, and focuses
on the debt ratio of the firm. In particular, it states that there is an optimal target debt-
to-value ratio and the firm’s capital structure is gradually moving toward the
optimum.

In order to determine the optimal level of debt to include in the capital structure,
one must consider the balance between the tax shield advantage and the disadvan-
tage coming from the bankruptcy costs (see Fig. 7.3).

The equilibrium corresponds to an optimum where the marginal benefit of an
additional dollar of debt balances the marginal cost for it. For levels of debt above
the optimal point, the bankruptcy costs will prevail. The theory can be illustrated by
using a graph.



242 7 Capital Structure

Some authors, like van der Wijst and Thurik (1993), argue that several factors
affect the tax effect on the profitability of the firm. First of all, there are other
non-debt tax shields, such as depreciation deduction, tax loss carry-forward, and
investment tax credits, that can substitute efficiently the tax shield from leveraging.

Moreover, there is an offset effect of personal taxes on the interest of debt, when
the tax on fixed income earnings is higher than the income from equity holdings, as
described by Miller in 1977.

Third, different tax regimes can generate differences in investors’ preferences. In
countries with lower tax rates applying to capital gains than to dividends, investors
prefer capital gains to stock ownership.

Tax shield interest generally creates incentive for corporate leveraging, and in
case there are no costs offsetting the benefit of the tax shield, the debt will be used at
its maximum level.

The reality is of course different. Standard borrowing of funds carries bankruptcy
costs that are not avoidable. Therefore, the static theory claim that there is an optimal
level of debt makes sense.

It is also useful to understand what these bankruptcy costs are and how they can
impact on the choice of leveraging. They are all the costs that are added when the
company goes bankrupt, and the failure is being processed, with the firm not
changing its operating or external financing activities (Haley and Schall 1979).

The costs of bankruptcy can be divided in direct costs and indirect costs. The
former category refers to all legal and administrative costs, plus the cost of negotia-
tion with the stakeholders.

The indirect costs can arise from the imperfection of secondary markets or
opportunity loss, such as decline in market share and distress sales. Investors react
negatively to the hypothesis of financial distress, and the stock price goes down.
Moreover, the benefits generated from tax advantage can be cancelled out by the
increasing debt levels.

The pecking order hypothesis was first introduced by Myers and Majluf in 1984.
The theory states that companies choose internal funds preferentially, up to some
amount of internal funds available for investment.

If the investment needs exceed the threshold, the company raises the funds as
debt, to fill the remaining part. Debt finance is then prioritized to equity finance, and
equity finance will be used only when the investment exceeds beyond a further
threshold, equal to the sum of internal funds, and the debt issued to fill the financing
deficit.

Some companies may decide to not use all internal available funds in order to
maintain a reserve of equity for future opportunities. In this case external resources
will be needed when the investment exceeds the internal fund net of the reserves to
be kept.

Due to the information-sensitive equity issuances, debt is issued to fill the
financing gap along with insufficient internal funds if there is no significant financial
distress. Literally, firms will never issue equity and the second (higher) threshold is
infinite.
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Firms have to issue equity in case the investment exceeds the debt capacity,
which is the sustainable leverage. In case of a cost of equity lower than the value
generated by positive NPV investments, the firm will raise funds through equity
issuance.

The same holds in case the NPV of the total corporate assets is above the capital
gain that can be realized on the newly issued share. The asymmetric information
between inside management and investors generates variance of percentage changes
in equity value. The firm will issue new equity in case the investors overestimate the
variance rate.

The asymmetry of information between managers and shareholders is the basis of
the pecking order theory. Current shareholders have different expectations compared
to new investors and tend to act to protect themselves.

Therefore, equity is the last option for financing externally due to the fact that
current shareholders are not willing to share the benefits of investment or cause the
decline of share prices.

The advantage of internal funding in terms of costs is given by the absence of the
typical costs of external financing, which are generated by the asymmetric informa-
tion and the agency costs. Thus the availability of internal funds can heavily
influence the major investment decisions of the company (Cleary 1999).

The information possessed by managers is always superior to that possessed by
the investors. An issuance of debt or equity is a signal to the investors that internal
funding is not enough to cover new investments.

If a decision of issuing equity was released, investors would feel the stock price is
overvalued. The reaction of the market will be to sell the shares, and the stock price
will drop, damaging the value of firm.

The adverse selection problem caused by the asymmetry of information has been
described by Akerlof in 1970. If there are both good and bad opportunities for
investment, investors cannot distinguish which ones are good or bad.

This is because investors have less accurate information so that they are possibly
prone to take the worse opportunities while giving up the good ones according to the
average level of products.

It follows that the good investment opportunities will be underestimated and not
implemented, and the adverse selection cost will hit severely on the investors that
will then be penalized by investing in bad projects.

Solutions to the problem have been proposed by Healy and Palepu (2001) among
others. The authors state that optimal contracts between investors and firm manage-
ment should be provided for disclosure of private information.

Secondarily, regulators should take care of forcing managers to disclose the
private information they have. The final provision proposed by the authors is the
introduction of information intermediaries, analysts, or agencies, to reduce the
information gap.

The message from the pecking order hypothesis is that the equity capital is very
sensitive to the information hitting the investors and carries a large adverse selection,
compared to other securities. This is why for external financing, debt is usually
preferred given the lower amount of adverse selection cost.
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Small firms have commonly more asymmetric information than big ones, there-
fore facing more severe adverse selection problems. As a consequence, they are
supposed to perform better in pecking order hypothesis.

But one should consider the lower credit capacity and higher riskiness of small
businesses compared to the big ones. This may lead the former to opt for equity
financing and perform worse in pecking order.

There are also moral hazard aspects connected to information asymmetry. As
underlined by Holmstrom in 1979, the quality of financial investments is not
perceived by the investors due to lack of information.

Managers are prone to cheat or fail to make the necessary efforts, because they
often fail to act in the best interest of the investors. For instance, managers can
expropriate investors’ funds through both issuance of debt and equity.

7.3.2 The Adjusted Present Value

The traditional NPV analysis does not take into account the implications of debt
financing when valuing a project. In order to capture these aspects, it is possible to
run an adjusted present value (NPV) analysis.

APV is defined as the present value of a project if financed solely by equity plus
the present value of financing benefits. It stands as an alternative valuation method
similar to the NPV approach.

The difference is that it uses the cost of equity as the discount rate rather than
WACC. And APV includes tax shields such as those provided by deductible
interests. APV analysis is effective for highly leveraged transactions.

Recall the basic NPV capital budgeting equation defined as

TV
NPV = Z N =G (7.3)
1+ rwacc)’ (1 + rwacc)

where:

C, is the expected after-tax cash flow for year #.
TV is the expected after-tax terminal value.
Cy is the initial investment.

The NPV is the difference between the present value of all cash flows, and recall
that the related rule states that a project should be accepted when its NPV is positive,
and rejected otherwise. The NPV decision rule is considered the superior framework
for analyzing a capital budgeting expenditure.

First of all, the NPV equation must be expanded in order to innovate the analysis.
Capital budgeting is concerned with the change in the firm’s total cash flows
assigned to the capital expenditure.

The incremental change in the total cash flows to the firm for a period ¢ which
results from the capital project is given by
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Ct:N1t+Dl+1t(liTC) (74)

where:

NI is the net income at time ¢.

D, is the depreciation at time ¢.

I, is the interest expense at time .
7¢ is the corporate tax rate.

Eq. (7.4) shows that the incremental cash flow is given by the sum of three main
cash flows.

Recall that depreciation is not a cash flow, and the second term of the equation
adds it back to the calculation, after it was subtracted from the Nit just for tax
purposes in the previous mathematical passage.

Through simple math, it is possible to rework Eq. (7.4) to obtain

Cl = CZOP(I — Tc) +’[ch
where:

CzOP is the amount of operating cash flows.

It is now possible to expand the NPV model, by substituting Eq. (7.4) into (7.3),
so that the NPV equation becomes

NPV =

N opP N
cor(1 - (1 —z¢Dy) TV
TC)*Z tcDy) 4 N,

— (1+ rWACC)t ~ (14 rwace)’ (1 + rwace)”

Recall that Modigliani and Miller derived a statement about the relationship
between the value of a levered firm and the corresponding equivalent unlevered
firm, as described by

V]_ = VU + TcDBT;
where:

DBT, is the debt at time 7.

By separating the equity part and the debt part, the final version of the APV is
given by

CcOP( l—rc N 2D, N Tclt TVN
APV = Z T +Z I+Z = — Co

where:
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rg is the cost of equity.
rg 1s the cost of debt.

Capital budgeting through APV is a value-additivity approach that considers
every source of value singularly. Cash flows are discounted at a relevant rate that
is consistent with the risk inherent in that cash flow.

In particular note that the OCF, and TV are discounted at the rate Ku. These cash
flows in fact would reach the company from a capital project regardless of whether
the firm was levered or unlevered.

The discount rate for the amount of tax shield savings, It, is the before-tax
borrowing rate, i. There are also tax savings due to depreciation, zD,, that should
be discounted at the rate i as well, due to the relative low risk compared to operating
cash flows.

The decision rule for APV is the same as for the NPV. The project should be
accepted if APV > 0 and rejected otherwise. A multinational company can use it to
analyze one of its domestic capital expenditures.

The comparison of APV and cost of capital analysis shows that there are several
important differences. In an APV valuation, the value of a levered firm is obtained by
adding the net effect of debt to the unlevered firm value.

The effect of leverage is instead directly embedded in the cost of capital. The tax
shield is in fact incorporated in the cost of debt, while the levered beta and pre-tax
cost of debt incorporate the distress costs.

In theory the results from the two models should be equivalent, but there are
differences. For example, the APV approach handles bankruptcy costs with more
flexibility regarding treatment of the indirect costs.

The result from APV approach will therefore be more conservative in value
estimation. Moreover, APV approach considers the tax benefit from a dollar debt
value, while the cost of capital approach estimates the tax benefit from a debt ratio
that may require the firm to